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Series 1: Linear Dependence, Wronskian, and Reduction of Order 

Series Outline 

• Part 1.1: Linear Dependence and Independence of Solutions 

• Definition of linear dependence and independence 

• Criteria for testing dependence 

• Examples of dependent and independent solutions 

• Part 1.2: The Wronskian 

• Definition and properties of the Wronskian 

• Role of the Wronskian in determining independence 

• Worked examples 

• Part 1.3: Reduction of Order 

• Concept of reduction of order 

• Method for second-order linear differential equations 

• Illustrative examples 

• Part 1.4: Applications and Problem Solving 

• Using Wronskian and reduction of order in solving ODEs 

• Practical examples and exercises 

Introduction 

Ordinary differential equations are central to mathematical modelling in 

science and engineering. To solve these equations effectively, it is important 

to understand the behaviour of their solutions. One of the key questions is 

whether solutions are linearly dependent or independent, since this 

determines the richness of the solution space. Tools such as the Wronskian 

and the method of reduction of order provide systematic ways of analysing 

and constructing solutions. This Series introduces these foundational 

concepts, which are essential for the rest of the course. 

The aim of this Series is to equip you with the ability to define and explain 

linear dependence and independence of solutions, apply the Wronskian to 

test independence, and use the reduction of order method to generate new 

solutions to ordinary differential equations. 
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We shall commence this Series by examining the concept of linear 

dependence and independence of solutions, including criteria and examples. 

Next, we will explore the Wronskian, its properties, and its role in 

determining independence. Following that, we will study the reduction of 

order method, focusing on its application to second-order linear differential 

equations. Finally, we will conclude with applications that show how the 

Wronskian and reduction of order can be used in solving ordinary 

differential equations. 

Series Learning Outcomes 

Upon completing this Series, you should be able to: 

• SLO 1.1 define linear dependence and independence of solutions to ordinary 

differential equations, 

• SLO 1.2 explain how to test for linear dependence using appropriate criteria, 

• SLO 1.3 describe the Wronskian and analyse its role in determining 

independence of solutions, 

• SLO 1.4 demonstrate the method of reduction of order for second-order 

linear differential equations, and 

• SLO 1.5 Linear independence ensures: A. A complete solution set B. 

Removal of identity elements C. Cancellation of addition D. None of the 

above (SLO 1.1) 

 

1.1 Linear Dependence and Independence of Solutions 

When studying ordinary differential equations, one of the first questions we ask is 

whether the solutions we obtain are linearly dependent or linearly independent. 

Linear dependence means that one solution can be expressed as a linear 

combination of others, while linear independence means that no solution can be 

written in terms of the others. This distinction is important because independent 

solutions form the basis of the solution space for a differential equation. 

Fill in the blank: If one solution can be expressed as a linear combination of others, 

the solutions are said to be __________. 

1.1.1 Definition of linear dependence and independence 

Suppose we have two functions y1(x)and y2(x). They are linearly dependent if 

there exist constants c1and c2, not both zero, such that: 
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c1y1(x)+c2y2(x)=0for all x 

If no such constants exist, then the functions are linearly independent. 

Definition of linear dependence and independence 

• Linearly dependent: one solution is a linear combination of others 

• Linearly independent: no solution can be expressed in terms of others 

• Independence ensures a complete solution set 

 

 

Fill in the blank: Two functions are linearly independent if no non-zero constants 

exist such that their linear combination equals __________. 

 

 

1.1.2 Criteria for testing dependence 

A practical way to test dependence is to check whether the ratio of two functions is 

constant. For example, if y2(x)=ky1(x)for some constant k, then the functions are 

dependent. If the ratio varies with x, they are independent. 

Criteria for testing dependence 

Criterion Condition Outcome 

Constant ratio y2(x)=ky1(x) Dependent 

Variable ratio Ratio changes with x Independent 

Fill in the blank: If the ratio of two functions is constant, they are said to be 

__________. 

1.1.3 Examples of dependent and independent solutions 
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1. y1(x)=ex, y2(x)=2ex. Here, y2(x)is a constant multiple of y1(x), so they 

are dependent. 

2. y1(x)=ex, y2(x)=e-x. The ratio exe-x=e2xis not constant, so they are 

independent. 

 

Examples of dependent and independent solutions. 

Fill in the blank: The functions exand 2exare linearly __________. 

 

Pilot Questions 1.1 

1. Two functions are linearly dependent if: A. One is a constant multiple of the 

other B. Their ratio varies with xC. They cannot be expressed in terms of 

each other D. None of the above (SLO 1.1) 

2. Two functions are linearly independent if: A. Their ratio is constant B. No 

non-zero constants exist such that their linear combination equals zero C. 

One is a multiple of the other D. None of the above (SLO 1.1) 

3. If y2(x)=3y1(x), then the functions are: A. Dependent B. Independent C. 

Neither D. None of the above (SLO 1.2) 

4. The functions exand e-xare: A. Dependent B. Independent C. Constant 

multiples D. None of the above (SLO 1.2) 
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5. Linear independence ensures: A. A complete solution set B. Removal of 

identity elements C. Cancellation of addition D. None of the above (SLO 

1.1) 

1.2 The Wronskian 

The Wronskian is a determinant used to test whether a set of solutions to a 

differential equation are linearly independent. For two functions y1(x)and y2(x), 
the Wronskian is defined as: 

W(y1,y2)(x)=∣y1(x) y2(x) y1'(x) y2'(x) ∣=y1(x)y2'(x)-y2(x)y1'(x) 

If the Wronskian is non-zero at some point in the interval, the functions are linearly 

independent. 

Fill in the blank: The Wronskian of two functions is defined as the __________ of 

their values and derivatives. 

1.2.1 Definition and properties of the Wronskian 

The Wronskian provides a systematic way to determine independence. For two 

functions, if the Wronskian is identically zero, they are dependent. If it is non-zero 

at least once, they are independent. 

Definition and properties of the Wronskian 

• Determinant involving functions and their derivatives 

• Non-zero Wronskian implies independence 

• Zero Wronskian implies dependence 

 

 



 

 LA-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS 

Fill in the blank: A non-zero Wronskian implies that the functions are linearly 

__________. 

1.2.2 Role of the Wronskian in determining independence 

The Wronskian is particularly useful when dealing with solutions to second-order 

linear differential equations. For example, if y1(x)and y2(x)are solutions, 

computing the Wronskian helps us check whether they form a fundamental set of 

solutions. 

Role of the Wronskian 

Case Wronskian Outcome 

Non-zero At least once Independent solutions 

Identically zero Everywhere Dependent solutions 

 

Fill in the blank: If the Wronskian is identically zero, the solutions are 

__________. 

1.2.3 Worked examples 

1. y1(x)=ex, y2(x)=e-x. Wronskian: 

W=ex(-e-x)-e-x(ex)=-1-1=-2 

Since W0, the functions are independent. 

2. y1(x)=ex, y2(x)=2ex. Wronskian: 

W=ex(2ex)'-(2ex)(ex)'=ex(2ex)-2ex(ex)=2e2x-2e2x=0 

Since W=0, the functions are dependent. 
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Examples of Wronskian calculations. 

Fill in the blank: The Wronskian of exand e-xis equal to __________. 

Pilot Questions 1.2 

1. The Wronskian is defined as: A. A determinant involving functions and their 

derivatives B. A ratio of two functions C. A sum of solutions D. None of the 

above (SLO 1.3) 

2. A non-zero Wronskian implies: A. Linear independence B. Linear 

dependence C. Constant ratio D. None of the above (SLO 1.3) 

3. If the Wronskian is identically zero, the functions are: A. Dependent B. 

Independent C. Fundamental solutions D. None of the above (SLO 1.3) 

4. The Wronskian of exand e-xis: A. -2B. 0C. 2D. None of the above (SLO 

1.3) 

5. The Wronskian helps determine: A. Whether solutions are independent B. 

Whether solutions are multiples C. Whether solutions are constants D. None 

of the above (SLO 1.3) 

1.3 Reduction of Order 

The reduction of order method is a technique used to find a second linearly 

independent solution to a second-order linear differential equation when one 

solution is already known. This method is particularly useful because many 

equations yield only one obvious solution, and we need a second solution to form 

the general solution. 
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Fill in the blank: The reduction of order method is used to find a __________ 

linearly independent solution when one solution is already known. 

1.3.1 Concept of reduction of order 

Suppose we have a second-order linear differential equation of the form: 

y''+P(x)y'+Q(x)y=0 

If one solution y1(x)is known, we can assume the second solution has the form: 

y2(x)=v(x)y1(x) 

where v(x)is a function to be determined. This assumption reduces the problem to 

finding v(x), hence the name reduction of order. 

Concept of reduction of order 

• Used when one solution is known 

• Assumes second solution y2(x)=v(x)y1(x) 

• Reduces problem to finding v(x) 

 

Fill in the blank: In reduction of order, the second solution is assumed to be y_2(x) 

= v(x) \cdot __________. 

 

1.3.2 Method for second-order linear differential equations 

To apply the method: 

1. Substitute y2(x)=v(x)y1(x)into the differential equation. 

2. Simplify using derivatives: 
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y2'=v'y1+vy1',y2''=v''y1+2v'y1'+vy1'' 

3. Replace y1''using the original equation. 

4. Solve for v(x)by reducing the equation to first order. 

5. Integrate to obtain v(x), then substitute back to find y2(x). 

Steps in reduction of order 

Step Action Result 

1 Assume y2=vy1 New form of solution 

2 Differentiate Expressions for y2'and y2'' 

3 Substitute into equation Simplified form 

4 Reduce to first order Equation for v(x) 

5 Integrate Second solution y2(x) 

 

Fill in the blank: In reduction of order, the problem is reduced to solving for the 

function __________. 

1.3.3 Illustrative example 

Consider the equation: 

y''-y=0 

One solution is y1(x)=ex. Assume y2(x)=v(x)ex. 

1. Compute derivatives: 

y2'=v'ex+vex,y2''=v''ex+2v'ex+vex 

2. Substitute into equation: 

(v''ex+2v'ex+vex)-(vex)=v''ex+2v'ex 

3. Simplify: 

v''ex+2v'ex=0⇒v''+2v'=0 

4. Solve: 

v'=Ce-2x,v=-C2e-2x 

5. Substitute back: 
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y2(x)=v(x)ex=-C2e-x 

Thus, the second solution is y2(x)=e-x. 

Example of reduction of order method. 

 

Fill in the blank: For the equation y''-y=0, the second solution obtained by 

reduction of order is __________. 

Pilot Questions 1.3 

1. The reduction of order method is used when: A. One solution is already 

known B. No solution is known C. Solutions are dependent D. None of the 

above (SLO 1.4) 

2. In reduction of order, the second solution is assumed to be: A. 

y2=v(x)y1(x)B. y2=y1(x)+v(x)C. y2=v(x)+y1(x)D. None of the above 

(SLO 1.4) 

3. The problem in reduction of order is reduced to solving for: A. v(x)B. 

y1(x)C. y2(x)D. None of the above (SLO 1.4) 

4. For the equation y''-y=0, the second solution obtained is: A. e-xB. exC. 

2exD. None of the above (SLO 1.4) 

5. Reduction of order is particularly useful for: A. Second-order linear 

differential equations B. First-order equations only C. Algebraic equations 

D. None of the above (SLO 1.4) 
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1.4 Applications and Problem Solving 

The concepts of linear dependence, the Wronskian, and reduction of order are 

not just theoretical tools, they have practical applications in solving ordinary 

differential equations. These methods help us determine whether we have a 

complete set of solutions and provide systematic ways to construct new solutions 

when only one is known. 

Fill in the blank: The Wronskian and reduction of order are practical tools used to 

solve __________ differential equations. 

1.4.1 Using the Wronskian in problem solving 

The Wronskian is often used to check whether two solutions form a fundamental 

set of solutions. A fundamental set is required to write the general solution of a 

second-order linear differential equation. For example, if we have solutions 

y1(x)=exand y2(x)=e-x, the Wronskian is non-zero, which confirms they are 

independent and together form a fundamental set. 

 

Using the Wronskian to confirm independence of solutions.  

Fill in the blank: A fundamental set of solutions is required to write the 

__________ solution of a second-order linear differential equation. 

1.4.2 Applying reduction of order in solving ODEs 
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Reduction of order is applied when one solution is known but a second is needed to 

complete the general solution. For example, in the equation y''-y=0, if we know 

y1(x)=ex, reduction of order gives us y2(x)=e-x. Together, these form the 

general solution: 

y(x)=C1ex+C2e-x 

Application of reduction of order 

Known solution Method Second solution General solution 

ex Reduction of order e-x C1ex+C2e-x 

 

 

Fill in the blank: The general solution of y''-y=0is C_1e^x + C_2 \cdot 

__________. 

1.4.3 Practical examples and exercises 
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These methods are widely applied in physics and engineering. For instance, in 

mechanical vibrations, the equation of motion often requires two independent 

solutions to describe oscillations. In electrical circuits, second-order equations arise 

in resonance problems, where reduction of order helps to find complete solutions. 

 Applications of Wronskian and reduction of order 

• Mechanical vibrations: independent solutions describe oscillations 

• Electrical circuits: resonance problems require complete solutions 

• General solution construction in applied mathematics 

 

Fill in the blank: In mechanical vibrations, independent solutions are used to 

describe __________ 

Pilot Questions 1.4 

1. The Wronskian is used to check whether solutions form: A. A fundamental 

set B. A constant ratio C. A dependent pair D. None of the above (SLO 1.5) 

2. Reduction of order is applied when: A. One solution is known and a second 

is needed B. No solution is known C. Solutions are dependent D. None of 

the above (SLO 1.5) 

3. The general solution of y''-y=0is: A. C1ex+C2e-xB. C1exC. C1e-xD. None 

of the above (SLO 1.5) 

4. In mechanical vibrations, independent solutions are used to describe: A. 

Oscillations B. Constant ratios C. Dependent functions D. None of the above 

(SLO 1.5) 
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5. In electrical circuits, reduction of order helps to solve problems involving: 

A. Resonance B. Constant multiples C. Algebraic equations D. None of the 

above (SLO 1.5) 

Series Summary 

This Series has focused on three foundational tools for analysing ordinary 

differential equations: linear dependence, the Wronskian, and reduction of order. 

We began by defining and explaining linear dependence and independence of 

solutions, then moved on to the Wronskian as a determinant that helps us test 

independence. Following that, we studied the reduction of order method, which 

provides a systematic way to construct a second solution when one solution is 

already known. Finally, we applied these methods to practical problem solving, 

showing how they are used in physics, engineering, and mathematics to obtain 

complete solutions. 

By completing this Series, you should now be able to define linear dependence and 

independence (SLO 1.1), explain how to test dependence (SLO 1.2), describe and 

analyse the Wronskian (SLO 1.3), demonstrate the reduction of order method 

(SLO 1.4), and apply these techniques to solve ordinary differential equations in 

practical contexts (SLO 1.5). These skills provide a strong foundation for the more 

advanced methods you will encounter in subsequent Series. 

Glossary of Terms 

• Fundamental set of solutions: A set of linearly independent solutions that 

together form the general solution of a differential equation. 

• Linear dependence: A condition where one solution can be expressed as a 

linear combination of others. 

• Linear independence: A condition where no solution can be expressed as a 

linear combination of others. 

• Reduction of order: A method used to find a second linearly independent 

solution when one solution is already known. 

• Wronskian: A determinant involving functions and their derivatives, used 

to test whether solutions are linearly independent. 

Concept Check Questions 1 

Objective questions 

1. The Wronskian of two functions is defined as the __________ of their 

values and derivatives. (Linked to SLO 1.3) 
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2. If one solution can be expressed as a linear combination of others, the 

solutions are said to be __________. (Linked to SLO 1.1) 

3. The general solution of y''-y=0is __________. (Linked to SLO 1.4) 

Short-answer questions 

4. Define linear independence of solutions to ordinary differential equations. 

(Linked to SLO 1.1) 

5. Explain the role of the Wronskian in determining independence of solutions. 

(Linked to SLO 1.3) 

Long-answer questions 

6. Demonstrate the reduction of order method for the equation y''-y=0, 

showing how the second solution is obtained. (Linked to SLO 1.4) 

• Basic response: Show the assumption y2=v(x)y1(x)and outline the 

steps leading to y2=e-x. 

• Value-added response: Provide detailed derivations of derivatives, 

substitutions, simplifications, and integration steps. 

7. Analyse how the Wronskian and reduction of order are applied in practical 

problem solving, such as mechanical vibrations or electrical circuits. (Linked to 

SLO 1.5) 

• Basic response: State that these methods help confirm independence 

and construct complete solutions. 

• Value-added response: Extend the explanation to specific 

applications in oscillations and resonance problems. 

Answers to Concept Check Questions 1 

1. Determinant 

2. Dependent 

3. C1ex+C2e-x 

4. Linear independence means that no solution can be expressed as a linear 

combination of others. 

5. The Wronskian helps determine whether solutions are independent by 

checking if the determinant is non-zero. 
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6. Basic response: Assume y2=v(x)ex, simplify, solve for v(x), and obtain 

y2=e-x. Value-added response: Provide full derivation with substitution of 

derivatives, simplification, and integration steps. 

7. Basic response: These methods confirm independence and provide 

complete solutions. Value-added response: In mechanical vibrations, 

independent solutions describe oscillations; in electrical circuits, they solve 

resonance problems. 

 

 

Series 2: Variation of Parameters and Series Solutions 

Series Outline 

• Part 2.1: Variation of Parameters 

• Definition and concept 

• Method for solving non-homogeneous equations 

• Worked examples 

• Part 2.2: Series Solution about Ordinary Points 

• Definition of ordinary points 

• Method of power series expansion 

• Illustrative examples 

• Part 2.3: Series Solution about Regular Singular Points 

• Definition of regular singular points 

• Frobenius method 

• Worked examples 

• Part 2.4: Applications and Problem Solving 

• Using variation of parameters in applied contexts 

• Applying series solutions in physics and engineering problems 

Introduction 

Ordinary differential equations often require methods beyond simple inspection to 

obtain complete solutions. Two powerful techniques that extend our ability to 
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solve such equations are the variation of parameters and series solutions. Variation 

of parameters provides a systematic way of finding particular solutions to non-

homogeneous equations, while series solutions allow us to express solutions as 

infinite expansions around specific points. These methods are essential because 

many real-world problems cannot be solved using elementary techniques alone. 

The aim of this Series is to enable you to apply the variation of parameters method 

to non-homogeneous equations and to construct series solutions about both 

ordinary and regular singular points. 

We shall commence this Series by introducing the variation of parameters method, 

explaining its concept and demonstrating how it is applied to non-homogeneous 

equations. Next, we will explore series solutions about ordinary points, focusing on 

the method of power series expansion. Following that, we will study series 

solutions about regular singular points using the Frobenius method. Finally, we 

will conclude with applications that show how variation of parameters and series 

solutions are used in physics, engineering, and mathematics to solve practical 

problems. 

Series Learning Outcomes 

Upon completing this Series, you should be able to: 

• SLO 2.1 define and explain the variation of parameters method for non-

homogeneous equations, 

• SLO 2.2 demonstrate the steps of variation of parameters with worked 

examples, 

• SLO 2.3 describe ordinary points and apply the power series method to 

construct solutions, 

• SLO 2.4 explain regular singular points and demonstrate the Frobenius 

method with examples, and 

• SLO 2.5 apply variation of parameters and series solution techniques to 

practical problem solving in mathematics, physics, and engineering. 

 

2.1 Variation of Parameters 

The variation of parameters method is a technique used to find a particular 

solution to a non-homogeneous linear differential equation. Unlike the method of 

undetermined coefficients, which works only for certain types of forcing functions, 
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variation of parameters is more general and can be applied to a wider range of 

problems. 

Fill in the blank: Variation of parameters is used to find a __________ solution to a 

non-homogeneous differential equation. 

2.1.1 Definition and concept 

Consider a second-order non-homogeneous linear differential equation of the form: 

y''+P(x)y'+Q(x)y=R(x) 

The general solution is the sum of the complementary solution (solution to the 

homogeneous equation) and a particular solution. Variation of parameters assumes 

that the particular solution can be expressed as: 

yp(x)=u1(x)y1(x)+u2(x)y2(x) 

where y1(x)and y2(x)are independent solutions of the homogeneous equation, and 

u1(x), u2(x)are functions to be determined. 

Concept of variation of parameters 

• Works for non-homogeneous equations 

• Particular solution expressed as yp=u1y1+u2y2 

• Functions u1(x)and u2(x)are determined systematically 

 

 

2.1.2 Method for solving non-homogeneous equations 
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The steps are as follows: 

1. Solve the homogeneous equation to obtain two independent solutions 

y1(x)and y2(x). 

2. Assume the particular solution yp(x)=u1(x)y1(x)+u2(x)y2(x). 

3. Impose the condition u1'(x)y1(x)+u2'(x)y2(x)=0to simplify calculations. 

4. Derive formulas for u1'(x)and u2'(x): 

u1'(x)=-y2(x)R(x)W(y1,y2),u2'(x)=y1(x)R(x)W(y1,y2) 

where W(y1,y2)is the Wronskian. 

5. Integrate to find u1(x)and u2(x). 

6. Substitute back to obtain the particular solution yp(x). 

Steps in variation of parameters 

Step Action Result 

1 Solve homogeneous equation Obtain y1,y2 

2 Assume form of yp yp=u1y1+u2y2 

3 Impose condition Simplifies derivatives 

4 Derive formulas Expressions for u1',u2' 

5 Integrate Functions u1,u2 

6 Substitute Particular solution yp 

Fill in the blank: The formulas for u1'(x)and u2'(x)involve the __________ of the 

two solutions. 

2.1.3 Worked example 

Consider the equation: 

y''+y=tan⁡(x) 

1. Solve the homogeneous equation y''+y=0. Solutions are y1(x)=cos⁡(x), 
y2(x)=sin⁡(x). 

2. Wronskian: 

W=cos⁡(x)⋅cos⁡(x)-(-sin⁡(x))⋅sin⁡(x)=1 



 

 LA-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS 

3. Formulas: 

u1'(x)=-sin⁡(x)tan⁡(x),u2'(x)=cos⁡(x)tan⁡(x) 

4. Integrate: 

u1(x)=∫-sin⁡(x)tan⁡(x) dx,u2(x)=∫cos⁡(x)tan⁡(x) dx 

5. Substitute back: 

yp(x)=u1(x)cos⁡(x)+u2(x)sin⁡(x) 

This gives the particular solution, which can be simplified further. 

 

Example of variation of parameters method. 

 

Fill in the blank: For the equation y''+y=tan⁡(x), the homogeneous solutions are 

__________ and sin⁡(x). 

Pilot Questions 2.1 

1. Variation of parameters is used to find: A. A particular solution to a non-

homogeneous equation B. A general solution to a homogeneous equation C. 

A constant ratio of solutions D. None of the above (SLO 2.1) 
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2. In variation of parameters, the particular solution is expressed as: A. 

yp=u1y1+u2y2B. yp=y1+y2C. yp=u1+u2D. None of the above (SLO 

2.1) 

3. The condition imposed to simplify calculations is: A. u1'y1+u2'y2=0B. 

u1y1+u2y2=0C. u1'+u2'=0D. None of the above (SLO 2.2) 

4. The formulas for u1'and u2'involve: A. The Wronskian B. The ratio of 

solutions C. The constant multiple D. None of the above (SLO 2.2) 

5. For the equation y''+y=tan⁡(x), the homogeneous solutions are: A. 

cos⁡(x)and sin⁡(x)B. exand e-xC. tan⁡(x)and cot⁡(x)D. None of the 

above (SLO 2.2 

2.2 Series Solution About Ordinary Points 

The series solution method is a powerful technique for solving ordinary 

differential equations when standard methods do not apply. An ordinary point is a 

point where the coefficients of the differential equation are analytic, meaning they 

can be expressed as convergent power series. At such points, solutions can often be 

written as infinite series expansions, which provide accurate approximations and 

reveal the behaviour of solutions near the point. 

Fill in the blank: An ordinary point is one where the coefficients of the differential 

equation are __________. 

2.2.1 Definition of ordinary points 

Consider a second-order linear differential equation of the form: 

y''+P(x)y'+Q(x)y=0 

A point x0is called an ordinary point if both P(x)and Q(x)are analytic at x0. This 

means they can be expressed as power series around x0. If either coefficient is not 

analytic, then x0is a singular point. 

Definition of ordinary points 

• Ordinary point: coefficients are analytic at the point 

• Singular point: at least one coefficient is not analytic 

• Series solutions are valid around ordinary points 

 

Fill in the blank: If either coefficient is not analytic at a point, the point is called a 

__________ point. 
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2.2.2 Method of power series expansion 

To find a solution near an ordinary point x0, we assume: 

y(x)=n=0an(x-x0)n 

Substituting this into the differential equation allows us to determine recurrence 

relations for the coefficients an. These relations generate the terms of the series 

solution. 

[Insert Table here] Caption: Table 2.2 Steps in power series expansion 

Step Action Result 

1 Assume solution as power series y(x)=∑an(x-x0)n 

2 Differentiate series Expressions for y'and y'' 

3 Substitute into equation Collect terms by powers of x0 

4 Derive recurrence relation Formula for coefficients an 

5 Construct solution Infinite series expansion 

 

Fill in the blank: Substituting the power series into the differential equation 

produces __________ relations for the coefficients. 

2.2.3 Illustrative example 

Consider the equation: 

y''-y=0 

Assume a solution around x0=0: 

y(x)=n=0anxn 

Differentiating: 

y'(x)=n=1nanxn-1,y''(x)=n=2n(n-1)anxn-2 

Substituting into the equation: 

n=2n(n-1)anxn-2-n=0anxn=0 

Re-indexing terms gives a recurrence relation: 

an+2=ann+2)(n+1 
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This generates the series solution, which corresponds to combinations of 

cosh⁡(x)and sinh⁡(x). 

 

Example of series solution about an ordinary point. 

Fill in the blank: The recurrence relation for the equation y''-y=0is a_{n+2} = 

\frac{a_n}{(n+2)\cdot __________}. 

Pilot Questions 2.2 

1. An ordinary point is one where: A. Coefficients are analytic B. Coefficients 

are constant only C. Coefficients are not analytic D. None of the above (SLO 

2.3) 

2. The solution near an ordinary point is assumed to be: A. A power series 

expansion B. A constant multiple C. A ratio of functions D. None of the 

above (SLO 2.3) 

3. Substituting the power series into the equation produces: A. Recurrence 

relations for coefficients B. Constant ratios C. Dependent functions D. None 

of the above (SLO 2.3) 

4. For the equation y''-y=0, the recurrence relation is: A. 

an+2=ann+2)(n+1B. an+2=anC. an+2=annD. None of the above 

(SLO 2.3) 

5. Series solutions are valid around: A. Ordinary points B. Singular points only 

C. Constant ratios D. None of the above (SLO 2.3) 
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2.3 Series Solution About Regular Singular Points 

When solving ordinary differential equations, not all points are ordinary. Some 

points are regular singular points, where the coefficients of the equation are not 

analytic but still allow for solutions expressed as series. At these points, the 

Frobenius method is used to construct solutions in the form of power series with 

fractional or shifted exponents. This method extends the usefulness of series 

solutions to a wider class of problems, especially those arising in physics and 

engineering. 

Fill in the blank: The Frobenius method is used to construct series solutions at 

__________ singular points. 

2.3.1 Definition of regular singular points 

Consider the equation: 

y''+P(x)y'+Q(x)y=0 

A point x0is a regular singular point if x-x0)P(xand x-x0)2Q(xare analytic at x0. 

This condition ensures that although the coefficients are not analytic themselves, 

the equation still admits a series solution. 

Definition of regular singular points 

• Regular singular point: x-x0)P(xand x-x0)2Q(xare analytic 

• Series solutions possible using Frobenius method 

• Extends beyond ordinary points 
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Fill in the blank: A point is regular singular if x-x0)P(xand x-x0)2Q(xare 

__________ at x0. 

2.3.2 Frobenius method 

The Frobenius method assumes a solution of the form: 

y(x)=n=0an(x-x0)n+r 

where ris determined by solving the indicial equation, which arises when 

substituting the series into the differential equation. The indicial equation provides 

possible values of r, and each value leads to a distinct solution. 

Steps in Frobenius method 

Step Action Result 

1 Assume solution y=∑an(x-x0)n+r Series form 

2 Substitute into equation Collect terms 

3 Derive indicial equation Solve for r 

4 Find recurrence relation Formula for coefficients an 

5 Construct solution Series expansion with exponent r 
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Fill in the blank: The value of rin the Frobenius method is obtained from the 

__________ equation. 

2.3.3 Worked example 

Consider the equation: 

x2y''+xy'-y=0 

This has a regular singular point at x=0. Assume: 

y(x)=n=0anxn+r 

Substituting into the equation and simplifying gives the indicial equation: 

r2-1=0⇒r=±1 

Thus, two solutions exist: one with r=1and another with r=-1. Each solution is 

constructed by finding recurrence relations for an. 

[Insert Figure here] Short description: Step-by-step Frobenius method for 

x2y''+xy'-y=0. Caption: Figure 2.3 Example of Frobenius method at a regular  

 

singular point. 

Fill in the blank: For the equation x2y''+xy'-y=0, the indicial equation is r^2 - 

__________ = 0. 

Pilot Questions 2.3 

1. A regular singular point is one where: A. x-x0)P(xand x-x0)2Q(xare 

analytic B. Coefficients are analytic directly C. No series solution exists D. 

None of the above (SLO 2.4) 
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2. The Frobenius method assumes a solution of the form: A. y=∑an(x-
x0)n+rB. y=∑an(x-x0)nC. y=∑anD. None of the above (SLO 2.4) 

3. The value of ris obtained from: A. The indicial equation B. The recurrence 

relation C. The Wronskian D. None of the above (SLO 2.4) 

4. For the equation x2y''+xy'-y=0, the indicial equation is: A. r2-1=0B. 

r2+1=0C. r2-2=0D. None of the above (SLO 2.4) 

5. The Frobenius method is used to construct solutions at: A. Regular singular 

points B. Ordinary points only C. Constant ratios D. None of the above 

(SLO 2.4) 

 

2.4 Applications and Problem Solving 

The methods of variation of parameters and series solutions are not only 

theoretical techniques but also practical tools widely applied in mathematics, 

physics, and engineering. They allow us to solve equations that model real-world 

systems where simpler methods fail. 

Fill in the blank: Variation of parameters and series solutions are widely applied in 

__________ and engineering problems. 

2.4.1 Using variation of parameters in applied contexts 

Variation of parameters is particularly useful in solving non-homogeneous 

equations that arise in mechanical systems, electrical circuits, and control theory. 

For example, in mechanical vibrations, external forces such as damping or driving 

forces lead to non-homogeneous equations. Variation of parameters provides a 

systematic way to find particular solutions that describe the forced response of the 

system. 
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Application of variation of parameters in mechanical vibrations. 

 

Fill in the blank: In mechanical vibrations, variation of parameters helps to find the 

__________ response of the system. 

 

2.4.2 Applying series solutions in physics and engineering problems 

Series solutions are essential when equations cannot be solved in closed form. For 

example, in quantum mechanics, the Schrödinger equation often requires series 

solutions near singular points. In fluid dynamics and heat transfer, series 

expansions provide approximations that describe behaviour near boundaries. The 

Frobenius method is especially valuable in these contexts, as many physical 

systems involve regular singular points. 

Applications of series solutions 

• Quantum mechanics: Schrödinger equation near singular points 

• Fluid dynamics: series expansions for boundary behaviour 

• Heat transfer: approximations near boundaries 

• Engineering: resonance and stability analysis 
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Fill in the blank: In quantum mechanics, the __________ equation often requires 

series solutions near singular points. 

2.4.3 Practical problem solving 
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By combining variation of parameters and series solutions, we can tackle a wide 

range of problems. Variation of parameters provides particular solutions to non-

homogeneous equations, while series methods extend our ability to solve equations 

at ordinary and regular singular points. Together, they form a toolkit that ensures 

we can construct complete solutions for complex systems. 

Comparison of methods 

Method Type of equation Application 

Variation of 

parameters 

Non-homogeneous Forced oscillations, 

electrical circuits 

Series solution 

(ordinary point) 

Homogeneous with 

analytic coefficients 

Approximations near 

ordinary points 

Frobenius method Regular singular point Quantum mechanics, 

resonance problems 

 

Fill in the blank: Variation of parameters is best suited for __________ equations. 

Pilot Questions 2.4 

1. Variation of parameters is applied in mechanical vibrations to find: A. 

Forced response B. Free response only C. Constant ratios D. None of the 

above (SLO 2.5) 

2. Series solutions are essential in: A. Quantum mechanics B. Fluid dynamics 

C. Heat transfer D. All of the above (SLO 2.5) 

3. The Frobenius method is valuable because: A. It handles regular singular 

points B. It applies only to ordinary points C. It avoids recurrence relations 

D. None of the above (SLO 2.5) 

4. Variation of parameters is best suited for: A. Non-homogeneous equations 

B. Homogeneous equations only C. Algebraic equations D. None of the 

above (SLO 2.5) 

5. Combining variation of parameters and series solutions provides: A. A 

complete toolkit for solving complex systems B. Only partial solutions C. 

No practical applications D. None of the above (SLO 2.5) 

Series Summary 

This Series has introduced two advanced methods for solving ordinary differential 

equations: variation of parameters and series solutions. We began by defining 
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variation of parameters and showing how it provides particular solutions to non-

homogeneous equations. Then we explored series solutions about ordinary points, 

using power series expansions to construct solutions. Following that, we examined 

series solutions about regular singular points, applying the Frobenius method to 

derive solutions with shifted exponents. Finally, we considered practical 

applications, highlighting how these methods are used in physics, engineering, and 

mathematics to solve complex problems. 

By completing this Series, you should now be able to define and explain variation 

of parameters (SLO 2.1), demonstrate its steps with examples (SLO 2.2), describe 

ordinary points and apply the power series method (SLO 2.3), explain regular 

singular points and use the Frobenius method (SLO 2.4), and apply both 

techniques to practical problem solving (SLO 2.5). These skills extend your toolkit 

for tackling a wide range of differential equations. 

Glossary of Terms 

• Frobenius method: A technique for constructing series solutions at regular 

singular points using exponents determined by the indicial equation. 

• Indicial equation: An equation derived in the Frobenius method that 

determines possible values of the exponent r. 

• Ordinary point: A point where the coefficients of a differential equation are 

analytic, allowing solutions to be expressed as power series. 

• Particular solution: A solution to a non-homogeneous differential equation 

that accounts for the non-homogeneous term. 

• Recurrence relation: A formula that relates coefficients in a series solution, 

used to generate successive terms. 

• Regular singular point: A point where coefficients are not analytic but 

transformed expressions are analytic, allowing series solutions via Frobenius 

method. 

• Variation of parameters: A method for finding particular solutions to non-

homogeneous equations by varying constants into functions. 

• Wronskian: A determinant used in variation of parameters to compute 

functions u1(x)and u2(x). 

Concept Check Questions 2 

Objective questions 
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1. Variation of parameters is used to find a __________ solution to a non-

homogeneous equation. (Linked to SLO 2.1) 

2. An ordinary point is one where the coefficients are __________. (Linked to 

SLO 2.3) 

3. The Frobenius method is used at __________ singular points. (Linked to 

SLO 2.4) 

Short-answer questions 

4. Define variation of parameters and explain its purpose. (Linked to SLO 2.1) 

5. Describe the role of recurrence relations in series solutions. (Linked to SLO 

2.3) 

Long-answer questions 

6. Demonstrate the variation of parameters method for the equation 

y''+y=tan⁡(x), showing the steps to obtain the particular solution. (Linked to 

SLO 2.2) 

• Basic response: Outline the homogeneous solution, Wronskian, 

formulas for u1'and u2', and substitution. 

• Value-added response: Provide detailed derivations, integrations, 

and simplifications. 

7. Explain the Frobenius method and apply it to the equation x2y''+xy'-y=0, 

showing how the indicial equation is derived and solved. (Linked to SLO 2.4) 

• Basic response: State the assumed solution, derive the indicial 

equation, and identify values of r. 

• Value-added response: Provide full derivation of recurrence relations 

and construction of series solutions. 

Answers to Concept Check Questions 2 

1. Particular 

2. Analytic 

3. Regular 

4. Variation of parameters is a method for finding particular solutions to non-

homogeneous equations by expressing them as yp=u1y1+u2y2. 
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5. Recurrence relations provide formulas for coefficients in a series solution, 

allowing successive terms to be generated. 

6. Basic response: Solve homogeneous equation (cos⁡x,sin⁡x), compute 

Wronskian, derive u1',u2', integrate, substitute. Value-added response: 

Full derivation with integration steps and simplification of particular 

solution. 

7. Basic response: Assume y=∑anxn+r, derive indicial equation r2-1=0, 

solutions r=±1. Value-added response: Full derivation of recurrence 

relations and construction of series expansions for each solution. 

Answers to Pilot Questions 2 

Part 2.1: 1-A, 2-A, 3-A, 4-A, 5-A Part 2.2: 1-A, 2-A, 3-A, 4-A, 5-A Part 2.3: 1-

A, 2-A, 3-A, 4-A, 5-A Part 2.4: 1-A, 2-D, 3-A, 4-A, 5-A 

 

 

Series 3: Special Functions – Gamma, Beta, and Bessel 

Series Outline 

• Part 3.1: The Gamma Function 

• Definition and properties 

• Relation to factorials 

• Applications and examples 

• Part 3.2: The Beta Function 

• Definition and properties 

• Relation to the Gamma function 

• Applications and examples 

• Part 3.3: Bessel Functions 

• Definition and types (first and second kind) 

• Properties and recurrence relations 

• Applications in physics and engineering 

• Part 3.4: Applications and Problem Solving 
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• Using Gamma and Beta functions in integrals and probability 

• Applying Bessel functions in wave propagation and vibrations 

Introduction 

In mathematics and applied sciences, certain functions arise so frequently that they 

are given special names and studied in detail. Among these are the Gamma, Beta, 

and Bessel functions, which extend the scope of ordinary differential equations 

and integrals to more complex problems. The Gamma and Beta functions 

generalise factorials and integrals, while Bessel functions appear naturally in 

problems involving wave propagation, vibrations, and circular symmetry. 

Understanding these functions equips you with powerful tools for tackling 

advanced problems in physics, engineering, and applied mathematics. 

The aim of this Series is to introduce you to the definitions, properties, and 

applications of the Gamma, Beta, and Bessel functions, and to show how they are 

used in solving integrals, equations, and real-world problems. 

We shall commence this Series by examining the Gamma function, its definition, 

properties, and relation to factorials. Next, we will explore the Beta function, 

highlighting its connection to the Gamma function and its applications. Following 

that, we will study Bessel functions, focusing on their types, properties, and 

recurrence relations. Finally, we will conclude with applications, demonstrating 

how these special functions are used in integrals, probability, wave propagation, 

and engineering problems. 

Series Learning Outcomes 

Upon completing this Series, you should be able to: 

• SLO 3.1 define the Gamma function and explain its properties, 

• SLO 3.2 demonstrate the relation between the Gamma function and 

factorials with examples, 

• SLO 3.3 define the Beta function and explain its properties, 

• SLO 3.4 analyse the relation between the Beta and Gamma functions, 

• SLO 3.5 describe Bessel functions and explain their types and recurrence 

relations, and 

• SLO 3.6 apply Gamma, Beta, and Bessel functions to practical problems 

in mathematics, physics, and engineering. 
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3.1 The Gamma Function 

The Gamma function is one of the most important special functions in 

mathematics. It generalises the factorial function to non-integer values and plays a 

central role in analysis, probability, and applied mathematics. The Gamma function 

is defined for positive real numbers and extended to complex numbers (except 

non-positive integers). 

Fill in the blank: The Gamma function generalises the __________ function to 

non-integer values. 

3.1.1 Definition and properties 

The Gamma function is defined as: 

(n)=0xn-1e-x dx,n>0 

This integral converges for all positive values of n. Some key properties include: 

• (1)=1 

• (n+1)=n(n) 

• 12= 

Properties of the Gamma function 

• Defined by (n)=0xn-1e-x dx 

• Recursive property: (n+1)=n(n) 

• Special value: 12= 

 

Fill in the blank: The recursive property of the Gamma function is \Gamma(n+1) = 

__________ \Gamma(n). 

3.1.2 Relation to factorials 

The Gamma function extends the factorial function to non-integer values. For 

natural numbers n: 

(n)=(n-1)! 

This means that while factorials are defined only for integers, the Gamma function 

provides values for real and complex arguments, making it more versatile. 

 Relation between Gamma function and factorials 

n (n) (n-1)! 
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1 (1)=1 0!=1 

2 (2)=1 1!=1 

3 (3)=2 2!=2 

4 (4)=6 3!=6 

 

3.1.3 Applications and examples 

The Gamma function is widely applied in probability theory, statistics, and 

physics. For example: 

• In probability, it appears in the definition of the Gamma distribution. 

• In statistics, it is used in continuous extensions of factorials for 

combinatorial problems. 

• In physics, it arises in integrals involving exponential decay and in quantum 

mechanics. 

 

Application of Gamma function in probability distribution. 

Fill in the blank: The Gamma function is used in probability theory to define the 

__________ distribution. 

 

Pilot Questions 3.1 

1. The Gamma function generalises: A. The factorial function B. The 

exponential function C. The logarithmic function D. None of the above 

(SLO 3.1) 
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2. The recursive property of the Gamma function is: A. (n+1)=n(n)B. 

(n+1)=(n)C. (n+1)=(n+1)(n)D. None of the above (SLO 3.1) 

3. For natural numbers n, the relation is: A. (n)=(n-1)!B. (n)=n!C. 

(n)=(n+1)!D. None of the above (SLO 3.2) 

4. The special value of the Gamma function is: A. 12=B. 12=1C. 12=0D. 

None of the above (SLO 3.1) 

5. The Gamma function is used in probability theory to define: A. The Gamma 

distribution B. The Poisson distribution C. The Binomial distribution D. 

None of the above (SLO 3.6) 

3.2 The Beta Function 

The Beta function is another important special function closely related to the 

Gamma function. It is defined as an integral and is symmetric in its arguments. The 

Beta function often appears in probability, statistics, and analysis, especially in 

evaluating integrals and in connections with binomial coefficients. 

Fill in the blank: The Beta function is closely related to the __________ function. 

3.2.1 Definition and properties 

The Beta function is defined as: 

B(m,n)=01xm-1(1-x)n-1 dx,m,n>0 

Key properties include: 

• Symmetry: B(m,n)=B(n,m) 

• Relation to Gamma function: B(m,n)=(m)(n)(m+n) 

• Useful in evaluating integrals involving powers of xand 1-x. 

Properties of the Beta function 

• Defined by B(m,n)=01xm-1(1-x)n-1 dx 

• Symmetric in mand n 

• Related to Gamma function: B(m,n)=(m)(n)(m+n) 
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Fill in the blank: The Beta function satisfies the symmetry property B(m,n) = 

__________. 

3.2.2 Relation to the Gamma function 

The Beta function is directly connected to the Gamma function. Using the relation: 

B(m,n)=(m)(n)(m+n) 

This shows that the Beta function can be expressed entirely in terms of the Gamma 

function. This relation is particularly useful in simplifying integrals and in 

probability theory. 

Relation between Beta and Gamma functions 

Function Expression 

Beta function B(m,n)=01xm-1(1-x)n-1 dx 

Relation B(m,n)=(m)(n)(m+n) 

 

3.2.3 Applications and examples 

The Beta function is widely used in probability and statistics, particularly in 

defining the Beta distribution, which models random variables limited to the 

interval 1. It also appears in evaluating integrals in calculus and in connections 

with binomial coefficients. 
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Application of Beta function in probability distribution. 

 

Fill in the blank: The Beta function is used 

 in probability theory to define the __________ distribution. 

Pilot Questions 3.2 

1. The Beta function is defined as: A. 01xm-1(1-x)n-1 dxB. 0xn-1e-x dxC. 

01ex dxD. None of the above (SLO 3.3) 

2. The Beta function satisfies the property: A. Symmetry B(m,n)=B(n,m)B. 

Constant ratio C. No relation to Gamma function D. None of the above 

(SLO 3.3) 

3. The relation between Beta and Gamma functions is: A. 

B(m,n)=(m)(n)(m+n)B. B(m,n)=(m+n)C. B(m,n)=(m)(n)D. None of 

the above (SLO 3.4) 

4. The Beta function is used in probability theory to define: A. The Beta 

distribution B. The Gamma distribution C. The Poisson distribution D. None 

of the above (SLO 3.6) 

5. The Beta function is symmetric in: A. mand nB. nand xC. mand xD. None 

of the above (SLO 3.3) 

 

3.3 Bessel Functions 
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The Bessel functions are a family of solutions to Bessel’s differential equation, 

which arises naturally in problems involving cylindrical or spherical symmetry. 

These functions are widely used in physics and engineering, particularly in wave 

propagation, vibrations, and heat conduction. 

Fill in the blank: Bessel functions are solutions to __________ differential 

equation. 

3.3.1 Definition and types 

Bessel’s differential equation is: 

x2y''+xy'+(x2-n2)y=0 

The solutions are called Bessel functions of the first kind (Jn(x)) and Bessel 

functions of the second kind (Yn(x)). 

• Jn(x): finite at the origin, commonly used in physical problems. 

• Yn(x): singular at the origin, but necessary for completeness. 

Types of Bessel functions 

• Jn(x): Bessel functions of the first kind, finite at origin 

• Yn(x): Bessel functions of the second kind, singular at origin 

• Both are solutions to Bessel’s equation 
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Fill in the blank: The Bessel function of the first kind is denoted by __________. 

3.3.2 Properties and recurrence relations 

Bessel functions have several important properties: 

• Orthogonality: functions of different orders are orthogonal over certain 

intervals. 

• Recurrence relations: 

Jn-1(x)+Jn+1(x)=2nxJn(x) 

Jn-1(x)-Jn+1(x)=2Jn'(x) 

• Series representation: 

Jn(x)=m=0(1)mm!(n+m)!x22m+n 

 Table 3.3 Properties of Bessel functions 
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Property Expression 

Orthogonality Functions of different orders are orthogonal 

Recurrence relation 1 Jn-1(x)+Jn+1(x)=2nxJn(x) 

Recurrence relation 2 Jn-1(x)-Jn+1(x)=2Jn'(x) 

Series representation Jn(x)=m=0(1)mm!(n+m)!x22m+n 

 

Fill in the blank: The recurrence relation Jn-1(x)+Jn+1(x)=2nxJn(x)shows the 

connection between functions of __________ orders. 

 

3.3.3 Applications in physics and engineering 

Bessel functions appear in many physical contexts: 

• Vibrations of circular membranes (e.g., drumheads). 

• Heat conduction in cylindrical objects. 

• Wave propagation in cylindrical or spherical coordinates. 

• Electrical engineering problems involving waveguides. 

 

Application of Bessel functions in vibrations of circular membranes. 

Fill in the blank: Bessel functions are used to describe the vibration modes of a 

__________ membrane. 
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Pilot Questions 3.3 

1. Bessel functions are solutions to: A. Bessel’s differential equation B. Euler’s 

equation C. Gamma’s equation D. None of the above (SLO 3.5) 

2. The Bessel function of the first kind is denoted by: A. Jn(x)B. Yn(x)C. 

(n)D. None of the above (SLO 3.5) 

3. The recurrence relation Jn-1(x)+Jn+1(x)=2nxJn(x)shows the connection 

between: A. Functions of different orders B. Functions of same order C. 

Gamma functions D. None of the above (SLO 3.5) 

4. Bessel functions are used to describe vibrations of: A. Circular membranes 

B. Rectangular plates C. Linear rods D. None of the above (SLO 3.6) 

5. The Bessel function of the second kind is denoted by: A. Yn(x)B. Jn(x)C. 

(n)D. None of the above (SLO 3.5) 

3.4 Applications and Problem Solving 

The Gamma, Beta, and Bessel functions are not only theoretical constructs but 

also practical tools that appear in diverse areas of mathematics, physics, and 

engineering. Their applications range from evaluating complex integrals to 

modelling vibrations and wave propagation. 

Fill in the blank: Special functions such as Gamma, Beta, and Bessel are widely 

applied in __________ problems. 

3.4.1 Applications of Gamma and Beta functions 

The Gamma and Beta functions are frequently used in probability and statistics. 

• The Gamma function defines the Gamma distribution, which models 

waiting times in Poisson processes. 

• The Beta function defines the Beta distribution, which models random 

variables constrained between 0 and 1. 

• Both functions are also used in evaluating integrals that cannot be expressed 

in elementary terms. 

Applications of Gamma and Beta functions 

• Gamma distribution in probability theory 

• Beta distribution in statistics 

• Evaluation of integrals in analysis 
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• Extensions of factorials and binomial coefficients 

 

 

Fill in the blank: The Gamma function is used to define the __________ 

distribution in probability theory. 

3.4.2 Applications of Bessel functions 

Bessel functions are indispensable in physics and engineering. 
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• They describe the vibration modes of circular membranes such as 

drumheads. 

• They appear in heat conduction problems in cylindrical objects. 

• They are used in wave propagation in cylindrical or spherical coordinates, 

including optical fibres and waveguides.

 

Application of Bessel functions in wave propagation. 

Fill in the blank: Bessel functions are used to describe wave propagation in 

__________ coordinates. 

3.4.3 Comparative use in problem solving 

Together, Gamma, Beta, and Bessel functions form a toolkit for solving advanced 

problems: 

• Gamma and Beta functions extend factorials and integrals to continuous 

domains. 

• Bessel functions provide solutions to differential equations with cylindrical 

or spherical symmetry. 

• Their combined use allows mathematicians and engineers to model complex 

systems that cannot be solved with elementary functions. 

Comparative applications of special functions 

Function Domain Application 

Gamma Probability, analysis Gamma distribution, factorial extension 
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Beta Statistics, integrals Beta distribution, binomial coefficients 

Bessel Physics, engineering Vibrations, heat conduction, wave propagation 

 

Fill in the blank: Bessel functions are particularly useful in problems involving 

__________ symmetry. 

Pilot Questions 3.4 

1. The Gamma function is used in probability theory to define: A. The Gamma 

distribution B. The Beta distribution C. The Poisson distribution D. None of 

the above (SLO 3.6) 

2. The Beta function is used in statistics to define: A. The Beta distribution B. 

The Gamma distribution C. The Binomial distribution D. None of the above 

(SLO 3.6) 

3. Bessel functions are applied in physics to describe: A. Vibrations of circular 

membranes B. Linear motion only C. Constant ratios D. None of the above 

(SLO 3.6) 

4. Bessel functions are used in wave propagation in: A. Cylindrical or spherical 

coordinates B. Cartesian coordinates only C. Random processes D. None of 

the above (SLO 3.6) 

5. Gamma, Beta, and Bessel functions together provide: A. A toolkit for 

solving advanced problems B. Only factorial extensions C. No practical 

applications D. None of the above (SLO 3.6) 

Series Summary 

This Series has introduced three important special functions: the Gamma, Beta, and 

Bessel functions. We began with the Gamma function, highlighting its definition, 

properties, and its role as a generalisation of the factorial function. We then 

explored the Beta function, noting its symmetry and its close relationship with the 

Gamma function. Following that, we studied Bessel functions, which arise in 

solutions to Bessel’s differential equation and are essential in problems involving 

cylindrical or spherical symmetry. Finally, we examined practical applications, 

showing how these functions are used in probability, statistics, integrals, 

vibrations, and wave propagation. 

By completing this Series, you should now be able to define and explain the 

Gamma function (SLO 3.1), demonstrate its relation to factorials (SLO 3.2), define 

the Beta function and explain its properties (SLO 3.3), analyse its relation to the 
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Gamma function (SLO 3.4), describe Bessel functions and their recurrence 

relations (SLO 3.5), and apply these special functions to practical problems in 

mathematics, physics, and engineering (SLO 3.6). 

Glossary of Terms 

• Beta distribution: A probability distribution defined using the Beta 

function, modelling random variables between 0 and 1. 

• Beta function: A special function defined by an integral, symmetric in its 

arguments, and related to the Gamma function. 

• Bessel functions: Solutions to Bessel’s differential equation, used in 

problems with cylindrical or spherical symmetry. 

• Gamma distribution: A probability distribution defined using the Gamma 

function, modelling waiting times in Poisson processes. 

• Gamma function: A special function that generalises the factorial function 

to non-integer values. 

• Indicial equation: An equation used in the Frobenius method to determine 

exponents in series solutions. 

• Recurrence relation: A formula that relates successive terms in a sequence 

or series, used in Bessel functions and series solutions. 

Concept Check Questions 3 

Objective questions 

1. The Gamma function generalises the __________ function to non-integer 

values. (Linked to SLO 3.1) 

2. The Beta function satisfies the symmetry property B(m,n) = __________. 

(Linked to SLO 3.3) 

3. The Bessel function of the first kind is denoted by __________. (Linked to 

SLO 3.5) 

Short-answer questions 

4. Define the Beta function and explain its relation to the Gamma function. 

(Linked to SLO 3.3, SLO 3.4) 

5. State one physical application of Bessel functions. (Linked to SLO 3.6) 

Long-answer questions 
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6. Demonstrate the relation between the Gamma function and factorials, 

showing examples for natural numbers. (Linked to SLO 3.2) 

• Basic response: Show that (n)=(n-1)!for natural numbers. 

• Value-added response: Extend explanation to non-integer values and 

special cases such as (12)=. 

7. Explain how Bessel functions are applied in physics and engineering, with 

examples from vibrations and wave propagation. (Linked to SLO 3.6) 

• Basic response: State that Bessel functions describe vibrations of 

circular membranes and wave propagation in cylindrical coordinates. 

• Value-added response: Provide detailed examples, such as drumhead 

vibration modes and cylindrical waveguides in electrical engineering. 

Answers to Concept Check Questions 3 

1. Factorial 

2. B(n,m) 

3. Jn(x) 

4. The Beta function is defined as B(m,n)=01xm-1(1-x)n-1 dx. It is related to 

the Gamma function by B(m,n)=(m)(n)(m+n). 

5. Bessel functions are used to describe vibrations of circular membranes. 

6. Basic response: For natural numbers, (n)=(n-1)!. Example: (4)=3!=6. 

Value-added response: Extends to non-integer values, e.g. (12)=. 

7. Basic response: Bessel functions describe vibrations of circular membranes 

and wave propagation in cylindrical coordinates. Value-added response: 

Detailed examples include drumhead vibration modes and cylindrical 

waveguides in electrical engineering. 

Answers to Pilot Questions 3 

Part 3.1: 1-A, 2-A, 3-A, 4-A, 5-A Part 3.2: 1-A, 2-A, 3-A, 4-A, 5-A Part 3.3: 1-

A, 2-A, 3-A, 4-A, 5-A Part 3.4: 1-A, 2-A, 3-A, 4-A, 5-A 

 

 

Series 4: Legendre’s Theorem and Hypergeometric Functions 

Part 4.1: Legendre’s Theorem and Orthogonal Polynomials 
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• Definition of Legendre’s theorem 

• Legendre polynomials: generating function and Rodrigues’ formula 

• Orthogonality property and its significance 

• Worked examples of Legendre polynomials 

Part 4.2: Properties of Legendre Polynomials 

• Recurrence relations 

• Differential equation satisfied by Legendre polynomials 

• Normalisation and orthogonality integrals 

• Applications in approximation theory and spherical harmonics 

Part 4.3: Hypergeometric Functions 

• Definition of the hypergeometric series 

• General form of hypergeometric functions 2F1(a,b;c;x) 

• Convergence properties 

• Special cases and connections to elementary functions 

Part 4.4: Connections Between Legendre Polynomials and Hypergeometric 

Functions 

• Expressing Legendre polynomials as hypergeometric functions 

• Examples of transformations 

• Significance of the connection in analysis and applied mathematics 

Part 4.5: Applications and Problem Solving 

• Applications of Legendre polynomials in physics (spherical harmonics, 

quantum mechanics) 

• Applications of hypergeometric functions in probability and statistics 

• Combined use in solving complex integrals and differential equations 

 

Introduction 

In advanced mathematics, certain functions and theorems provide powerful tools 

for solving differential equations and integrals that cannot be handled by 
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elementary methods. Legendre’s theorem and hypergeometric functions are two 

such tools. Legendre’s theorem introduces orthogonal polynomials that are 

fundamental in approximation theory and physics, particularly in spherical 

harmonics. Hypergeometric functions, on the other hand, generalise many familiar 

functions and appear in diverse contexts such as probability, statistics, and 

solutions to complex differential equations. 

The aim of this Series is to introduce you to Legendre’s theorem and 

hypergeometric functions, explain their definitions and properties, and demonstrate 

their applications in mathematics, physics, and engineering. 

We shall commence this Series by studying Legendre’s theorem and the 

orthogonal polynomials it generates. Next, we will explore hypergeometric 

functions, focusing on their definition, properties, and special cases. Following 

that, we will examine the connections between Legendre polynomials and 

hypergeometric functions. Finally, we will conclude with applications, showing 

how these tools are used in approximation theory, quantum mechanics, and other 

applied fields. 

Series Learning Outcomes 

Upon completing this Series, you should be able to: 

• SLO 4.1 define Legendre’s theorem and explain the concept of orthogonal 

polynomials, 

• SLO 4.2 demonstrate properties of Legendre polynomials with examples, 

• SLO 4.3 define hypergeometric functions and explain their general form, 

• SLO 4.4 analyse special cases of hypergeometric functions and their 

connections to other functions, 

• SLO 4.5 explain the relationship between Legendre polynomials and 

hypergeometric functions, and 

• SLO 4.6 apply Legendre’s theorem and hypergeometric functions to 

practical problems in mathematics, physics, and engineering. 

 

4.1 Legendre’s Theorem and Orthogonal Polynomials 

The Legendre polynomials are a sequence of orthogonal polynomials that arise 

from Legendre’s differential equation. They are central in approximation theory 

and physics, particularly in spherical harmonics and quantum mechanics. 
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Legendre’s theorem provides the foundation for constructing these polynomials 

and establishing their orthogonality. 

Fill in the blank: Legendre polynomials are solutions to __________ differential 

equation. 

4.1.1 Definition of Legendre’s theorem 

Legendre’s theorem states that the polynomials Pn(x)defined by Rodrigues’ 

formula are orthogonal on the interval -1,1. The differential equation is: 

(1-x2)y''-2xy'+n(n+1)y=0 

Solutions to this equation are the Legendre polynomials Pn(x). 

 Legendre’s theorem 

• Legendre polynomials satisfy (1-x2)y''-2xy'+n(n+1)y=0 

• Orthogonal on -1,1 

• Generated using Rodrigues’ formula 
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Fill in the blank: Legendre polynomials are orthogonal on the interval 

__________  

4.1.2 Legendre polynomials: generating function and Rodrigues’ formula 

The generating function is: 

11-2xt+t2=n=0Pn(x)tn 

Rodrigues’ formula provides a direct definition: 

Pn(x)=12nn!dndxn(x2-1)n 

First few Legendre polynomials 

n Pn(x) 
0 1 

1 x 

2 12(3x2-1) 

3 12(5x3-3x) 

 

4.1.3 Orthogonality property and significance 

Legendre polynomials satisfy the orthogonality condition: 

-11Pm(x)Pn(x) dx=0for mn 

This property makes them extremely useful in approximation theory, as they form 

a basis for expanding functions defined on -1,1. 
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Orthogonality of Legendre polynomials. 

4.1.4 Worked examples 

• P0(x)=1 

• P1(x)=x 

• P2(x)=12(3x2-1) 

• P3(x)=12(5x3-3x) 

These examples illustrate how Rodrigues’ formula generates successive 

polynomials. 

Pilot Questions 4.1 

1. Legendre polynomials are solutions to: A. Legendre’s differential equation 

B. Euler’s equation C. Bessel’s equation D. None of the above (SLO 4.1) 

2. Rodrigues’ formula defines Legendre polynomials as: A. 12nn!dndxn(x2-
1)nB. dndxn(xn)C. 1n!(x2+1)nD. None of the above (SLO 4.1) 

3. The orthogonality condition is: A. -11Pm(x)Pn(x) dx=0for mnB. 

01Pm(x)Pn(x) dx=1C. -11Pm(x)Pn(x) dx=1D. None of the above (SLO 

4.1) 
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4. The generating function for Legendre polynomials is: A. 11-
2xt+t2=n=0Pn(x)tnB. 11-xt=∑Pn(x)tnC. 11+t2=∑Pn(x)tnD. None of 

the above (SLO 4.2) 

5. The second Legendre polynomial is: A. 12(3x2-1)B. x2C. 12(5x2-3)D. 

None of the above (SLO 4.2) 

 

4.2 Properties of Legendre Polynomials 

Legendre polynomials are not only defined by Rodrigues’ formula but also possess 

a rich set of properties that make them highly useful in mathematics and physics. 

These properties include recurrence relations, orthogonality, and their role as 

solutions to Legendre’s differential equation. 

Fill in the blank: Legendre polynomials satisfy a second-order __________ 

equation. 

4.2.1 Recurrence relations 

Legendre polynomials obey recurrence relations that connect polynomials of 

different orders. For example: 

n+1)Pn+1(x)=(2n+1)xPn(x)-nPn-1(x 

This relation allows successive polynomials to be generated without directly using 

Rodrigues’ formula. 

[Insert Box here] Caption: Box 4.2 Recurrence relations of Legendre polynomials 

• n+1)Pn+1(x)=(2n+1)xPn(x)-nPn-1(x 

• Useful for generating higher-order polynomials 

• Simplifies computation in applied problems 
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Fill in the blank: The recurrence relation connects Pn+1(x), Pn(x), and 

__________. 

4.2.2 Differential equation satisfied by Legendre polynomials 

Legendre polynomials are solutions to Legendre’s differential equation: 

(1-x2)y''-2xy'+n(n+1)y=0 

This equation arises in problems with spherical symmetry, such as potential theory 

and quantum mechanics. 
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[Insert Table here] Caption: Table 4.2 Legendre’s differential equation and 

solutions 

Equation Solution 

(1-x2)y''-2xy'+n(n+1)y=0 Pn(x) 
 

Fill in the blank: Legendre’s differential equation arises in problems with 

__________ symmetry. 

4.2.3 Normalisation and orthogonality integrals 

The orthogonality condition is expressed as: 

-11Pm(x)Pn(x) dx=22n+1mn 

where mnis the Kronecker delta. This shows that polynomials of different orders 

are orthogonal, while the integral of a polynomial with itself gives a normalisation 

constant. 

4.2.4 Applications in approximation theory and spherical harmonics 

Legendre polynomials are widely used in approximation theory, where functions 

defined on -1,1can be expanded in terms of these polynomials. In physics, they are 

central to spherical harmonics, which describe angular parts of solutions to 

Laplace’s equation in spherical coordinates. 

[Insert Box here] Caption: Box 4.3 Applications of Legendre polynomials 

• Approximation of functions on -1,1 

• Expansion in orthogonal polynomials 

• Spherical harmonics in quantum mechanics and physics 
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Fill in the blank: Legendre polynomials are central to __________ harmonics in 

physics. 

Pilot Questions 4.2 

1. The recurrence relation for Legendre polynomials is: A. 

n+1)Pn+1(x)=(2n+1)xPn(x)-nPn-1(xB. Pn+1(x)=xPn(x)C. 

Pn+1(x)=Pn(x)+Pn-1(x)D. None of the above (SLO 4.2) 

2. Legendre polynomials satisfy: A. Legendre’s differential equation B. Euler’s 

equation C. Bessel’s equation D. None of the above (SLO 4.2) 

3. The orthogonality condition is: A. -11Pm(x)Pn(x) dx=22n+1mnB. -
11Pm(x)Pn(x) dx=1C. -11Pm(x)Pn(x) dx=0always D. None of the above 

(SLO 4.2) 

4. Legendre polynomials are central to: A. Spherical harmonics B. Fourier 

series only C. Linear algebra D. None of the above (SLO 4.2, 4.6) 

5. The normalisation constant for -11Pn(x)2 dxis: A. 22n+1B. 1 C. n!D. 

None of the above (SLO 4.2) 

4.3 Hypergeometric Functions 

Hypergeometric functions are a broad class of special functions that generalise 

many familiar functions in mathematics. They are defined by a power series and 
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appear in diverse contexts such as probability, statistics, and solutions to complex 

differential equations. 

Fill in the blank: Hypergeometric functions are defined by a __________ series. 

4.3.1 Definition of the hypergeometric series 

The general hypergeometric series is: 

2F1(a,b;c;x)=n=0((c)nxnn! 

where (q)nis the Pochhammer symbol (rising factorial). This series converges for 

∣x∣<1. 

[Insert Box here] Caption: Box 4.4 Definition of hypergeometric function 

• General form: 2F1(a,b;c;x) 

• Uses Pochhammer symbol (q)n 

• Converges for ∣x∣<1 

 

Fill in the blank: The Pochhammer symbol (q)nis also called the __________ 

factorial. 

4.3.2 General form of hypergeometric functions 
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The notation pFqdenotes a general hypergeometric function with pnumerator 

parameters and qdenominator parameters. The most common case is 2F1, which 

arises in many applications. 

[Insert Table here] Caption: Table 4.3 General hypergeometric functions 

Function General form Example 

2F1(a,b;c;x) Standard hypergeometric function Legendre polynomials 

1F1(a;c;x) Confluent hypergeometric function Bessel functions 

0F1(;c;x) Generalised hypergeometric function Modified Bessel functions 

 

4.3.3 Convergence properties 

The series converges for ∣x∣<1. At x=1, convergence depends on the parameters 

a,b,c. For certain values, the series terminates and becomes a polynomial. 

Fill in the blank: The hypergeometric series converges for |x| < \, __________. 

4.3.4 Special cases and connections to elementary functions 

Hypergeometric functions generalise many familiar functions: 

• 1-x)-a=1F0(a;;x 

• arcsin⁡(x)can be expressed using 2F1 

• Legendre polynomials can be written as hypergeometric functions 

[Insert Figure here] Short description: Diagram showing connections between 

hypergeometric functions and elementary functions. Caption: Figure 4.3 Special 
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cases of hypergeometric functions. AI prompt: “

 

Fill in the blank: The function (x)-acan be expressed as {}_1F_0(\, a;; \, 

__________). 

 

Pilot Questions 4.3 

1. Hypergeometric functions are defined by: A. A power series B. A 

logarithmic series C. A trigonometric series D. None of the above (SLO 4.3) 

2. The Pochhammer symbol (q)nis also called: A. Rising factorial B. Falling 

factorial C. Constant ratio D. None of the above (SLO 4.3) 

3. The most common hypergeometric function is: A. 2F1B. 1F1C. 0F1D. 

None of the above (SLO 4.3) 

4. The hypergeometric series converges for: A. ∣x∣<1B. ∣x∣<0C. ∣x∣<2D. 

None of the above (SLO 4.3) 

5. The function (x)-acan be expressed as: A. 1F0(a;;x)B. 2F1(a,b;c;x)C. 

0F1(;c;x)D. None of the above (SLO 4.4) 

4.4 Connections Between Legendre Polynomials and Hypergeometric 

Functions 

Legendre polynomials are not isolated special functions; they can be expressed in 

terms of hypergeometric functions. This connection highlights the unifying role of 

hypergeometric functions in mathematics, as they generalise many other functions. 
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Fill in the blank: Legendre polynomials can be expressed as special cases of 

__________ functions. 

4.4.1 Expressing Legendre polynomials as hypergeometric functions 

Legendre polynomials can be written in terms of the hypergeometric function 2F1: 

Pn(x)=2F1-n,n+1;1;1-x2 

This shows that Legendre polynomials are simply a special case of the 

hypergeometric function, with specific parameter choices. 

 Legendre polynomials as hypergeometric functions 

• General form: Pn(x)=2F1(-n,n+1;1;1-x2) 

• Demonstrates connection between orthogonal polynomials and 

hypergeometric functions 

• Useful for transformations and analysis 

4.4.2 Examples of transformations 

• For n=0: 

P0(x)=2F1(0,1;1;1-x2)=1 

• For n=1: 

P1(x)=2F1(-1,2;1;1-x2)=x 

• For n=2: 

P2(x)=2F1(-2,3;1;1-x2)=12(3x2-1) 
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These examples confirm the equivalence between Legendre polynomials and 

hypergeometric functions. 

Fill in the blank: For n=1, the Legendre polynomial expressed as a 

hypergeometric function is equal to __________. 

4.4.3 Significance of the connection 

The connection between Legendre polynomials and hypergeometric functions is 

significant because: 

• It shows that hypergeometric functions generalise many special functions. 

• It provides alternative ways to compute and analyse Legendre polynomials. 

• It highlights the role of hypergeometric functions as a unifying framework in 

mathematical analysis. 

 

Connection between Legendre polynomials and hypergeometric functions.  

 

Fill in the blank: Hypergeometric functions serve as a __________ framework for 

many special functions. 
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Pilot Questions 4.4 

1. Legendre polynomials can be expressed as: A. Hypergeometric functions B. 

Exponential functions C. Logarithmic functions D. None of the above (SLO 

4.5) 

2. The general form is: A. Pn(x)=2F1(-n,n+1;1;1-x2)B. Pn(x)=1F0(n;;x)C. 

Pn(x)=0F1(;n;x)D. None of the above (SLO 4.5) 

3. For n=0, the Legendre polynomial expressed as a hypergeometric function 

is: A. 1 B. xC. 12(3x2-1)D. None of the above (SLO 4.5) 

4. For n=1, the Legendre polynomial expressed as a hypergeometric function 

is: A. xB. 1 C. 12(3x2-1)D. None of the above (SLO 4.5) 

5. Hypergeometric functions provide a __________ framework for many 

special functions. A. Unifying B. Limited C. Random D. None of the above 

(SLO 4.5) 

4.5 Applications and Problem Solving 

Legendre polynomials and hypergeometric functions are not just abstract 

mathematical constructs; they are powerful tools with wide applications in physics, 

engineering, and applied mathematics. Their orthogonality and generality make 

them indispensable in solving complex problems. 

Fill in the blank: Legendre polynomials and hypergeometric functions are widely 

applied in __________ mechanics and approximation theory. 

4.5.1 Applications of Legendre polynomials 

Legendre polynomials are central in problems involving spherical symmetry. 

• Spherical harmonics: Legendre polynomials form the angular part of 

spherical harmonics, which are solutions to Laplace’s equation in spherical 

coordinates. 

• Quantum mechanics: They appear in the solutions of the Schrödinger 

equation for the hydrogen atom. 

• Approximation theory: Functions defined on -1,1can be expanded in terms 

of Legendre polynomials, aiding numerical methods. 

[Insert Box here] Caption: Box 4.6 Applications of Legendre polynomials 

• Spherical harmonics in physics 

• Schrödinger equation in quantum mechanics 
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• Function approximation on -1,1 

 

 

Fill in the blank: Legendre polynomials form the angular part of __________ 

harmonics. 

4.5.2 Applications of hypergeometric functions 

Hypergeometric functions generalise many familiar functions and appear in diverse 

contexts. 

• Probability and statistics: They are used in defining distributions and 

evaluating probabilities. 

• Differential equations: Many special functions, including Legendre 

polynomials and Bessel functions, can be expressed as hypergeometric 

functions. 

• Physics: Hypergeometric functions appear in solutions to equations in 

electromagnetism and quantum mechanics. 
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Hypergeometric functions generalising other special functions. 

Fill in the blank: Hypergeometric functions provide a __________ framework for 

many special functions. 

4.5.3 Combined use in problem solving 

By combining Legendre polynomials and hypergeometric functions, we can: 

• Solve boundary value problems in spherical coordinates. 

• Express orthogonal polynomials in terms of generalised functions. 

• Apply them in approximation theory, quantum mechanics, and wave 

propagation. 

Comparative applications of Legendre polynomials and hypergeometric functions 

Function Domain Application 

Legendre polynomials Orthogonal 

polynomials 

Spherical harmonics, quantum 

mechanics 

Hypergeometric 

functions 

Generalised 

functions 

Probability, statistics, physics 
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Combined use Unified framework Boundary value problems, 

approximations 

 

Fill in the blank: Legendre polynomials and hypergeometric functions together 

help solve __________ value problems. 

 

Pilot Questions 4.5 

1. Legendre polynomials are applied in physics to form: A. Spherical 

harmonics B. Fourier series C. Linear equations D. None of the above (SLO 

4.6) 

2. Hypergeometric functions are used in: A. Probability and statistics B. 

Physics C. Differential equations D. All of the above (SLO 4.6) 

3. Legendre polynomials appear in the Schrödinger equation for: A. The 

hydrogen atom B. The harmonic oscillator C. The free particle D. None of 

the above (SLO 4.6) 

4. Hypergeometric functions provide a: A. Unifying framework for special 

functions B. Limited framework C. Random framework D. None of the 

above (SLO 4.5) 

5. Combined use of Legendre and hypergeometric functions helps solve: A. 

Boundary value problems B. Algebraic equations only C. No practical 

problems D. None of the above (SLO 4.6) 

Series Summary 

This Series introduced Legendre’s theorem and hypergeometric functions, two 

powerful tools in advanced mathematics. We began by defining Legendre’s 

theorem and constructing Legendre polynomials using Rodrigues’ formula and 

generating functions. We then explored their properties, including recurrence 

relations, orthogonality, and applications in spherical harmonics. Next, we studied 

hypergeometric functions, focusing on their definition, general form, convergence, 

and special cases. We highlighted the deep connection between Legendre 

polynomials and hypergeometric functions, showing how the former can be 

expressed as special cases of the latter. Finally, we examined practical applications 

in approximation theory, quantum mechanics, probability, and boundary value 

problems. 

By completing this Series, you should now be able to define Legendre’s theorem 

(SLO 4.1), demonstrate properties of Legendre polynomials (SLO 4.2), define 
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hypergeometric functions (SLO 4.3), analyse their special cases (SLO 4.4), explain 

the relationship between Legendre polynomials and hypergeometric functions 

(SLO 4.5), and apply both tools to practical problems (SLO 4.6). 

Glossary of Terms 

• Generating function: A function that encodes a sequence of polynomials, 

used to define Legendre polynomials. 

• Hypergeometric function: A generalised function defined by a power 

series, denoted pFq. 

• Legendre polynomials: Orthogonal polynomials defined by Rodrigues’ 

formula and solutions to Legendre’s differential equation. 

• Orthogonality: Property where the integral of two different polynomials 

over -1,1is zero. 

• Pochhammer symbol: Also called the rising factorial, used in defining 

hypergeometric series. 

• Rodrigues’ formula: A formula for generating Legendre polynomials using 

derivatives. 

• Spherical harmonics: Functions involving Legendre polynomials, used in 

physics to describe angular parts of solutions in spherical coordinates. 

Concept Check Questions 4 

Objective questions 

1. Legendre polynomials are solutions to __________ differential equation. 

(Linked to SLO 4.1) 

2. The recurrence relation connects Pn+1(x), Pn(x), and __________. 

(Linked to SLO 4.2) 

3. Hypergeometric functions are defined by a __________ series. (Linked to 

SLO 4.3) 

Short-answer questions 

4. Define Rodrigues’ formula for Legendre polynomials. (Linked to SLO 4.1) 

5. State the orthogonality condition for Legendre polynomials. (Linked to SLO 

4.2) 

Long-answer questions 
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6. Demonstrate how Legendre polynomials can be expressed as 

hypergeometric functions, with examples for n=0,1,2. (Linked to SLO 4.5) 

• Basic response: State the general form and show equivalence for 

small n. 

• Value-added response: Provide detailed derivations and 

simplifications. 

7. Explain applications of Legendre polynomials and hypergeometric functions 

in physics and mathematics. (Linked to SLO 4.6) 

• Basic response: Mention spherical harmonics, quantum mechanics, 

and probability. 

• Value-added response: Provide detailed examples such as hydrogen 

atom solutions and boundary value problems. 

Answers to Concept Check Questions 4 

1. Legendre’s 

2. Pn-1(x) 

3. Power 

4. Rodrigues’ formula: Pn(x)=12nn!dndxn(x2-1)n. 

5. Orthogonality condition: -11Pm(x)Pn(x) dx=22n+1mn. 

6. Basic response: Pn(x)=2F1(-n,n+1;1;1-x2). For n=0, P0(x)=1; for n=1, 

P1(x)=x; for n=2, P2(x)=12(3x2-1). Value-added response: Detailed 

derivations showing how the hypergeometric series reduces to these 

polynomials. 

7. Basic response: Legendre polynomials are used in spherical harmonics and 

quantum mechanics; hypergeometric functions in probability and physics. 

Value-added response: Examples include hydrogen atom wavefunctions, 

expansions in orthogonal polynomials, and solving boundary value 

problems. 

Answers to Pilot Questions 4 

Part 4.1: 1-A, 2-A, 3-A, 4-A, 5-A Part 4.2: 1-A, 2-A, 3-A, 4-A, 5-A Part 4.3: 1-

A, 2-A, 3-A, 4-A, 5-A Part 4.4: 1-A, 2-A, 3-A, 4-A, 5-A Part 4.5: 1-A, 2-D, 3-A, 

4-A, 5-A 
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Series 5: Laplace Transform and Applications to Initial Value Problems 

Part 5.1: Introduction to the Laplace Transform 

• Definition of the Laplace transform 

• Basic properties and linearity 

• Common Laplace transforms of elementary functions 

Part 5.2: Inverse Laplace Transform 

• Definition of the inverse transform 

• Methods of finding inverse transforms (partial fractions, convolution 

theorem) 

• Worked examples 

Part 5.3: Solving Ordinary Differential Equations (ODEs) with Laplace 

Transform 

• Using Laplace transform to solve first-order ODEs 

• Solving second-order ODEs with initial conditions 

• Step-by-step examples 

Part 5.4: Applications to Initial Value Problems 

• Applying Laplace transforms to engineering problems (circuits, mechanical 

vibrations) 

• Handling discontinuous and piecewise functions (Heaviside step function) 

• Solving problems with impulse functions (Dirac delta) 

Part 5.5: Advanced Applications and Problem Solving 

• System analysis in control theory 

• Applications in probability and statistics 

• Comparative advantages of Laplace transform over other methods 

 

Introduction 

The Laplace transform is a powerful mathematical tool that converts functions of 

time into functions of a complex variable. By transforming differential equations 

into algebraic equations, it greatly simplifies the process of solving problems in 
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engineering, physics, and applied mathematics. One of its most important uses is in 

solving initial value problems (IVPs), where the Laplace transform provides a 

systematic way to incorporate initial conditions directly into the solution process. 

This Series will introduce the Laplace transform, its inverse, and demonstrate how 

it is applied to ordinary differential equations and initial value problems. We will 

also explore advanced applications in engineering systems, control theory, and 

probability. 

Series Learning Outcomes 

Upon completing this Series, you should be able to: 

• SLO 5.1 define the Laplace transform and explain its basic properties, 

• SLO 5.2 compute Laplace transforms of elementary functions, 

• SLO 5.3 apply the inverse Laplace transform using standard techniques, 

• SLO 5.4 solve ordinary differential equations using Laplace transforms, 

• SLO 5.5 apply Laplace transforms to initial value problems in engineering 

and physics, and 

• SLO 5.6 analyse advanced applications such as system analysis, 

discontinuous functions, and impulse responses. 

 

5.1 Introduction to the Laplace Transform 

The Laplace transform is a mathematical operation that converts a function of 

time f(t)into a function of a complex variable s. It is widely used to simplify the 

process of solving differential equations, especially when initial conditions are 

involved. 

Fill in the blank: The Laplace transform converts a function of __________ into a 

function of a complex variable. 

5.1.1 Definition 

The Laplace transform of a function f(t), defined for t≥0, is: 

L{f(t)}=F(s)=0e-stf(t) dt 

where sis a complex variable. 

Definition of Laplace transform 

• L{f(t)}=0e-stf(t) dt 
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• Converts time domain to s-domain 

• Simplifies solving differential equations 

 

 

Fill in the blank: The Laplace transform is denoted by \mathcal{L}\{f(t)\} = \, 

__________. 

5.1.2 Basic properties 

The Laplace transform has several useful properties: 

• Linearity: L{af(t)+bg(t)}=aF(s)+bG(s) 

• Differentiation: L{f'(t)}=sF(s)-f(0) 

• Integration: L{0tf(τ) dτ}=1sF(s) 

• Shifting: L{eatf(t)}=F(s-a) 

Properties of Laplace transform 

Property Formula 

Linearity L{af(t)+bg(t)}=aF(s)+bG(s) 

Differentiation L{f'(t)}=sF(s)-f(0) 

Integration L{0tf(τ) dτ}=1sF(s) 

Shifting L{eatf(t)}=F(s-a) 
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5.1.3 Common Laplace transforms of elementary functions 

Some standard Laplace transforms include: 

• L{1}=1s 

• L{t}=1s2 

• L{eat}=1s-a 

• L{sin⁡(bt)}=bs2+b2 

• L{cos⁡(bt)}=ss2+b2 

 

 

Common Laplace transforms of elementary functions. 

 

 Fill in the blank: The Laplace transform of sin⁡(bt)is \frac{\, 

__________}{s^2+b^2}. 

Pilot Questions 5.1 

1. The Laplace transform converts a function of: A. Time B. Space C. 

Frequency D. None of the above (SLO 5.1) 
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2. The Laplace transform is defined as: A. 0e-stf(t) dtB. -e-stf(t) dtC. 

01f(t) dtD. None of the above (SLO 5.1) 

3. The Laplace transform of f'(t)is: A. sF(s)-f(0)B. F(s)C. sF(s)D. None of 

the above (SLO 5.1) 

4. The Laplace transform of eatis: A. 1s-aB. 1s+aC. 1sD. None of the above 

(SLO 5.2) 

5. The Laplace transform of sin⁡(bt)is: A. bs2+b2B. ss2+b2C. 1sD. None 

of the above (SLO 5.2) 

5.2 Inverse Laplace Transform 

The inverse Laplace transform is the process of converting a function from the s-
domain back into the time domain. It is essential for solving differential equations 

because, after transforming and simplifying in the Laplace domain, we must return 

to the original time function to interpret the solution. 

Fill in the blank: The inverse Laplace transform converts a function from the 

__________ domain back to the time domain. 

5.2.1 Definition 

The inverse Laplace transform is defined as: 

L-1{F(s)}=f(t) 

where F(s)is the Laplace transform of f(t). 

[Insert Box here] Caption: Box 5.2 Definition of inverse Laplace transform 

• L-1{F(s)}=f(t) 

• Converts s-domain back to time domain 

• Essential for interpreting solutions of differential equations 
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5.2.2 Methods of finding inverse transforms 

There are several methods to compute inverse Laplace transforms: 

• Partial fraction decomposition: Break F(s)into simpler fractions and use 

standard tables. 

• Convolution theorem: Useful when the product of two Laplace transforms 

is involved. 

• Residue theorem (advanced): Used in complex analysis for more difficult 

cases. 

Methods of inverse Laplace transform 

Method Description Example 

Partial fractions Decompose into simpler terms 1s(s+1)→ 1-e-t 

Convolution 

theorem 

Inverse of product of 

transforms 

F(s)G(s)→ 0tf(τ)g(t-
τ) dτ 

Residue theorem Complex analysis method Advanced cases 

Fill in the blank: The convolution theorem expresses the inverse Laplace transform 

as an __________ integral. 

5.2.3 Worked examples 
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1. Example 1: 

F(s)=1s(s+1) 

Using partial fractions: 

1s(s+1)=1s-1s+1 

Inverse Laplace: 

f(t)=1-e-t 

2. Example 2: 

F(s)=ss2+1 

Inverse Laplace: 

f(t)=cos⁡(t) 

Fill in the blank: The inverse Laplace transform of ss2+1is __________. 

Pilot Questions 5.2 

1. The inverse Laplace transform converts a function from: A. s-domain to 

time domain B. Time domain to s-domain C. Frequency domain to time 

domain D. None of the above (SLO 5.3) 

2. The inverse Laplace transform of F(s)is denoted by: A. L-1{F(s)}B. 

L{F(s)}C. ∫F(s) dsD. None of the above (SLO 5.3) 

3. The method of breaking F(s)into simpler fractions is called: A. Partial 

fraction decomposition B. Convolution theorem C. Residue theorem D. 

None of the above (SLO 5.3) 

4. The convolution theorem expresses the inverse Laplace transform as: A. An 

integral B. A derivative C. A logarithm D. None of the above (SLO 5.3) 

5. The inverse Laplace transform of ss2+1is: A. cos⁡(t)B. sin⁡(t)C. e-tD. 

None of the above (SLO 5.3) 

5.3 Solving Ordinary Differential Equations (ODEs) with Laplace Transform 

One of the most powerful applications of the Laplace transform is solving 

ordinary differential equations (ODEs). By converting differential equations into 

algebraic equations in the s-domain, we can incorporate initial conditions directly 

and then use the inverse Laplace transform to obtain the solution in the time 

domain. 
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Fill in the blank: The Laplace transform converts differential equations into 

__________ equations. 

5.3.1 Solving first-order ODEs 

Consider the ODE: 

y'(t)+y(t)=1,y(0)=0 

Applying Laplace transform: 

sY(s)-y(0)+Y(s)=1s 

(s+1)Y(s)=1s 

Y(s)=1s(s+1) 

Inverse Laplace: 

y(t)=1-e-t 

Fill in the blank: The solution to y'(t)+y(t)=1,y(0)=0is y(t) = 1 - \, __________. 

5.3.2 Solving second-order ODEs with initial conditions 

Example: 

y''(t)+y(t)=0,y(0)=0,y'(0)=1 

Applying Laplace transform: 

s2Y(s)-sy(0)-y'(0)+Y(s)=0 

s2Y(s)-1+Y(s)=0 

(s2+1)Y(s)=1 

Y(s)=1s2+1 

Inverse Laplace: 

y(t)=sin⁡(t) 

Fill in the blank: The solution to y''(t)+y(t)=0,y(0)=0,y'(0)=1is y(t) = \, 

__________. 

5.3.3 Step-by-step procedure 

1. Take Laplace transform of both sides of the ODE. 

2. Substitute initial conditions directly into the transformed equation. 
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3. Solve the resulting algebraic equation for Y(s). 

4. Use inverse Laplace transform to find y(t). 

Steps for solving ODEs using Laplace transform 

• Transform ODE into algebraic equation 

• Apply initial conditions 

• Solve for Y(s) 

• Invert to obtain y(t) 

Fill in the blank: The final step in solving ODEs with Laplace transform is to apply 

the __________ Laplace transform. 

Pilot Questions 5.3 

1. The Laplace transform converts differential equations into: A. Algebraic 

equations B. Trigonometric equations C. Logarithmic equations D. None of 

the above (SLO 5.4) 

2. The solution to y'(t)+y(t)=1,y(0)=0is: A. 1-e-tB. etC. sin⁡(t)D. None of 

the above (SLO 5.4) 

3. The solution to y''(t)+y(t)=0,y(0)=0,y'(0)=1is: A. sin⁡(t)B. cos⁡(t)C. 

e-tD. None of the above (SLO 5.4) 
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4. The first step in solving ODEs using Laplace transform is: A. Take Laplace 

transform of both sides B. Apply inverse Laplace transform C. Solve 

algebraic equation D. None of the above (SLO 5.4) 

5. The final step in solving ODEs using Laplace transform is: A. Apply inverse 

Laplace transform B. Apply initial conditions C. Solve for Y(s)D. None of 

the above (SLO 5.4) 

 

5.4 Applications to Initial Value Problems 

The Laplace transform is especially powerful for solving initial value problems 

(IVPs). Unlike other methods, it incorporates initial conditions directly into the 

transformed equation, making the solution process systematic and efficient. 

Fill in the blank: The Laplace transform incorporates __________ conditions 

directly into the solution process. 

5.4.1 Engineering applications: circuits and mechanical vibrations 

• Electrical circuits: Laplace transforms are used to analyse RLC circuits, 

where differential equations describe current and voltage. 

• Mechanical vibrations: They help solve equations of motion for damped or 

undamped oscillators. 

• Control systems: Laplace transforms simplify system analysis by 

converting differential equations into transfer functions. 

 Applications of Laplace transform in engineering 

• RLC circuit analysis 

• Mechanical vibrations 

• Control system transfer functions 
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Fill in the blank: Laplace transforms are used to analyse __________ circuits in 

electrical engineering. 

5.4.2 Handling discontinuous and piecewise functions 

The Laplace transform is ideal for functions that are not continuous: 

• Heaviside step function: Models sudden changes, such as switching on a 

circuit. 

• Piecewise functions: Laplace transforms handle them seamlessly by 

incorporating shifts. 

Example: 

L{u(t-a)f(t-a)}=e-asF(s) 

[Insert Figure here] Short description: Diagram showing Heaviside step function 

and its Laplace transform. Caption: Figure 5.4 Laplace transform of discontinuous 

functions. AI prompt: “Generate a labelled diagram showing Heaviside step 

function and its Laplace transform.” Search string: “Laplace transform Heaviside 

step function OER” 

Fill in the blank: The Laplace transform of u(t-a)f(t-a)is e^{-as}\, __________. 

5.4.3 Solving problems with impulse functions 
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The Dirac delta function models instantaneous impulses, such as shocks in 

mechanical systems or sudden voltage spikes in circuits. 

• Laplace transform of δ(t-a)is e-as. 

• This allows us to incorporate instantaneous effects into system equations. 

Fill in the blank: The Laplace transform of δ(t-a)is \, __________. 

5.4.4 Worked example: IVP with discontinuous input 

Solve: 

y'(t)+y(t)=u(t-1),y(0)=0 

Laplace transform: 

sY(s)+Y(s)=e-ss 

Y(s)=e-ss(s+1) 

Inverse Laplace: 

y(t)=u(t-1)(1-e-(t-1)) 

Fill in the blank: The solution to y'(t)+y(t)=u(t-1),y(0)=0is y(t) = u(t-1)(1 - \, 

__________). 

Pilot Questions 5.4 

1. Laplace transforms incorporate: A. Initial conditions directly B. Boundary 

conditions only C. No conditions D. None of the above (SLO 5.5) 

2. Laplace transforms are used to analyse: A. RLC circuits B. Only algebraic 

equations C. Random processes D. None of the above (SLO 5.5) 

3. The Laplace transform of u(t-a)f(t-a)is: A. e-asF(s)B. F(s)C. easF(s)D. 

None of the above (SLO 5.5) 

4. The Laplace transform of δ(t-a)is: A. e-asB. 1C. sD. None of the above 

(SLO 5.5) 

5. The solution to y'(t)+y(t)=u(t-1),y(0)=0is: A. u(t-1)(1-e-(t-1))B. e-tC. 

sin⁡(t)D. None of the above (SLO 5.5) 

5.5 Advanced Applications and Problem Solving 

The Laplace transform extends far beyond basic ODEs and IVPs. In advanced 

applications, it becomes a cornerstone of system analysis, control theory, and 
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applied probability. Its ability to handle discontinuities, impulses, and complex 

systems makes it indispensable in engineering and applied mathematics. 

Fill in the blank: The Laplace transform is widely used in __________ theory for 

system analysis. 

5.5.1 System analysis in control theory 

• Transfer functions: Laplace transforms convert system equations into 

transfer functions, which describe input–output relationships. 

• Stability analysis: Poles of the transfer function determine system stability. 

• Frequency response: Laplace transforms link to Fourier transforms, 

enabling frequency domain analysis. 

Applications in control theory 

• Transfer functions 

• Stability analysis 

• Frequency response 

 

 

Fill in the blank: The poles of a transfer function determine system __________. 

5.5.2 Applications in probability and statistics 

• Moment generating functions: Laplace transforms are closely related to 

moment generating functions in probability. 



 

 LA-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS 

• Distribution analysis: They help analyse exponential and gamma 

distributions. 

• Queueing theory: Laplace transforms simplify analysis of waiting times and 

service processes. 

Applications in probability and statistics 

Domain Application Example 

Probability Moment generating functions Exponential distribution 

Statistics Distribution analysis Gamma distribution 

Queueing theory Waiting times M/M/1 queue models 

 

Fill in the blank: Laplace transforms are closely related to __________ generating 

functions in probability. 

5.5.3 Comparative advantages of Laplace transform 

Compared to other methods (like direct integration or Fourier transforms), Laplace 

transforms offer: 

• Direct incorporation of initial conditions. 

• Simplification of discontinuous and impulsive inputs. 

• Unified framework for system analysis in time and frequency domains. 
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Comparative advantages of Laplace transform. 

Fill in the blank: Laplace transforms simplify analysis of __________ inputs such 

as impulses and step functions. 

 

Pilot Questions 5.5 

1. Laplace transforms are widely used in: A. Control theory B. Geometry C. 

Algebra only D. None of the above (SLO 5.6) 

2. The poles of a transfer function determine: A. System stability B. System 

size C. System dimension D. None of the above (SLO 5.6) 

3. Laplace transforms are closely related to: A. Moment generating functions 

B. Fourier series only C. Logarithmic functions D. None of the above (SLO 

5.6) 

4. Laplace transforms simplify analysis of: A. Discontinuous and impulsive 

inputs B. Continuous functions only C. Random algebraic equations D. 

None of the above (SLO 5.6) 
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5. Compared to Fourier transforms, Laplace transforms: A. Incorporate initial 

conditions directly B. Ignore initial conditions C. Only apply to periodic 

functions D. None of the above (SLO 5.6) 

 

Series Summary 

This Series introduced the Laplace transform and its applications to 

solving initial value problems (IVPs). We began with the definition and 

basic properties of the Laplace transform, showing how it converts time-

domain functions into algebraic expressions in the s-domain. We then 

studied the inverse Laplace transform, learning methods such as partial 

fractions and convolution. Next, we applied Laplace transforms to solve 

first- and second-order ODEs with initial conditions. We explored practical 

applications in engineering, including circuits, vibrations, and discontinuous 

inputs using the Heaviside step function and impulse functions. Finally, we 

examined advanced applications in control theory, probability, and system 

analysis, highlighting the comparative advantages of Laplace transforms 

over other methods. 

By completing this Series, you should now be able to define and compute 

Laplace transforms (SLO 5.1, 5.2), apply inverse transforms (SLO 5.3), 

solve ODEs systematically (SLO 5.4), apply Laplace transforms to IVPs 

(SLO 5.5), and analyse advanced applications in engineering and probability 

(SLO 5.6). 

Glossary of Terms 

• Convolution theorem: A method for finding inverse Laplace transforms 

involving integrals of two functions. 

• Dirac delta function: A mathematical model for instantaneous impulses, 

with Laplace transform e-as. 

• Heaviside step function: A function modelling sudden changes, useful in 

discontinuous inputs. 

• Initial value problem (IVP): A differential equation with specified values 

at t=0. 

• Laplace transform: An integral transform converting time-domain 

functions into s-domain functions. 

• Partial fraction decomposition: A method for simplifying rational 

functions to compute inverse Laplace transforms. 
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• Transfer function: A representation of system behaviour in control theory 

using Laplace transforms. 

Concept Check Questions 5 

Objective questions 

1. The Laplace transform of f'(t)is sF(s) - \, __________. (Linked to SLO 5.1) 

2. The Laplace transform of sin⁡(bt)is \frac{\, __________}{s^2+b^2}. 

(Linked to SLO 5.2) 

3. The inverse Laplace transform of ss2+1is __________. (Linked to SLO 

5.3) 

Short-answer questions 

4. State the steps for solving ODEs using Laplace transform. (Linked to SLO 

5.4) 

5. What is the Laplace transform of the Dirac delta function δ(t-a)? (Linked to 

SLO 5.5) 

Long-answer questions 

6. Solve the IVP y'(t)+y(t)=u(t-1),y(0)=0using Laplace transform. (Linked 

to SLO 5.5) 

• Basic response: Show the transformation and inverse result. 

• Value-added response: Explain the role of the Heaviside function in 

modelling discontinuous input. 

7. Explain applications of Laplace transforms in control theory and probability. 

(Linked to SLO 5.6) 

• Basic response: Mention transfer functions and moment generating 

functions. 

• Value-added response: Provide detailed examples of stability 

analysis and distribution analysis. 

Answers to Concept Check Questions 5 

1. f(0) 

2. b 

3. cos⁡(t) 
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4. Steps: (i) Take Laplace transform of both sides, (ii) Substitute initial 

conditions, (iii) Solve algebraic equation for Y(s), (iv) Apply inverse 

Laplace transform. 

5. e-as 

6. Basic response: Y(s)=e-ss(s+1), inverse gives y(t)=u(t-1)(1-e-(t-1)). 
Value-added response: The Heaviside function models the delayed input at 

t=1. 

7. Basic response: Laplace transforms are used in transfer functions (control 

theory) and moment generating functions (probability). Value-added 

response: In control theory, poles determine stability; in probability, 

Laplace transforms analyse exponential and gamma distributions. 

Answers to Pilot Questions 5 

Part 5.1: 1-A, 2-A, 3-A, 4-A, 5-A Part 5.2: 1-A, 2-A, 3-A, 4-A, 5-A Part 

5.3: 1-A, 2-A, 3-A, 4-A, 5-A Part 5.4: 1-A, 2-A, 3-A, 4-A, 5-A Part 5.5: 1-

A, 2-A, 3-A, 4-A, 5-A 

 

 

 

 
 

 

 

 

 

 

 


