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1 Mathematics and Symbolic Logic

Series Outline

e Part1:

o

Foundations of Symbolic Logic

Sub-Part 1.1: Basic concepts of logic

Sub-Part 1.2: Logical operators and truth tables
Sub-Part 1.3: Applications of symbolic logic in reasoning
Deductive and Inductive Reasoning

Sub-Part 2.1: Principles of deductive reasoning
Sub-Part2.2: Principles of inductive reasoning

Sub-Part 2.3: Problem-solving approaches using reasoning
Sets and Their Applications

Sub-Part 3.1: Definition and types of sets

Sub-Part 3.2: Set operations and Venn diagrams

Sub-Part 3.3: Applications of sets in mathematics and business

This outline gives us three main Parts, which conforms to the guideline for a 2-credit course.

Introduction
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Background

Mathematics is not only about numbers, it is also about reasoning and structure. Symbolic logic
provides a systematic way of thinking, allowing us to analyse arguments and solve problems with
clarity. In business mathematics, logical reasoning and the study of sets form the foundation for
more advanced topics such as matrices, calculus, and optimisation. This Series will help you build
these essential skills.

Series Aim
The aim of this Series is to equip you with the ability to apply symbolic logic and reasoning
techniques, and to use sets effectively in mathematical and business contexts.

Series Synopsis

We shall commence this Series by exploring the foundations of symbolic logic, where you will learn
about logical concepts, operators, and truth tables. Next, we will move on to deductive and
inductive reasoning, examining how these approaches support problem-solving in mathematics
and business. Finally, we will conclude with sets and their applications, focusing on definitions,
operations, and practical uses in everyday problem-solving.

Series Learning Outcomes
Upon completing this Series, you should be able to:
o SLO 1.1 define the basic concepts of symbolic logic,
e SLO 1.2 explain the use of logical operators and construct truth tables,
e SLO 1.3 apply deductive reasoning to solve structured problems,
e SLO 1.4 analyse situations using inductive reasoning for generalisation, and

e SLO 1.5 demonstrate how to perform set operations and interpret Venn diagrams in
mathematical and business contexts.

1.1 Foundations of Symbolic Logic
1.1.1 Basic concepts of logic

Logic is the study of reasoning. In mathematics, symbolic logic refers to the use of symbols to
represent logical expressions and arguments. This allows us to analyse statements systematically
and determine whether they are valid or invalid. A proposition is a declarative statement that can
be either true or false, but not both. For example, “The sky is blue” is a proposition because it can
be evaluated as true or false.

Fillin the blank: A statement that can be either true or false, but not both, is called a

-
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Diagram showing examples of propositions and non-propositions
Caption: Figure 1.1 Examples of propositions and non-propositions

UNDERSTANDING PROPOSITIONS IN LOGIC

PROPOSITIONS

(STATEMENTS)

A statement that is either TRUE
or FALSE, but not both.

ICON EXAMPLE TRUTH

v 2 4 = .
<@\» The sun rises in the east. => [TRUE]

ﬁ 2+2=5

) Cats are mammals. ——> [TRUE]
N R

> [FALSE]

It is currentl TRUE or FALSE,
XX raining. ¢ —> | dependson
i context]

1.1.2 Logical operators and truth tables

NON-PROPOSITIONS

(NOT STATEMENTS)

Sentences that cannot be
assigned a truth value.

EXAMPLE CATEGORY ICON
coMMAND/ O
1
Close the door! —> IMPERATIVE r7

s QUESTION/ 772
What time is it? = rropocanive

Ouch! ———> EXCLAMATION @

OPEN SENTENCE A ¢
X+1=22 —> (variables, truth

depends on x) X 2

In symbolic logic, logical operators are symbols used to connect propositions and form
compound statements. The'most common operators are:

¢ Negation (7): reverses the truth value of a proposition.

e Conjunction (A): represents “and”, true only if both propositions are true.

e Disjunction (V): represents “or”, true if at least one proposition is true.

¢ _Implication (?):represents “if...then”, true except when the first proposition is true and the

second is false.

¢ Biconditional (©): represents “if and only if”, true when both propositions have the same

truth value.

A truth table is a tabular representation that shows all possible truth values of compound
statements. It is a powerful tool for analysing logical expressions.

Fill in the blank: The operator that represents “if...then” is called

Caption: Table 1.1 Truth table for conjunction (p A q)

MET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS



PAQ

I I A
I I I A
-

1.1.3 Applications of symbolic logic in reasoning

Symbolic logic is widely applied in mathematics, computer science, and business decision-
making. For example, in programming, logical operators are used to control the flow of decisions.
In business, logical reasoning helps managers evaluate scenarios and make consistent decisions.

Consider this example: A company decides to invest.in a project if the market demand is high and
production costs are low. Symbolic logic allows us to represent this decision as:

e p: Marketdemand is high
e : Production costs are low
e Decisionrule:pAq

Fillin the blank: The decision rule “p A g” will only be true if

-
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Caption: Box 1.1 Application of symbolic logic in business decision-making

CREATE A TEXT BOX SUMMARISING HOW SYMBOLIC LOGIC IS APPLIED IN BUSINESS DECISIONS, WITH EXAMPLES
SUMMARY: SYMBOLIC LOGIC IN BUSINESS DECISIONS

Symbolic logic provides a rigorous framework for evaluating and making sound business choices, reducing ambiguity and emotional bias.
1. RISK ASSESSMENT & STRATEGIC PLANNING 2. BUSINESS RULES & AUTOMATION 3. CONTRACT NEGOTIATION & COMPLIANCE

O- O @ O ,"‘
=310 J )

Uses deductive reasoning to analyze potential Translates complex operational policies into Analyzes the structure of clauses, detecting
outcomes, competitors’ moves, and market scenarios. | precise, rule-based logic for software systems. contradictions, hidden conditions, and verifying

Formulates strategies based on valid arguments. Guarantees consistency and efficiency. requirements. Ensures legal and ethical adherence.
Example 1: Scenario: Evaluating an acquisition. Example 2: Policy: Determining customer creditworthiness. | Example 3: Contract Clause Review.

Duckin ¥Aard 8 e Decision Matrix Rule Engine ’ Compliance Check
Rpely sro. Ao e i 'A) . i e " : Rules: CONTRACT Clause: Payment terms.
arget has high growth potential. > Statement P: If the project is completed
S B) Target is debt-free. (Income > 50K) AND (Debt < 20K) on time (A) AND meets specs (B), then
L Logical Form: (A & 8) > C Y " OR (Credit Score > 750). the final payment (C) is released.
Target | v (Where C = Acquisition is recommended). The system automatically Symbol: (A 4 B) > C.
Decision | X Decision: If A and B are true, C is the approves/denies based on these Alogical query confirms all conditions
logically sound conclusion. Boolean expressions. are met before payment.

KEY BUSINESS BENEFITS EXAMPLES OF SYMBOLIC LOGIC TOOLS OVERALL IMPACT
Eliminates Logical Fallacies Propositional Logic (AND, OR, IF...THEN) Increases Logical Froveniting
Improves Clarity & Transparency Formal Verification Cremotes Clarity & Transparency |
Enhances Data-Driven Decisions Predicate Logic (FOR ALL, EXISTS) Increased Efficiency & Consistency

of symbolic logic in business OER” (Concept based)

Pilot questions 1.1

1. Which of the following is a proposition?
a. Close the door
b. The sunrises in the east
c. What time is it
d. Please help me

2. Which logical operator represents “and”?
a.Vv
b. A
c.~>
d.-

3. Inatruth table, the conjunction p A g is true when:
a. Both p'and g are false
b. Atleast one of p or g is true
c. Both p and q are true
d. pistrue and qis false

4. Which operator reverses the truth value of a proposition?
a.A
b. -
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c.—>
d.©

5. Abusiness decision rule expressed as p A q will be true only when:
a.pistrue and qisfalse
b. pisfalse and qistrue
c. both p and q are true
d. both p and g are false

1.2 Deductive and Inductive Reasoning
1.2.1 Principles of deductive reasoning

Deductive reasoning is a logical process where conclusions are drawn from general statements or
premises. If the premises are true, the conclusion must also betrue. For example, if “All managers
are employees” and “James is a manager”, then we can deduce that “James is an employee”.
Deductive reasoning is often used in mathematics and business to ensure accuracy and reliability.

Fillin the blank: If all managers are employees and James isa manager, then James is an

Diagram showing deductive reasoning with premises and conclusion
Caption: Figure 1.2 Deductive reasoning structure

A step-by-step logical process ensuring a necessary conclusion if premises are true.

[ ﬁ GENERAL PRINCIPLE / PREMISE 1 (Major) PfemiSABI: lfenefi: Rue):  Conceptual Example: |
are
) L Key A generagfat:;eé?%gttggrggé abouta (e.g., All Mammals are Warm-Blooded)
% D {} Deductive Logic Step
&( @ SPECIFIC OBSERVATION / PREMISE 2 (Minor) Premise 2 (Specific Case): - Premise 2‘(Speci;li;: Case):
ce 0O A statement placing a specific case within the (e_g”sA'E;Sm,, isa
feYayel L class/category. Mammal)
Logi R
c)f(lcEY CONCEP’?‘ason D {} LIkboc KEY CONCEPT:
VALIDITY ( & VALIDITY CHECK o Yadyg boskasvatecomse ) | g0 NDNESS
; AT IF premises are TRUE and Valid form (modus [ESSSECNICRCZ ; ;
Focuses purely on logical >> ‘ ; : O] le): o Requires BOTH valid
@ structure?not accuracy L ﬂﬂﬂﬂ logical structure is VALID PiAPSC el ) © structure AND factually
of statements.

NECESSARY CONCLUSION true premises.

VA Sound real argument
and, if the premises are true, also accurate. @ P
=> CONCLUSION: Sis P
(e.g., A Dolphin is Warm-Blooded)

= Sound argument = Valid structure AND true premises.

Valid non-sensical argument

P1:AllAare B
P2: Thisis an A

C:ThisisaB {

P1: All People need air

P2: You are a person

!

'

1 INVALID/UNSOUND C: You need air @
I CONCLUSION &
! L7

J s d,

CONCLUSION

Source: “deductive reasoning diagram OER" (Concept based)

1.2.2 Principles of inductive reasoning

Inductive reasoning involves drawing general conclusions from specific observations. Unlike
deduction, inductive reasoning does not guarantee certainty, but it provides probable conclusions.
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For example, if a business notices that sales increase every December, it may induce that
December is a peak season.

Fill in the blank: Inductive reasoning moves from observations to general conclusions.

Image showing inductive reasoning with examples from business trends
Caption: Plate 1.1 Inductive reasoning in business

INDUCTIVE REASONING IN BUSINESS: DATA TO DECISIONS

\f INDUCTIVE REASONING > [ SPECIFIC OBSERVATIONS | » | PATTERN RECOGNITION | - [ GENERAL coucwsnouﬂ

BOTTOM-UP APPROACH: Formulate general theories/strategies from specific, often incomplete, real-world data.

( MARKET ANALYSIS: o ) 7 STEP-BY-STEP EXAMPLE
Observati
o:meé‘f.?zig?x gins  lg]p) ‘ ANALYZING SEASONAL SALES TRENDS
share in segmen [ s _I
' Conclusion o A( 1. OBSERVATION: COLLECT SPECIFIC DATA |
wnll :nvest in devslopmg competitive products PR T ke .
e k orsegment b A iz “tC Observe recurring sales §
z — =3 \ :ooo A A\ spikes for specific items &
& HIRING DECISIONS: I \ / /’ | every holiday season
a 3?22‘?&.‘&2 with PMP /E‘ nd 'A‘A/\ —— (egaYear;2,3).
z certification excel D Nov/Dec Now/Dec Now
= Conclusion ‘
7 i g 5
g '\ gaﬁ';;ﬁsﬂi'?;gs o 4( 2. PATTERN RECOGNITION: IDENTIFY THE TREND %
- B TOTAL SALES BY MONTH Notea rabust >
6 | PRODUCT DEVEL?PMENT - | consistent upward trend
=1l bservation in Q4 sales, across
o \:l 2’532’%‘1:“5?},%33 ket = multiple product lines.
< m Conclusion JERICT AT Q@ Q3 Q1 @ Q3 Q
m | Develop feature Z in the next update to :
gl e J —fs. GENERAL CONCLUSION: FORMULATE A smATEcvj—
r
| RISK MANAGEMENT‘ 4 @W Conclude that Q4 is a period of peak consumer
g”;:l’l\er‘:zu:tnregmn Wareoften g3 %, demand. P
/' Su i = ) Y
Zf;enllatle in rainy season 6 B *  Hypothesis: Increased marketing and inventory 2
nclusion imi
Diversify suppliers or build buffer stock will maximize revenue.
before rainy season ~ _ — — _

#BUSINESS #LOGIC #DATA-DRIVEN #TRENDS #STRATEGY
1.2.3 Problem-solving approaches using reasoning

Both deductive and.inductive reasoning are essential in problem-solving. Deduction ensures
logical certainty, while induction helps in predicting patterns and making informed decisions. In
business mathematics, combining both approaches allows managers to evaluate risks and
opportunities effectively.

Fillin the blank: Deductive reasoning ensures , while inductive reasoning provides
probable conclusions.

Caption: Box 1.2 Comparing deductive and inductive reasoning
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Feature Deductive Reasoning Inductive Reasoning
. . Top-Down: Starts with a general theory Bottom-_Up: Starts with specific
Direction o . observations and moves toward a
and moves toward a specific conclusion. .
broad generalization.
The process of reaching a logically The process of making broad
Definition ([certain conclusion from one or more generalizations based on specific
general statements (premises). observations or patterns.
If the premises are true, the conclusion The conclusior\@probaRilistic; it is
Certainty : ’ likely true but not guaranteed
must be true (Valid/Sound).
(Strong/Cogent).
To prove or verify a specific point based  |[To predict.or develop a new theory
Goal .
on established rules or laws. based on observed data.
. . . . Observation A: The sun has risen in
Premise A: All human beings require ; .
: the east every morning of my life.
oxygen to live.
Example ([Premise B: John is a human being. Observation B:. I\/I_eteorol_og|cal
records show this is consistent.
Conclusmp: Therefore, John requires Conclusion: Therefore, the sun will
oxygen to live. .
rise in the east tomorrow.

Pilot questions 1.2

1.. Deductive reasoning moves from:

a. Specificto general

b. General to specific

c. Probable to certain

d. Observations to predictions

2. Inductive reasoning provides:

a. Absolute certainty

b. Probable conclusions

MET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS




c. Mathematical proofs
d. Logical contradictions

3. Which reasoning method is used when predicting seasonal sales trends?
a. Deductive reasoning
b. Inductive reasoning
c. Both deductive and inductive
d. Neither

4. |If allaccountants are employees and Sarah is an accountant, what can be deduced?
a. Sarah is not an employee
b. Sarah is an employee
c. Sarah is a manager
d. Sarah is a customer

5. Which reasoning method ensures logical certainty?
a. Inductive reasoning
b. Deductive reasoning
c. Both
d. None

1.3 Sets and Their Applications
1.3.1 Definition and types of sets

A setis a collection of distinctobjects, called elements, considered as a whole. Sets are usually
denoted by curly brackets, for example, A ={2, 4, 6}. Types of sets include finite sets, infinite sets,
empty sets, and universal sets.

Fillin the blank: A collection of distinct objects considered as awhole is called a

Diagram showing different types of sets

-
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Caption: Figure 1.3 Types of sets

UNDERSTANDING TYPES OF SETS WITH EXAMPLES

A set with a countable number of elements.

1. FINITE SET ~

2. INFINITE SET N

A set with an uncountable or endless nft of elements.

SetA={Alice, Ben, Chlog, Y\ <~ N m A
David, Emily} Studentsin a Natural Numbers
Class ;
‘ - ‘ g {S), S2, S3, S4, S5} %/m 0
3 ’
Alice Chloe David L 21'_ t3'l : - 0 102 3R
otal:
Contlnues
David Emily J (Countable) indefinitely. S
J J
3. EMPTY SET (NULL SET) N 4 UNIVERSAL SET N
X 4
A set containing no elements. Set of th The set containing all UNIVERSAL SET (V)
\Zitﬂ 3’23’; : objects under UNIVERSAL SET (U) v
Y consideration. U = {All Real Numbers} @
0 % -
RGN v @A:A
All-encompassing set :
LA~ ':\./L e
No elements, ~ Y 5, 1 4 v
denoted by @ or { } = ( ) (] o
\ J G Y,

Note: The Universal Set varies depending on the context.

1.3.2 Set operations and Venn diagrams

Set operations include union, intersection, difference, and complement. These operations help in
combining or comparing sets. AVenn diagram is a graphical representation of sets using

overlapping circles to show relationships.

Fillin the blank: The operation that combines all elements from two sets is called

Diagram of a Venn diagram showing union and intersection
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Caption: Figure 1.4 Venn diagram of union and intersection
D

e = VENN DIAGRAMS: -
5 UNION AND INTERSECTION \Y

UNION OF TWO SETS (AU B) INTERSECTION OF TWO SETS (A N B)

Definition: The set containing all elements Definition: The set containing only elements
that belong to Set A, Set B, or both. U that belong to both Set A AND Set B.

U % U
JOINING
Symbol: (@
AUB % d ANB
SHARING

Examples: Examples:
If SetA={1,2,3}and SetB= If SetA={1,2, 3}and
Set {3, 4, 5}, Set B={3, 4, 5},then ANB ={3}.

then AUB = {1, 2,3, 4,5). Ke o©

\

1.3.3 Applications of sets in mathematics and business

Sets are applied in mathematics to organise data and solve problems. In business, sets can
represent customer groups, product categories, or market segments. For example, a company may
define one set as customers who purchased product A and another set as customers who
purchased product B. Analysing the intersection helps identify customers who purchased both
products.

Fillin the blank: In business, sets can represent customer groups, product categories, or

Caption: Box 1.3 Applications of sets in business

Application Description Business Example

Categorizing a broad consumer ||A clothing retailer defines Set A as

Market base into sub-groups (sets) "Customers over 30" and Set B as
Segmentation based on shared "High-income earners" to target luxury
characteristics. professional wear.

/A manager queries the intersection of
Set "Past Buyers" and Set
"Newsletter Subscribers" to send a
specific discount code.

Using intersections and unions
to filter customer or inventory
data in CRM systems.

Database
Management
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Application Description Business Example
Invento Organizing products into distinct ||A grocery store manages a set of
y sets to manage stock levels, "Perishable Goods" to prioritize rapid
Control e .
expiration dates, or categories.  |turnover and reduce waste.
Matchina emplovee skill sets An IT firm looks for the intersection of
Human atching employ . candidates in the "Java Programming”
with job requirements during the oL "
Resources : set and the "Project Management
recruitment process. set
Risk Identifying overlapping risk A bank identifies the union of "Credit
M factors that could affect different |Risk™and "Market Volatility" sets to
anagement . .
departments or projects. calculate total potential exposure.

Pilot questions 1.3

1. Which of the following is a set?
a.{1,2, 3}
b. {apple, banana, orange}
c.{students in a class}
d. All of the above

2. Theunion of two sets includes:
a. Only common elements
b. All elements from both sets
c. Only unigue elements
d. None of the above

3. Which diagram is used to represent sets graphically?
a. Flowchart
b. Venndiagram
c. Bar chart
d. Piechart

4./ The intersection of two sets includes:
a. Elements present in both sets
b. Elements present in only one set
c. Elements excluded from both sets
d. None of the above
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5. Inbusiness, analysing the intersection of two customer sets helps identify:
a. Customers who purchased only one product
b. Customers who purchased both products
c. Customers who purchased neither product
d. Customers who purchased all products

Series Summary

This Series has introduced you to the foundations of symbolic logic and its importance in
mathematical and business reasoning. We began by examining the basic concepts of logic,
including propositions, logical operators, and truth tables, which provide a structured way of
analysing statements. We then explored deductive and inductive reasoning, highlighting how
deduction ensures certainty while induction supports generalisation and prediction. Finally, we
studied sets, their operations, and applications, with Venn diagrams providing a visual tool for
understanding relationships.

By completing this Series, you should now be able to define and explain symbolic logic, apply
deductive and inductive reasoning in problem-solving, and demonstrate how sets and their
operations can be used in mathematics and business contexts. These skills directly align with the
Series Learning Outcomes and form a strong foundation for the more advanced topics that follow
in the course.

Glossary of Terms

e Biconditional (€): A logical operator that is true when both propositions have the same
truth value.

e Conjunction (A): A logical operator meaning “and”, true only if both propositions are true.

o Deductivereasoning: A logical process that moves from general premises to specific
conclusions with certainty.

e _Disjunction (V):A logical operator meaning “or”, true if at least one proposition is true.

¢ Inductive reasoning: A logical process that moves from specific observations to general
conclusions, providing probability rather than certainty.

e Logical operator: A symbol used to connect propositions and form compound statements.
e - Negation (7): A logical operator that reverses the truth value of a proposition.
e Proposition: A declarative statement that can be either true or false, but not both.

e Set: Acollection of distinct objects considered as a whole.

o)
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o Truth table: Atabular representation showing all possible truth values of compound
statements.

¢ Venndiagram: A graphical representation of sets using overlapping circles to show
relationships.

Concept Check Questions 1
Objective questions

1. Which logical operator represents “and”? (Linked to SLO 1.2)

2. Apropositionis defined as: (Linked to SLO 1.1)

3. Which reasoning method ensures logical certainty? (Linked to SLO 1.3)
Short-answer questions

4. Explain the difference between deductive and inductive reasoning with one example each.
(Linked to SLO 1.3 and SLO 1.4)

5. Define a set and give two examples relevant to business. (Linked to SLO 1.5)
Long-answer questions

6. Analyse how symbolic logic can beappliediin business decision-making, using an example
of a company evaluating investment options. (Linked to SLO 1.2 and SLO 1.3)

7. Demonstrate how Venn diagrams can be used to represent customer groups in a business
scenario, and evaluate the usefulness of this approach. (Linked to SLO 1.5)

Answers to Concept Check Questions 1

Objective questions
1. A
2. Adeclarative statement that can be either true or false.
3. Deductive reasoning

Short-answer questions

4. Deductive reasoning moves from general premises to specific conclusions, for example,
“Allmanagers are employees, James is a manager, therefore James is an employee.”
Inductive reasoning moves from specific observations to general conclusions, for example,
“Sales increase every December, therefore December is a peak season.”

-
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5. Asetisacollection of distinct objects considered as a whole. In business, examples
include {customers who purchased product A} and {customers who purchased product B}.

Long-answer questions

6. Basic response: Symbolic logic helps businesses make consistent decisions. For example,
a company may invest in a project if market demand is high and production costs are low,
represented asp A Q.

Value-added response: Beyond this, symbolic logic can be extended to complex decision-
making involving multiple variables, such as market trends, competitor actions, and
resource availability, allowing managers to evaluate scenarios systematically.

7. Basicresponse: Venn diagrams can represent customer groups, such as those who
purchased product A, product B, or both. This helps identify overlaps.and unigue segments.
Value-added response: Venn diagrams also support strategic marketing decisions,
enabling businesses to target overlapping customers with bundled offers and unique
segments with tailored promotions.

Answers to Pilot Questions [Series 1]

Part 1: Foundations of Symbolic Logic

1. b
2. b
3. ¢C
4. b
5. ¢

Part 2: Deductive and Inductive Reasoning

1. b
2. b
3.°b
4. b
5.Db

Part 3: Sets and Their Applications
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References and Attributions [Series 1]

Suggested illustration sources:

o Figure 1.1 Examples of propositions and non-propositions: “examples of
propositions in logic diagram OER”

o Table 1.1 Truth table for conjunction: “truth table for conjunction OER”
o Figure 1.2 Deductive reasoning structure: “deductive reasoning diagram OER”

o Plate 1.1 Inductive reasoning in business: “inductive reasoning examples business
OER”

o Box 1.2 Comparing deductive and inductive reasoning: “deductive vs inductive
reasoning comparison OQER”

o Figure 1.3 Types of sets: “types of sets mathematics diagram OER”

o Figure 1.4 Venn diagram of union and intersection: “Venn diagram union
intersection OER”

o Box 1.3 Applications of sets in business: “applications of sets in business OER”

Al prompt suggestions were provided for each illustration to support future generation
using Al tools.

References:
o | Open Educational Resources (OER) in mathematics and logic.

o Standard texts in business mathematics and symbolic logic.

Series 2: Matrices, Determinants, and Vectors

-
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Part 2.1: Introduction to Matrices
o Sub-Part2.1.1: Definition and types of matrices

o Sub-Part2.1.2: Matrix operations (addition, subtraction, multiplication)



o Sub-Part 2.1.3: Special matrices and their properties
e Part2.2: Determinants and Their Applications

o Sub-Part2.2.1: Definition and calculation of determinants

o Sub-Part2.2.2: Properties of determinants

o Sub-Part2.2.3: Applications of determinants in solving equations
e Part2.3: Vectors and Their Properties

o Sub-Part 2.3.1: Definition and representation of vectors

o Sub-Part 2.3.2: Vector operations (addition, scalar multiplication, dot product,
cross product)

o Sub-Part 2.3.3: Applications of vectors in mathematics and business

Introduction

Background

In mathematics and business applications, matrices, determinants, and vectors provide powerful
tools for organising data, solving equations, and modelling real-world problems. From analysing
financial systems to representing physical quantities, these concepts form the backbone of many
advanced techniques in business mathematics.

Series Aim

The aim of this Series is to introduce you to matrices, determinants, and vectors, and to equip you
with the skills needed to perform operations, analyse properties, and apply these concepts in
practical problem-solving.

Series Synopsis

We shall commence this Series by exploring matrices, where you will learn their definitions, types,
and operations. Next, we will move on to determinants, examining how they are calculated, their
properties, and their applications in solving systems of equations. Finally, we will conclude with
vectors, focusing on their representation, operations, and applications in mathematics and
business contexts.

Series Learning Outcomes
Upon completing this Series, you should be able to:
e SLO 2.1 define matrices and explain their types,
e SLO 2.2 demonstrate how to perform basic matrix operations,

-
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e SLO 2.3 calculate determinants and explain their properties,

e SLO 2.4 apply determinants to solve systems of equations,

e SLO 2.5 define vectors and represent them graphically,

e SLO 2.6 perform vector operations including dot and cross products, and

e SLO 2.7 analyse applications of vectors in mathematics and business contexts.

2.1 Introduction to Matrices
2.1.1 Definition and types of matrices

A matrix is a rectangular arrangement of numbers, symbols, or expressions, organised in rows and
columns. Each number in a matrix is called an element, and the size of a matrixis defined by the
number of rows and columns it contains. For example, a matrix with 2 rows and 3 columns is
referred to as a 2 x 3 matrix.

Types of matrices include:
e Row matrix: A matrix with only one row.
e Column matrix: A matrix with only one column.
e Square matrix: A matrix with the. same number of rows and columns.
e Zero matrix: A matrix in which all elements are zero.
o Identity matrix: A square matrix with ones on the main diagonal and zeros elsewhere.

Fillin the blank: A matrix with the same number of rows and columns is called a

Diagram showingdifferent types of matrices with examples

-

o)
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Caption: Figure 2.1 Types of matrices

r—[COMMON TYPES OF MATRICES: DEFINITIONS & EXAMPLES]—

ROW MATRIX SQUARE MATRIX
Has exactly one Has exactly one Has equal rows and All elements are zero A square matrix with 1s
row (1 x n). column (m x 1). columns (n x n). (mxnornxn). on the main diagonal
l l i l and Os elsewhere (I,).
=[5 - 7 =1 _[ooo l
R=[5 -2 8 0] |- A-32] —>Ozx3'[000] 10 100
(Order: 1 x4) C=|3 SPECIAL 2710 1
105 CASE OF 00 010
9 B=|-2 3 0 SQ?JARE 0,0 = [0 0 (order:2x2) |g 0 1
(Order: 4% 1) 4 71 (Order: 2x 2) (Order: 3x 3)
(Order: 3x 3)
[ MATRIX TYPE DESCRIPTION EXAMPLE NOTES
ROW 1 ROW [-1 0 4] Also “Row Vector”
COLUMN 1 COLUMN [2] [5] [-3] Also “Column Vector”
SQUARE ROWS = COLUMNS [3 1] [9 2] Main diagonal exists
ZERO ALL ELEMENTS =0 [0 0] [0 0] Can be any size
IDENTITY SQUARE, DIAGONAL =1,0THERS=0| [1 0 0] [0 1 0] [0 O 1] Acts like number 1

2.1.2 Matrix operations (addition, subtraction, multiplication)

Matrices can be manipulated using various operations. Matrix addition and subtraction are
performed by adding or subtracting corresponding elements of matrices of the same size. Matrix
multiplication is more complex:

e Scalar multiplication involves multiplying every element of a matrix by a constant.

e Matrix multiplication involves multiplying rows of the first matrix by columns of the second
matrix, provided.the number of columns in the first equals the number of rows in the
second.

Fill in the blank:'Matrix multiplication is possible only when the number of columns in the first
matrix equals the number of in the second matrix.
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Caption: Table 2.1 Example of matrix multiplication

Matrix A Matrix B Result C
a b X e f - 1 c12
[c d ] [g h ] E;1 c22]

Step-by-Step Breakdown:

|Step 1 (Top Left): Row 1 of A * Col 1 of B => (a *e) + (b * g)]

|Step 2 (Top Right): Row 1 of A * Col 2 of B => (a * f) + (b * h)|

]Step 3 (Bot Left): Row 2 of A * Col 1 0f B => (c * e) + (d * g)\

[Step 4 (Bot Right): Row 2 of A * Col 2 of B => (c * f) + (d * h)]

2.1.3 Special matrices and their properties

Certain matrices have unique properties that make them useful in mathematics and business
applications. Examples include:

« Diagonal matrix: A square matrix where all non-diagonal elements are zero.
e Symmetric matrix: A square matrix that is equal to its transpose.

¢ Upper triangular matrix: A square matrix where all elements below the main diagonal are
zero.

o | Lower triangular matrix: A square matrix where all elements above the main diagonal are
zero.

These special matrices are often used in solving linear equations, simplifying computations, and
modelling systems.

Fillinthe blank: A square matrix that is equal to its transpose is called a matrix.

Caption: Box 2.1 Properties of special matrices
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[@ﬂ@] SUMMARY OF SPECIAL SQUARE MATRICES

Definition (

A square matrix where all elements outside the main
diagonal are zero (a;; = 0 for i # j).

A square matrix equal to its transpose (4 = A”).
The element at a;; equals aj;.

Visual Property

Only the "middle” line has
non-zero values.

Diagonal Matrix

Itis a “mirror image”
across the main diagonal.

Symmetric Matrix

A square matrix where all elements below the main

Values form a “triangle” in
diagonal are zero (a;; = 0 for i > j).

Upper Triangular the top-right corner.

A square matrix where all elements above the main

Lower Triangular

diagonal are zero (a;; = 0 for i < j).

Values form a “triangle” in
the bottom-left corner.

DETAILED DEFINITIONS & EXAMPLES

Diagonal Matrix

A square matrix where all
elements outside the main
diagonal are zero (a;; = 0 for

L
i N
02 0
009

Symmetric Matrix

A square matrix egual to its
transpose (A = AT). The
element at a;; equals a;;.
17 3
7 4 5

3 5 6

A (Upper Triangular Matrix (Uﬂ

A square matrix where all
elements below the main
diagonal are zero (a;; = 0 for
i>]).
4 2
0 3 5

0 0 6

(Lowet Triangular Matrix (L)\

A square matrix where all
elements above the main
diagonal are zero (a;; = 0 for

i<j).

<D oo
293 0
6

Source: special matrices properties OER

Source: special matrices properties OER

Pilot questions 2.1

1. Which of the following is a square matrix?
a. A matrix with 2 rows and 3 columns
b. A matrix with 3 rows and 3 columns
c. A matrix with 1 row and 4 columns
d. A matrix with 4 rowsand.1 column

Which type of matrix has ones on the main diagonal and zeros elsewhere?
a. Zero matrix

b. Identity matrix

c. Diagonal matrix

d. Symmetric matrix

Matrix addition.is possible only when:
a. The matrices are square

b. The matrices have the same size

c. The matrices are symmetric

d. The matrices are diagonal

Which matrix is equal to its transpose?
a. Symmetric matrix

b. Diagonal matrix

c. Upper triangular matrix

d. Zero matrix
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5. Matrix multiplication is possible only when:

a. The number of rows in the first equals the number of rows in the second
b. The number of columns in the first equals the number of rows in the second
c. The number of columns in both matrices are equal

d. The matrices are square

2.2 Determinants and Their Applications

2.2.1 Definition and calculation of determinants

A determinant is a scalar value that can be computed from a square matrix. It provides important
information about the matrix, such as whether it is invertible. For a 2 x 2 matrix:

[ \text{det} \begin{bmatrix} a & b\ ¢ & d \end {bmatrix} = ad - be ]

For larger matrices, determinants are calculated using expansion methods such as cofactor expansion.

Fill in the blank: The determinant of a 2 x 2 matrix (\begin{bmatrix}.a & b\ ¢ & d \end{bmatrix}) is
equal to

Caption: Table 2.2 Step-by-step calculation of a 3 x 3.determinant
3x3 Determinant Calculation: Cofactor Expansion along Row 1

1 and its cofactor.

Step | Actioe Matrix & Choose Row Formula & Matrix Operations Calculation & Result
3 1 2] Startwith3x3
trix and
Step 1 A =10 4 5 g%:sxea;ow 1 IAl = a“Cu + a12C12 + a13C13
-2 =1 0] forexpansion.
Remove Row 1, Col 1. @ o] 1+1
: 4 5| | Cyy=(-1)""-((4x0)=(5x-1
Step 2 | Calculate C;; Calculate MinorM,; |A=[0 4 5|= |My]| =| 1 O| . _( )_ (@ 0)=(5x=1))
and Cofactor Cy;. -2 -1 0] =1:5=35
Remove Row 1, Col 2. [ 3 24 142
/ 0 Ci=(-1)"*-((0x0)=(5x-2
Step 3 | Calculate C,; Calculate Minor My, |A=| 0 4 5| = |My,| -‘ 3 g‘ 12= 1) = - ((0%0)~(5x-2))
and Cofactor C;,. -2 -1 0] =-1-10=-10
Remove Row 1, Col 3. =3 ==t —(_1\143 e
Step 4 | Calculate C;3 Calculate MinorM;; |[A=|0 4 5 =>|M13|=|_02 _41 613:( i) _ (OS2
and Cofactor C3. -2 -1 0] =1:8=8
Sum the products of Al = (3x5) + (1 x-10) + (2
Step 5 | Sinal Sum each element in Row |A] = a;1Cy1 + a15C15 + a43C13 A1 SOV LB 510/ £ 2518)

=15-10+16=21

2.2.2 Properties of determinants
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Determinants have several useful properties:

¢ The determinant of the identity matrix is 1.

e If two rows (or columns) of a matrix are identical, its determinant is 0.

e Swapping two rows (or columns) changes the sign of the determinant.

e  Multiplying a row (or column) by a scalar multiplies the determinant by that scalar.

Fill in the blank: If two rows of a matrix are identical, its determinant is

Caption: Box 2.2 Properties of determinants
UNDERSTANDING DETERMINANTS: A Comprehensive Summary of Key Properties and Examples

The determinant of a square matrix is a single scalar value that provides critical information, such as invertibility and volume scaling.

Property Description Example
[ﬁ'g”g’] _ Determinant of Identity Matrix [ is always 1. det (1 O) =1
n _ Matrix and Transpose have same determinant: det(A) = det(AT). det (3 4) det (; i) ==2
% { Multiplication Determinant of a product is product of determinants: det(AB) = det(A)det(B).  If det(A) =2, det(B) =3, then det(AB) =6.
g Row Swappmg Swapping any two rows (or columns) multiplies determinant by -1. det (‘; Z) —det (Z Z)
Z‘fll ¢ F | Ifasingle row is multiplied by k, determinant is multiplied by k. det (ka I:ib) k- det (‘CI Z)
@ _ Determinant is 0 if a matrix has a row/column of zeros or two identical rows/columns. det (i g) =0
@ _ Matrix A invertible if and only if det(A) # 0. If det(A) = 0, matrix is “singular”.
VISUALIZING DETERMINANTS: Geometry of Area and Volume _~+~ 7
= M Volume = [det(A)|
Area = |det (“ ) = |ad — be|
(a) c d
¢ (Z) « Positive Determinant: Vector orientation preserved. WHY THESE PROPERTIES MATTER
* Negative Determinant: Orientation reversed (like These properties are extensively used in OER materials to simplify complex
mirror reflection). calculations. For example, recognizing identical rows immediately shows
(b)  Zero Determinant: Vectors linearly dependent, det(4) = 0 without tedious expansion. This is crucial in Linear Algebra for
d squashing area to zero. OER determining if a system of equations has a unique solution.

2.2.3 Applications of determinants in solving equations

Determinants are widely used in solving systems of linear equations. One important application is
Cramer’s Rule, which uses determinants to find solutions to simultaneous equations. Determinants also
help in checking whether.a matrix is invertible, which is crucial in mathematical modelling and business
computations.

Fill in the blank: A matrix is invertible if and only if its determinant is

Diagram showing application of determinants in solving a system of equations using Cramer’s Rule
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Caption: Figure 2.2 Application of determinants in solving equations

SOLVING A SYSTEM OF LINEAR EQUATIONS USING
CRAMER’S RULE: A DETERMINANT-BASED METHOD CO_E.

D START: 2x2 SYSTEM OF EQUATIONS e

é 1. The Linear System a;1X+apy =by
of Equations (e.g.,) ayx+ay=h,
J
l »L STEP 1: CALCULATE DETERMINANTS
Gonstructingthe A = [ ] Coeficient 1, _ [’h ] ATl 4, [ bl] | Raplace sacond
Determinants. Az Ay J bz Qg7 | constants a; b; _ constants
— Al — [G11 @12 by ap; ay; by
ol e e Dy = 1Ax| = [~ a; Dy=l4y1=|,"" b,
D = ay1a3; — a12a21 D#0 D, = byay; — aszb,; Dy = ay1b; — byay;
L(Crucial for Cramer’s Rule)
R ¥
STEP 2: FIND THE SOLUTION (X, Y) \
(" stepa Calculating .
the Solutions. D D
L The unique solution (x, y) T — I
Pilot questions 2.2
1. The determinant of a 2 x 2 matrix (\begin{bmatrix} 2 & 3 \ 4 & 5 \end {bmatrix}) is:
a.2
b.-2
c.-2
d. 10
2. The determinant of the‘identity matrix is:
a.0
b. 1
c.-1
d.2
3. Iftwo rows of a matrix are identical, the determinant is:
a. 1
b.0
c. -1
d. Undefined
4. Swapping two rows of a matrix changes the determinant by:
a. Doubling it
b. Halving it
c. Changing its sign
d. Leaving it unchanged
5: A matrix is invertible if its determinant is:

-

a. 0

b. Non-zero
c. Negative
d. Positive
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2.3 Vectors and Their Properties

2.3.1 Definition and representation of vectors

A vector is a quantity that has both magnitude and direction. Vectors are often represented as arrows in
diagrams or as ordered pairs in mathematics. For example, a vector in two dimensions can be written as
(\mathbf{v} = (x, y)).

Fill in the blank: A vector is defined as a quantity that has both and direction.

Diagram showing graphical representation of vectors in two dimensions
Caption: Figure 2.3 Representation of vectors

VECTOR REPRESENTATION IN 2D SPACE
A vector is a quantity with both MAGNITUDE (length of arrow) and DIRECTION (orientation of arrow).

= % y-axis 3
Vv or v - Vector (y) - Component Form A Position Vector a = (4)
[v| - Magnitude e Initial Point |
w3 Terminal Point i (3.4)
M (5,3)

(_20 2) | \’b\//

G
U X
o2
X
om;ﬁ- 4

Vectorb |Ay=3-1=2

>
7/
\9/)//‘
<
%

Vector ¢ v R\ ;
A 1,1 Ax=5-1=4
} + <% =2 - + } » X-axis
ECs ) / (-3,0) -3 -2 (0,0) x-component = 3
_‘] +
4. ~3) 1 2 3 4 5 6

2.3.2 Vector operations (addition, scalar multiplication, dot product, cross
product)

Vectors can be manipulated using several operations:

Addition: Adding corresponding components of two vectors.

Scalar multiplication: Multiplying each component by a constant.

Dot product: Produces a scalar, calculated as ( \mathbf{a} \cdot \mathbf{b} = |a||b|\cos\theta ).
Cross product: Produces a vector perpendicular to both, used in three dimensions.

Fill in the blank: The dot product of two vectors produces a

-
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Caption: Table 2.3 Examples of vector operations

COMMON VECTOR OPERATIONS: EXAMPLES AND VISUALIZATIONS

Vector Addition Scalar Multiplication Dot Product Cross Product
f: VECTOR ADDITION (u + v) / SCALAR MULTIPLICATION (k - v) )y DOT PRODUCT (u - v) =[3] ﬁ£_> CROSS PRODUCT (u x v)
The resulting vector is the "head” A vector is multiplied by a single A scalar result, measuring the A vector result perpendicular
to “tail" sum of vectors. value (scalar), changing its algebraic product of corresponding | (orthogonal) to both original vectors,
magnitude. components. forming a right-hand rule system.
FORMULA/ALGEBRA FORMULA/ALGEBRA FORMULA/ALGEBRA
3 2 =9 1 4 i X
I N A P W N R 1 P
3 5
3+2 5 2(-2 -4 i j ki [0
utv= = 2v=(2C2) - u-v=@+@D+O6) |uxv=detlt 0 0|=[0]@k
1+2 3 2(4) 8
=4-2+15=17 10 1

Terminal point

0
Terminal T RIGHT-HAND
point = 2 u A ® RULE
o )/ 0 ugNy
uxv

v v Magnitude = Area
0.5v |u-v| = |u||v] cos(6) of Parallelogram
Terminal ¢ u + Acute angle ]
u point =0 v u
Initial point L —— ORTHOGONAL
L/ -1v v

2.3.3 Applications of vectors in mathematics and business

Vectors are used in mathematics to represent physical quantities such as force and velocity. In business,
vectors can model data such as sales growth in different regions or resource allocation across
departments. They provide a structured way to analyse multidimensional information.

Fill in the blank: In business, vectors can be used to model growth across different regions.

Caption: Box 2.3 Applications of vectors in mathematics and business

Field Application Real-World Example
Mathematics Geometric Used in computer graphics to translate, rotate, or scale
Transformations objects in a 2D or 3D coordinate system.

Representing forces, velocity, and acceleration. For
instance, calculating the resultant force when two
people pull an object in different directions.

Physics &

Mathematics .
Mechanics

MET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS



Field Application Real-World Example

. Representing a basket of assets (stocks, bonds) as a
. Portfolio . . .
Business vector where each component is the quantity or weight

Management of a specific asset.
Storing stock levels of different products across
. multiple warehouses. A vector $\mathbf{v} = [100, 50,
Business Inventory Control

20]$ could represent 100 units of Item'A; 50 of Iltem B,
and 20 of Item C.

Customer profiles are often "feature vectors" containing
Business Marketing Analysis |(data like age, spending habits, and location to calculate
"distance" (similarity) between customers.

Pilot questions 2.3

1. A vector is defined as a quantity with:
a. Magnitude only
b. Direction only
c. Both magnitude and direction
d. Neither magnitude nordirection
2. The dot product of two vectors results in:
a. A vector
b. A scalar
c. A matrix
d. A determinant
3. Which/vector operation produces a vector perpendicular to both original vectors?
a. Addition
b. Scalar multiplication
c. Dot product
d. Cross product
4." In business; vectors can be used to represent:
a. Customer names
b. Sales growth across regions
¢. Employee attendance
d. Meeting schedules
5." Which operation involves multiplying each component of a vector by a constant?
a. Addition
b. Scalar multiplication
c. Dot product
d. Cross product

-
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Series Summary

This Series has introduced you to matrices, determinants, and vectors, which are fundamental tools in
mathematics and business applications. We began by defining matrices, exploring their types, and
learning how to perform basic operations such as addition, subtraction, and multiplication. We then
examined determinants, focusing on their calculation, properties, and applications, particularly in solving
systems of equations through methods like Cramer’s Rule. Finally, we studied vectors, their
representation, operations such as dot and cross products, and their practical applications in both
mathematical modelling and business contexts.

By completing this Series, you should now be able to define and manipulate matrices, calculate and apply
determinants, and represent and operate with vectors. These skills directly align with the Series Learning
Outcomes and provide a strong foundation for tackling more advanced mathematical techniques in
subsequent Series.

Glossary of Terms

e Cross product: A vector operation that produces a vector perpendicular to two given vectors,
used in three dimensions.

¢ Determinant: A scalar value computed from a square matrix, used to determine properties such
as invertibility.

o Diagonal matrix: A square matrix where all non-diagonal elements are zero.

¢ Identity matrix: A square matrix with ones on the main diagonal and zeros elsewhere.

e Matrix: A rectangular arrangement of numbers, symbols, or expressions organised in rows and
columns.

¢ Scalar multiplication: Multiplying each element of a matrix or vector by a constant.

¢ Square matrix: A matrix with the same number of rows and columns.

e Symmetric matrix: A square matrix that is equal to its transpose.

e Vector: A quantity that has both magnitude and direction, often represented as an arrow or
ordered pair.

e Venn diagram (not used here but referenced in Series 1): A graphical representation of sets
using overlapping circles.

e Zero matrix: A matrix in which all elements are zero.

Concept Check Questions 2
Objective questions
1. Which type of matrix has ones on the main diagonal and zeros elsewhere? (Linked to SLO 2.1)
2. The determinant of a 2 x 2 matrix (\begin{bmatrix} a & b\ ¢ & d \end{bmatrix}) is calculated as:
(Linked to SLO 2.3)
3. The dot product of two vectors results in: (Linked to SLO 2.6)
Short-answer questions
P
-
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4. Explain the difference between a symmetric matrix and a diagonal matrix. (Linked to SLO 2.1
and SLO 2.3)

5. Define a vector and give one example of its application in business. (Linked to SLO 2.5 and SLO
2.7)

Long-answer questions

6. Demonstrate how determinants can be applied to solve a system of equations using Cramer’s
Rule, and evaluate its usefulness in business problem-solving. (Linked to SLO 2.4)

7. Analyse how vectors can be used to represent multidimensional business data, such as sales
growth across regions, and discuss the advantages of this approach. (Linked to SLO 2.7)

Answers to Concept Check Questions 2
Objective questions

1. Identity matrix
2. (ad-bc)
3. A scalar

Short-answer questions

4. A symmetric matrix is equal to its transpose, meaning its elements are mirrored across the
diagonal. A diagonal matrix has‘all non-diagonal elements equal to zero, with values only on the
main diagonal.

5. A vector is a quantity with both magnitude and direction. In business, vectors can represent sales
growth across differenttegions, for example, ((10, 15)) showing growth in two regions.

Long-answer questions

6. Basic response: Determinants can be used in Cramer’s Rule to solve systems of equations. For
example; in asystem of two equations with two unknowns, determinants help calculate the values
of each variable.

Value-added response: In business, Cramer’s Rule can be applied to resource allocation
problems, where equations represent constraints and determinants provide exact solutions. This
ensures efficient use of resources and accurate decision-making.

7. Basic response: Vectors can represent multidimensional data such as sales growth in different
regions, allowing comparisons across multiple dimensions.

Value-added response: Using vectors enables businesses to visualise and analyse complex data
sets, identify trends across regions, and make strategic decisions based on multidimensional
insights. This approach enhances clarity and supports data-driven planning.

Answers to Pilot Questions [Series 2]
Part 2.1: Introduction to Matrices

-
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Part 2.2: Determinants and Their Applications

DR W N =
oo oo o

Part 2.3: Vectors and Their Properties

DR W N =
oo ac o

References and Attributions [Series 2]

e Suggested illustration sources:
o Figure 2.1 Types of matrices: “types of matrices examples OER”
o Table 2.1 Example of matrix multiplication: “matrix multiplication example OER”
o Box 2.1 Properties of special matrices: “special matrices properties OER”
o Table 2.2 Step-by-step calculation of a 3 X 3 determinant: “determinant calculation 3x3
matrix OER”
Box 2.2 Properties of determinants: “properties of determinants OER”
o Figure 2.2 Application of determinants in solving equations: “Cramer’s Rule
determinants OER”
o | Figure 2.3 Representation of vectors: “vector representation diagram OER”
o Table 2.3 Examples of vector operations: “vector operations examples OER”
o Box 2:3 Applications of vectors in mathematics and business: “applications of vectors in
business OER”
e Al prompt suggestions were provided for each illustration to support future generation using Al
tools.
e  References:
o Open Educational Resources (OER) in linear algebra and vector mathematics.
o Standard texts in business mathematics covering matrices, determinants, and vectors.

O

-
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Series 3: Complex Numbers and Coordinate Geometry
e Part 3.1: Introduction to Complex Numbers
o Sub-Part 3.1.1: Definition and standard form of complex numbers

o Sub-Part 3.1.2: Basic operations with complex numbers (addition, subtraction;
multiplication, division)

o Sub-Part 3.1.3: Polar form and graphical representation
¢ Part 3.2: Properties and Applications of Complex Numbers

o Sub-Part 3.2.1: Conjugates and modulus

o Sub-Part 3.2.2: Powers and roots of complex numbers

o Sub-Part 3.2.3: Applications of complex numbers-in mathematics and business
e Part 3.3: Coordinate Geometry of Straight Lines

o Sub-Part 3.3.1: Equation of a straight line

o Sub-Part 3.3.2: Slope and intercepts

o Sub-Part 3.3.3: Applications of straight lines in problem-solving
e Part 3.4: Coordinate Geometry of Circles

o Sub-Part 3.4.1: Equation of a circle

o Sub-Part 3.4.2: Properties of circles

o Sub-Part 3.4.3: Applications of circles in mathematics and business

Introduction

Background

Complex numbers andcoordinate geometry are essential tools in mathematics, providing ways to
represent and solve problems that go beyond real numbers and simple algebra. Complex numbers
extend our number system to include imaginary components, while coordinate geometry allows us
to describe shapes and relationships in space using equations. Together, they form a powerful
framework for both theoretical and applied problem-solving.

Series Aim
The aim of this Series is to equip you with the ability to work confidently with complex numbers and

to apply coordinate geometry in analysing straight lines and circles.

Series Synopsis
We shall commence this Series by introducing complex numbers, their definition, and basic

-
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operations. Next, we will explore their properties, including conjugates, modulus, and applications.
Following that, we will move on to coordinate geometry of straight lines, examining equations,
slopes, and intercepts. Finally, we will conclude with the coordinate geometry of circles, focusing
on their equations, properties, and applications in mathematics and business contexts.

Series Learning Outcomes
Upon completing this Series, you should be able to:
e SLO 3.1 define complex numbers and express them in standard form,
e SLO 3.2 perform basic operations with complex numbers,
e SLO 3.3 represent complex numbers in polar form and graphically,
e SLO 3.4 explain and apply properties such as conjugates.and modulus,
e SLO 3.5 calculate powers and roots of complex numbers,
e SLO 3.6 formulate and interpret equations of straight lines,
e SLO 3.7 analyse slopes and intercepts in coordinate geometry,
e SLO 3.8 derive and apply equations of circles, and

e SLO 3.9 evaluate applications.of complex numbers and coordinate geometry in
mathematics and business.contexts.

3.1 Introduction to Complex Numbers
3.1.1 Definition and standard form of complex humbers

A complex humber.is a number that combines a real part and an imaginary part. It is written in the
standard form (a + bi), where (a) is the real part and (b) is the imaginary part, with (i) representing
the square root of (-1). For example, (3 + 2i) is a complex number with real part 3 and imaginary part
2. Complexnumbers extend our number system beyond real numbers, allowing us to solve
equations that have no real solutions.

Fill in the blank: A complex number is expressed in the standard form

Diagram showing the standard form of a complex number with labelled real and imaginary parts

-
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Caption: Figure 3.1 Standard form of a complex number

COMPLEX NUMBER STANDARD FORM (a + bi)

IMAGINARY

COMPLEX NUMBER e | s

LReal'a b ------- P

Imag: 2

-

Z=d + D1

&% REAL PART

» REAL
" AXIS

QF---=---

A

Y

<

IMAGINARY UNIT (-1)

IMAGINARY PART &

(the part with no i) ;‘AMP;Sj 5_4i 7 ‘
a IS d REAL NUMBER R:all:3 : R;I:S t 0+£i b(ltsha REAL .NUMBER
Imag: 2 Imag: -4 Real: 0 e coefficient of l)

Imag: 7
3.1.2 Basic operations with complex numbers
Complex numbers can be manipulated using basic operations:
o Addition: Add the real parts together and the imaginary parts together.
e Subtraction: Subtract the real parts and the imaginary parts separately.
e Multiplication: Apply distributive law and use the rule (i*2 = -1).

e Division: Multiply numerator and denominator by the conjugate of the denominator to
simplify.

For example, ((8 + 2i)+ (1 + 4i).=4 + 6i).

Fillin the blank: When multiplying complex humbers, we use the rule that (i*2 = )-

Do)
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Caption: Table 3.1 Examples of basic operations with complex numbers

WORKING WITH COMPLEX NUMBERS (z1 = 3 + 2i, z, = 1 + 4i)
STEP-BY-STEP OPERATIONS: z; = 3+ 2i AND z, = 1 + 4i

VISUAL CONTEXT
& DEFINITIONS

Operation Step-by-Step Process Result
it Combine like terms: S S~k
AT (3 +2i) + (1 +4i) 4+ 6i g,
(B+2i+14i (3 +1) + (2i + 4i) £8 b
i Distribute, then combine: £
e SUbiacton (3+21) — (1 + 4i) St
(B+2i—-14i 3+21—1-4i S | R
(3-1)+@2i—4i) COMPLEX NUMBER
@ Multiplication FOIL method STANDARD FORM (a + bi)
(B +2i) (1 + 4i) b
ST 3(1) + 3(4i) + 2i(1) + 2i(4i) —5 + 14i Z=a-+Dbi
@ +2’&)(}}*’) 3+ 12i +2i + 8(i%)
3+14i+8(-1) a: REAL IMAGINARY
Sl U 0Tl e———
@ Division TR El = 45E1 - 43 IMPORTANT CONCEPTS:
. Sl o * i2= -1: Consiite lake
3+2i = S 12’:’ 2i — 8(i%) —1-1 - E)- tith complex planes
1+ 4i T C O < conj —bi):
1100 10— 101 Jugates (a-bi):
= = Conjugates (a-b) = -0}
L 1+16 17 )\ )
IMPORTANT NOTES & KEY PRINCIPLES A
ADD/SUBTRACT: Combine Real with | MULTIPLICATION: Replace i2 with DIVISION: Multiply by Conjugate
(_Real and Imaginary with Imaginary. | -1 during simplification. to Rationalize the Denominator.

g/

3.1.3 Polar form and graphical representation

Complex numbers can also be expressed in polar form, written as (r(\cos\theta + i\sin\theta)),
where (r) is the modulus (distance from the origin) and (\theta) is the argument (angle with the
positive x-axis). This form is useful for multiplication and division, as well as for representing
complex numbers graphically on the complex plane.

Fillin the blank: In polar form, a complex number is expressed as (r(\cos\theta + i\sin\theta)), where

(r) isthe

and (\theta) is the argument.

Diagram showing a complex number represented on the complex plane with modulus and

argument

-
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Caption: Figure 3.2 Polar representation of a complex number

polar form complex number diagram OER

Imaginary Axis (Im)

A
z=x+1iy
|
Modulus i
_ r=lz |
y=rsinf r !
|
6 Argument 6 = arg(z)
1 » Real Axis (Re
0 =rcosf (R

Polar Representation:
Rectangular Form: z = x + iy
Polar Form: z = r(cos 8 + i sin §) = re'?

Conversions: r = 1/(x2 + y?), 8 = tan"*(y/x)

Pilot questions 3.1

1. Which of the following is a complex numberin standard form?
a. (b)
b. (3 +2i)
c. (i*2)
d. (\sqrt{2})
2. Inthe complex number (7 - 4i), the real part is:
a.”7
b.-4
c.i
d. None

3./ Therule used in‘multiplication of complex numbers is:
a.(i"2=1)
b. (i"2=-1)
c.(ir2=0)
d.(i"2=2)
4. In polar form, the modulus of a complex number represents:
a. The angle with the x-axis
b. The distance from the origin
c. The imaginary part
d. The real part
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5. Which form of complex numbers is most useful for multiplication and division?
a. Standard form
b. Polar form
c. Real form
d. Imaginary form

3.2 Properties and Applications of Complex Numbers
3.2.1 Conjugates and modulus

The conjugate of a complex number (a + bi) is (a - bi). Conjugates are useful in simplifying division
of complex numbers. The modulus of a complex humber is its distance from the origin-on the
complex plane, calculated as (\sqrt{a”2 + b"2}). For example, the modulusof (3 + 4i) is 5.

Fillin the blank: The conjugate of (a + bi) is

Diagram showing a complex number and its conjugate on.the complex plane
Caption: Figure 3.3 Conjugate of a complex number

Complex Number and its Conjugate Diagram OER
Imaginary Axis (Im)

A
[ @Qz=a+bi
;) S ] Ul AR b
i
Modulus i
= lzr : Mirroring across
| the Real Axis
I
-6 |
]
: » Real Axi
5 = a eal Axis (Re)
o e et S e z

Complex Conjugate Property:
Given a complex number z = a + bi, its conjugate is Z = a — bi.
The modulus remains the same: |z| = |z| = Va? + b2.
The argument is negated: arg(z) = —arg(z) = —6.
This operation reflects the point across the Real Axis.

3:2.2 Powers and roots of complex numbers

Complex numbers can be raised to powers or expressed in roots using De Moivre’s Theorem,
which states:

[(r(\cos\theta + i\sin\theta))"n = r*n(\cos n\theta + i\sin n\theta)]

This theorem simplifies calculations involving powers and roots of complex numbers in polar form.

Fillin the blank: De Moivre’s Theorem is used to calculate and roots of complex numbers.
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Caption: Table 3.2 Examples of powers and roots using De Moivre’s Theorem
' UNDERSTANDING COMPLEX NUMBERS WITH DE MOIVRE'S THEOREM
OQ [ 1. THEOREM FOR POWERS: [r(cos 8 + i sin 8)]" = r(cos(n6) + i sin(n8)) for integer n. ] &
X

2. THEOREM FOR ROOTS: 2!/ = 11/" [cos (£24%) + i sin (“X24T)| for k=0,1,...,n—1

Operation Nf:nnmlf Z(Z) p°|(a; I;c):rm Application of De Moivre’s Theorem (st an%eail:l'tForm)
L 1
/]} Power (z%) 1+i Zi? 2)* [cos + isin (4 Z)] =
%
’ Power (z°) V3+i ; i % 26 [cos (6 . —) +isin (6 . -g)] —64
6
* Power (z3) 1—+3i (;==E§ 23 [cos 3 ——) +isin (3 5)] -8
J
— vZ £ 5 )
Square Root (vz) —i gz zlz_n 112 [cos(ﬂ) +isin(.. )] : (1) J’ R%ots eqqal:y
spaced on a circle
k=0: 2
Cube Root (3/z r=8 gL/3 0+2kr) \ ;gin (9t 2kn k=1_+/§-
[cwerondm | 8 | I3 [eofen() )] 1
o! [ KEY TAKEAWAYS: i
E3[%¥ | « POWERS: Raise magnitude (r"), multiply angle (n6),
multions.
¢ ROOTS: Spaced (27") radians apart. Multiple
distinct solutions. J

3.2.3 Applications of complex numbers in mathematics and business

Complex numbers are applied in mathematics to solve equations without real solutions, such as
quadratic equations with negative discriminants. In business and engineering, they are used in
modelling electrical circuits, analysing signals, and solving optimisation problems.

Fillin the blank: Complex numbers are used in business and engineering to model
circuits.

Caption: Box 3:1 Applications of complex numbers in mathematics and business

Field Key /Applications

Used to solve polynomial equations that have no real solutions (e.g., $x2
+ 1 = 0$). They are fundamental to Fractal Geometry (like the Mandelbrot
set) and Complex Analysis, which simplifies the integration of difficult real-
valued functions.

Mathematics

Essential in Electrical Engineering for analyzing AC (Alternating Current)
Engineering circuits, where "impedance" is represented as a complex number. They are
also used in Signal Processing (Fourier Transforms) for
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Field

Key Applications

telecommunications, audio compression, and Control Theory to ensure the
stability of mechanical systems.

Physics inherently complex. In Fluid Dynamics, complex potential functions are

In Quantum Mechanics, the state of a particle (the wave function $\psi$) is

used to model the flow of air over wings or water through pipes.

Business & Signal Analysis for high-frequency trading algorithms. They also appear in
Economics specific types of optimization problems and structural modeling of cyclical

Used in complex Stochastic Modeling to predict market fluctuations and in

economic trends.

Pilot questions 3.2

1.

The conjugate of (5 + 3i) is:
a. (5-3i)

b. (-5 + 3i)

c. (5 + 3i)

d. (-5 - 3i)

The modulus of (6 + 8i) is:
a.10

b.14

c.12

d.8

De Moivre’s Theorem is used to calculate:
a.’Addition of complex numbers

b. Powers and roots of complex numbers
c. Subtraction of complex numbers

d. Division of complex numbers

Complex numbers are applied in solving:
a. Equations with negative discriminants
b. Equations with positive discriminants

c. Equations with zero discriminants

d. Equations with no variables
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5. Inbusiness, complex numbers are used to model:
a. Customer behaviour
b. Electrical circuits
c. Employee attendance
d. Market surveys

3.3 Coordinate Geometry of Straight Lines
3.3.1 Equation of a straight line

The general equation of a straight line is (y = mx + c¢), where (m) is the slopeand(c) is the y-
intercept. This equation allows us to represent linear relationships graphically.

Fillin the blank: In the equation (y = mx + ¢), (m) represents the

Diagram showing a straight line with slope and intercepts
Caption: Figure 3.4 Equation of a straight line

DIAGRAM: STRAIGHT LINE WITH SLOPE ‘m’ AND INTERCEPT ‘¢’

y = mx + ¢ (Slope-Intercept Form)
Ay
3 m = Positive Slope

2 Py(x2,¥2)
y-INTERCEPT (c) Py (x1,y1)

(=¢/m,0) \ (0,c) A}Rise (Ay) \ﬂ/
x-INTERCEPT ™—___ Run (Ax) X2 — X1

»
<-6 -4 -3 - -1 1 2 Q 4 5 6 X
-1
_ Rise iy _A_X |
-2 SLOPE (m) = T ey g
3 E
4 g
\4 &
©

-

-

3.3.2 Slope and intercepts

The slope of a line measures its steepness, calculated as the change in y divided by the change in
X.Theintercepts are the points where the line crosses the axes. These features are essential in
analysing linear relationships.

Fillin the blank: The slope of a line is calculated as change in y divided by change in
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Caption: Table 3.3 Examples of slope and intercept calculations

SLOPE AND Y-INTERCEPT CALCULATION EXAMPLES

f FUNDAMENTAL METHODS FOR STRAIGHT LINES [/\_/
INITIAL CALCULATION OF CALCULATION OF |RESULTING EQUATION
At INFORMATION SLOPE (m) Y-INTERCEPT (b) 0 i £ byl | CRAPHVISUAL
. m = (y, - y,)/(%, - X,) Usmg Point 1: Z
. Point 1 (x,, y,): (2, 5) 5=2(2) + b y rses
Two Points - ’ m=(13-5)/(6-2) £ y=2x+1 )
Point 2 (x,, ¥,): (6, 13) B ik 5= . : +h .7m_,1
- 4=-3(1)+b N

Point & Slope Slope (m): 3 m = -3 (Given 4=-3+b =-3x+7 £ /

& Slop Point (x, y): (1, 4) ( ) b=7 y %
Rearrange to ﬁnd y: . \/
: Standard Form: = T /
-3/-4 8/-4 Th tant t =34x-2 Bia L

R o | vl Ouea | ye o |
m= 3/4

Point 1: (-1, 6) G N s'"%f?"ﬂ —t— =
Zero Slope o “5-(1) =6 SHEH, g
p Point 2: (5, 6) e 6b0; y g
Point 1: (3, -2) U 3- - Vertical line ! g
% Undefined Slope | ;5. (3,4) m= 6/0 No y-intercept x=3 "-‘}"x e B
Slope is Undefined -+
©

3.3.3 Applications of straight lines in problem-solving

Straight lines are used in business mathematics to model cost functions, revenue functions, and
break-even analysis. They provide a simple yet powerful way to represent linear relationships.

Fillin the blank: Straight lines are used in business mathematics to model analysis.
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Caption: Box 3.2 Applications of straight lines in business mathematics

LINEAR MODELS IN BUSINESS: KEY APPLICATIONS (OER)

~

r
(SUMMARISING APPLICATIONS OF STRAIGHT LINES IN BUSINESSJ

* COST FUNCTION (C): Total Cost = Variable Cost x Quantity + Fixed Cost.
Form: C(q) = mq + c. Straight lines are ideal for modeling scenarios with constant variable costs.
* REVENUE FUNCTION (R): Total Revenue = Price x Quantity.
Form: R(q) = pq. Assumes a constant selling price, simplified as a straight line.
* PROFIT FUNCTION (P): Total Profit = Total Revenue - Total Cost.
Form: P(q) = R(q) - C(g) = (p - m)q - c. Profit is a linear function if both Revenue and Cost are linear.
* BREAK-EVEN ANALYSIS: Finding the point where P(g) = 0. Shows the minimum sales
volume required. Indicated on graphs by the intersection of Revenue and Cost lines.
* DEPRECIATION MODELS: Estimating the decrease in value of an asset over time using
the straight-line method. Form: V(t) = -dt + V,,.

* SUPPLY & DEMAND: In simplified market models, straight lines represent supply and
demand curves, showing relationship between price and quantity.

\ V,
Total Revenue Equilibrium
R{q) E (Price, Quantity)
Break-Even Profit ™
& Point (R=C) Total Cost H s .
] — ? Ca 3 & {Price, Quantity)
2 Variable Cost z
Toss 3
: Asset Value over Time Quantity
COST & REVENUE FUNCTIONS STRAIGHT-LINE DEPRECIATION SUPPLY & DEMAND

OER

Pilot questions 3.3

1. Inthe equation (y = mx + c),«(c) represents:
a. Slope
b. x-intercept
c. y-intercept
d. Gradient

2. The slope of a line is calculated as:
a. Change in x divided by change iny
b. Changeiny divided by change in x
c. Productofxandy
d. Difference between xandy

3. Straight lines are used in business mathematics to model:
a. Break-even analysis
b: Customer satisfaction
c. Employee attendance
d. Market surveys

4. The slope of a horizontal line is:
a.0
b.1
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c. Undefined
d. Infinite

5. The slope of avertical line is:
a.0
b.1
c. Undefined
d. Infinite

3.4 Coordinate Geometry of Circles
3.4.1 Equation of a circle

The general equation of a circle with centre ((h, k)) and radius (r) is:
[(x-h)*2+(y-k)*2=r"2]
This equation allows us to represent circles on the coordinate plane.

Diagram showing a circle with centre and radius labelled
Caption: Figure 3.5 Equation of a circle

Diagram of a Circle with Standard Form Equation of a Circle

Center (h, k) and Radius r The standard form equation of a circle is derived from
A the Pythagorean theorem:

(e 1)+ @y -k =r*

How to Use the Diagram

1. Identify the Center
Locate the point (k, k). For this circle, the center is
(3,2),soh=3and k=2.
2. Determine the Radius
Measure the distance r from the center to any point
on the edge. Here, the radius is 4, so r = 4.
3. Construct the Equation
Substitute values into the standard form. For center
(3,2) and radius 4:
-3+ (y-2%=4 = (z-3)7%+(y-2>=16

OER examples from Siyavula and CK-12 rely on these diagrams for intuitive visual learning.

v

3.4.2 Properties of circles
Circles have several important properties:
¢ All points on the circle are equidistant from the centre.

e The diameter is twice the radius.
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e Thetangentto a circle is perpendicular to the radius at the point of contact.

Fillin the blank: The tangent to a circle is perpendicular to the at the point of contact.

Caption: Table 3.4 Properties of circles

PROPERTIES OF CIRCLES:
_ DEFINITIONS & EXAMPLES (OER RESOURCE) _

PROPERTY DEFINITION FORMULA VISUAL EXAMPLE
. Line from center =
Radius center to edge R=m
Diameter He rom srtrec D=nd
. &) Circumference or C=nd
¢ Circumference J around theis circle C=2nr
Area ':i"zezaa“ SeEthe A =mnchr?
Disnand from center =
Chord chord + chord C=d
Line touching at one .
Tangent point with a right angle T=nrd
Arc from the center a
Arc C=5r
to the edge 2°f
%) 9 o853

3.4.3 Applications of circles in mathematics and business

Circles are used in mathematics to study geometry and trigonometry. In business, circular models
can represent cycles such as economic trends, production processes, and market behaviour.

Fillin the blank: In business, circles can be used to represent economic
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Caption: Box 3.3 Applications of circles in mathematics and business

APPLICATIONS OF CIRCLES IN MATHEMATICS & BUSINESS

MATHEMATICS
& ENGINEERING

(—J

x> ——— 2. TRIGONOMETRY

&[>
&g

UNIT CIRCLE | sin®
o \>

1. ROTATIONAL MOTION —
Calculating distance from
tire circumference (C = md).
TRIGONOMETRY
Using the Unit Circle to define
sing, cosing, tangent functions
for wave modeling.

% KEY CONCEPTS IN PRACTICE
STRUCTURAL INTEGRITY

Designing arches, tunnels, and
pipes where circular cross-
sections distribute pressure.

3. MANUFACTURING
Precision parts rely on constant
radius for smooth movement.

BUSINESS & R *
ECONOMICS 6‘

1. MARKET AREA ANALYSIS [~ 2. DATA VISUALIZATION

COMPANY COMPANY A
MARKET
\ SHARE

COMPANY B N s COMPANY B
1. MARKET AREA ANALYSIS 3. LOGISTICS
Defining delivery radius around a store

location to estimate potential
customers. r 3 57
) grcular
“buffers”
./ on a map

FINANCE 3. LOGISTICS

ﬂ,@ technical analysis, Determining efficient distribution
st Fibonacei Circles” & center placement relative to cities
i resistance levels.

STORE
CATCHMENT
AREA

Pilot questions 3.4

1. The general equation of a circle with centre ((0, 0)) and radius 5 is:

a. (x"2+y*2=25)

b. (x*2+y*2=5)
C.((x-5)"2+ (y - 5)"2 =25)
d.(x*2+y"2=10)

2. The diameter of a circleiis:
a. Equal to the radius
b. Twice the radius
c. Half the radius
d. Three times the radius

3. Thetangentto acircle is:
a. Parallel to the radius
b. Perpendicular to the radius
c. Equalto

Series Summary

This Series has introduced you to complex numbers and coordinate geometry, two essential areas

of mathematics that extend problem-solving beyond real numbers and simple algebra. We began
with complex numbers, learning their definition, standard form, and basic operations, before
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exploring their polar representation. We then examined properties such as conjugates and
modulus, and applied De Moivre’s Theorem to powers and roots, highlighting practical applications
in mathematics, engineering, and business. Moving on, we studied straight lines, focusing on their
equations, slopes, and intercepts, and concluded with circles, covering their equations,
properties, and applications in modelling cycles and trends.

By completing this Series, you should now be able to define, operate, and represent complex
numbers, apply their properties in problem-solving, formulate and interpret equations of straight
lines, and derive and apply equations of circles. These skills directly align with the Series Learning
Outcomes and provide a strong foundation for advanced mathematical and business applications.

Glossary of Terms
e Argument (0): The angle a complex number makes with the positive x-axis.in polar form.

e Complex number: A number expressed in the form (a'+ bi), combining a real part and an
imaginary part.

e Conjugate: The complex number obtained by/changing the sign of the imaginary part, e.g.,
(a + bi) becomes (a - bi).

e De Moivre’s Theorem: A formula used to calculate powers and roots of complex numbers
in polar form.

¢ Imaginary unit (i): Defined as the square root of (-1).

e Modulus (r): The distance of a complex number from the origin, calculated as (\sqrt{a”2 +
b"2}).

¢ Polar form: Representation of a complex number as (r(\cos\theta + i\sin\theta)).

e Slope (m): Ameasure of the steepness of a straight line, calculated as change iny divided
by change in x.

e Straightline equation: The general form (y = mx + c), where (m) is slope and (c) is y-
intercept.

e Circle equation: The general form ((x - h)*2 + (y - k)*2 =r"2), representing a circle with
centre ((h, k)) and radius (r).

¢ Tangent: Aline thattouches a circle at exactly one point and is perpendicular to the radius
at that point.

Concept Check Questions 3

Objective questions

-
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1. Which of the following is a complex number in standard form? (Linked to SLO 3.1)
2. The rule used in multiplication of complex numbers is: (Linked to SLO 3.2)
3. Inpolarform, the modulus of a complex number represents: (Linked to SLO 3.3)
4. The slope of a line is calculated as: (Linked to SLO 3.7)
5. Thetangentto a circle is always: (Linked to SLO 3.8)

Short-answer questions

6. Define the conjugate of a complex number and explain its use in division. (Linked to SLO
3.4)

7. State De Moivre’s Theorem and give one example of its application. (Linked to SLO 3.5)

8. Write the general equation of a straight line and explain the meaning of its parameters.
(Linked to SLO 3.6)

Long-answer questions

9. Demonstrate how complex numbers can be represented in polar form and evaluate the
advantages of this representation for multiplication and division. (Linked to SLO 3.3)

10. Analyse how straight lines and circles can be applied in business mathematics, using
examples such as break-even analysis and economic cycles. (Linked to SLO 3.9)

Answers to Concept Check Questions 3
Objective questions

1. (3+2i)

2. (i*2=-1)

3. The distance from.the origin

4., Change inydivided by change in x

5. "Perpendicular to the radius
Short-answer questions

6./ The conjugate of (a + bi) is (a - bi). It is used in division to rationalise denominators and
simplify expressions.

7. De Moivre’s Theorem states that ((r(\cos\theta + i\sin\theta))"n = r*n(\cos n\theta + i\sin
n\theta)). For example, ((1(\cos 90° + i\sin 90°))"2 = -1).

-
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8. The general equation of a straight line is (y = mx + ¢), where (m) is the slope (steepness) and
(c) is the y-intercept (point where the line crosses the y-axis).

Long-answer questions

9. Basicresponse: Complex numbers can be represented in polar form as (r(\cos\theta +
i\sin\theta)). This makes multiplication and division easier, as moduli are multiplied or
divided and arguments are added or subtracted.

Value-added response: Polar form is particularly useful in engineering and physics, where
complex numbers represent oscillations and waves. It simplifies calculations involving
rotations and periodic functions.

10. Basic response: Straight lines can model cost and revenue functions, while circles can
represent cycles such as production or economic trends.
Value-added response: In business, straight lines are used in break-even-analysis to
determine profitability, while circles can model repeating behaviours such as seasonal
demand. These applications help managers make informed decisions and plan
strategically.

Answers to Pilot Questions [Series 3]

Part 3.1: Introduction to Complex Numbers

1. b
2. a
3. b
4. b
5. b

Part 3.2: Properties and Applications of Complex Numbers

1./a
2. a
3. b
4. a
5. b

Part 3.3: Coordinate Geometry of Straight Lines

1. ¢

-
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3. a
4. a
5. ¢

Part 3.4: Coordinate Geometry of Circles

1. a
2. b
3. b

References and Attributions [Series 3]
e Suggested illustration sources:

o Figure 3.1 Standard form of a complex number: “complex number standard form
diagram OER”

o Table 3.1 Examples of basic operations: “complex humber operations examples
OER”

o Figure 3.2 Polar representation: “polar form complex number diagram OER”

o Figure 3.3 Conjugate of acomplex number: “complex number conjugate diagram
OER”

o Table 3:2Powers and roots using De Moivre’s Theorem: “De Moivre’s theorem
examples OER”

o /Box 3.1 Applications of complex numbers: “applications of complex numbers OER”
o ' Figure 3.4Equation of a straight line: “equation of straight line diagram OER”
o . Table 3.3 Slope and intercept calculations: “slope and intercept examples OER”

o Box 3.2 Applications of straight lines in business: “applications of straight lines in
business OER”

o Figure 3.5 Equation of a circle: “equation of circle diagram OER”
o Table 3.4 Properties of circles: “properties of circles OER”

o Box 3.3 Applications of circles in business: “applications of circles in business
OER”

-
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o Al prompt suggestions were provided for each illustration to support future generation
using Al tools.

o References:
o Open Educational Resources (OER) in complex numbers and coordinate geometry.

o Standard texts in business mathematics covering algebra, geometry, and
applications.

Series 4: Sequences, Series, and Calculus,

o Part4.1: Sequences and Their Properties
o Sub-Part 4.1.1: Definition and types of sequences
o Sub-Part4.1.2: Arithmetic sequences
o Sub-Part4.1.3: Geometric sequences

e Part4.2: Series and Summation Techniques
o Sub-Part4.2.1: Definition of a series
o Sub-Part4.2.2: Arithmetic series and formulae
o Sub-Part 4.2.3: Geometric series and convergence

e Part 4.3: Limits and Continuity
o Sub-Part4.38.1: Concept of limits
o | Sub-Part 4.3.2: Evaluating limits
o. Sub-Part 4.3.3: Continuity and its importance

¢ Part 4.4: Differentiation and Integration
o. Sub-Part4.4.1: Basic rules of differentiation
o Sub-Part4.4.2: Applications of differentiation (maximum and minimum points)
o Sub-Part 4.4.3: Basic rules of integration
o Sub-Part 4.4.4: Applications of integration in mathematics and business

This gives us four main Parts, which conforms to the guideline for a 2-credit course.

-
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Introduction

Background

Sequences, series, and calculus are central to advanced mathematics and play a vital role in
business applications. Sequences and series help us describe patterns and cumulative totals,
while calculus provides tools for analysing change, growth, and optimisation. These concepts are
widely used in economics, finance, and management decision-making.

Series Aim

The aim of this Series is to introduce you to sequences, series, and calculus, andto equip you with
the skills needed to analyse patterns, evaluate limits, and apply differentiation and integration in
mathematical and business contexts.

Series Synopsis

We shall commence this Series by exploring sequences, focusingon their definitions and types,
including arithmetic and geometric sequences. Next, we will move onto series, examining
summation techniques and convergence. Following that, we willstudy limits and continuity, which
form the foundation of calculus. Finally, we will conclude with differentiation and integration,
highlighting their rules and applications in mathematics and business problem-solving.

Series Learning Outcomes
Upon completing this Series, you should be able to:
o SLO 4.1 define sequences and distinguish between arithmetic and geometric types,
e SLO 4.2 calculate terms of arithmetic and geometric sequences,
e SLO 4.3 explain the concept of a series and apply summation techniques,
e SLO 4.4 evaluate arithmetic and geometric series using formulae,
e SLO 4.5 define limits and demonstrate how to evaluate them,
e <SLO 4.6 analyse continuity and explain its importance in calculus,

e SLO 4.7 apply rules of differentiation to solve problems involving maximum and minimum
points,

e SLO 4.8 perform basic integration and explain its applications, and

e SLO 4.9 evaluate practical applications of sequences, series, and calculus in mathematics
and business contexts.

4.1 Sequences and Their Properties

-
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4.1.1 Definition and types of sequences

A sequence is an ordered list of numbers that follow a specific rule or pattern. Each number in the
sequence is called a term, and the position of the term is important. Sequences can be finite, with

a limited number of terms, or infinite, continuing indefinitely.

Types of sequences include:

¢ Arithmetic sequence: Each term is obtained by adding a fixed number (called the common

difference) to the previous term.

¢ Geometric sequence: Each term is obtained by multiplying the previous'term by a fixed

number (called the common ratio).

e Other sequences: Such as Fibonacci sequence, where each termiis the sum of the two

preceding terms.

Fillin the blank: A sequence in which each term is obtained by adding a fixed-number to the

previous term is called an sequence.

Diagram showing examples of arithmetic and geometric sequences

Caption: Figure 4.1 Types of sequences

ARITHMETIC SEQUENCE

GEOMETRIC SEQUENCE

& A sequence where each term is found
A by ADDING a fixed number to the

previous term.

% A sequence where each term is found
o, by MULTIPLYING the previous term
° by a fixed number.

(a,=a, +(n-1)d
+4 +4 +4 14

alalale.
3, -7, 11,15, 19, +.

COMMON DIFFERENCE (d) = 4

a,=4n-1

4.1.2 Arithmetic sequences

An arithmetic sequence has the general form:

[a,a+d,a+2d,a+3d,\ldots ]

[an =a,* r"'q
x3  x3 x3 x3

NN CY
2, 6,18,54,162, ...

COMMON RATIO (r) = 3

a, =2%3"

where (a) is the first term and (d) is the common difference. The nth term of an arithmetic sequence
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is given by:
[T_n=a+(n-1)d]

Fillin the blank: The nth term of an arithmetic sequence is given by (T_n=a +(n - 1) \times

).

Caption: Table 4.1 Examples of arithmetic sequences with different common differences

UNDERSTANDING ARITHMETIC SEQUENCES: CHANGING THE

__j Arithmetic Sequence

A arithmetic sequence is definition
and extactor of numteral sequence

First Term (a)=5 Common Differenc

+ 4 First term slopes for Common difference (d)
9 the termsniates common difference

Simplified formul
SEQUENCE 1: d = 3 (INCREASING) ety | B

Simplified formula

(+). SEQUENCE 2: d=10 (RAPIDLY INCREASING) / 4, =10n-5 5,1

Simplified formula

(). SEQUENCE 3: d = 0.5 (SLOWLY INCREASING) | a,=05n+45  5,¢

Simplified formula

= =2n+7 5

SEQUENCE 4: d = -2 (DECREASING)

(©). SEQUENCE 5: d = -5 (RAPIDLY DECREASING) / o= ~gnt10 5,

(), SEQUENCE 6: d =0 (CONSTANT) / aiie ol PP

Legend: Positive d, means increasing [ ] -Negative d, means decreasing [ ] d =

4.1.3 Geometric sequences

A geometric sequence has the general form:
[a,ar,ar*2,ar"3,\ldots ]
where (a) is the first term and (r) is the common ratio. The nth term of a geometric sequence is given

Do)
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by:
[T_n=ar*{n-1}]

Fillin the blank: The nth term of a geometric sequence is given by (T_n = a \times r*{n-1}), where (r)

is the

Diagram showing geometric sequence growth with different ratios

Caption: Figure 4.2 Geometric sequence representation

APPLICATIONS OF CIRCLES IN MATHEMATICS & BUSINESS

MATHEMATICS
& ENGINEERING

BUSINESS & ™ =
ECONOMICS

1. ROTATIONAL MOTION —
Calculating distance from
tire circumference (C = mrd).

~——— 2. TRIGONOMETRY

TRIGONOMETRY
Using the Unit Circle to define

1. MARKET AREA ANALYSIS

STORE
CATCHMENT
AREA

1. MARKET AREA ANALYSIS
Defining delivery radius around a store

" 2. DATA VISUALIZATION

COMPANY
MARKET
\ SHARE

COMPANY B COMPANY B

3. LOGISTICS

sine, cosine, tangent functions
for wave modeling.

location to estimate potential
customers.

_ = &P

circular

“buffers”
,_/ on amap

3. LOGISTICS
Determining efficient distribution
center placement relative to cities

KEY CONCEPTS IN PRACTICE

STRUCTURAL INTEGRITY
] Designing arches, tunnels, and

3. MANUFACTURING
Precision parts rely on constant
radius for smooth movement.

FINANCE

ﬁ‘@ technical analysis,

pipes where circular cross- /4- “Fibonacei Circles® &
sections distribute pressure. H resistance levels.

Pilot questions 4.1

1. Which of the following is.an arithmetic sequence?
a.2,4,6,8, ...
b.3,6,12,24;...
c.1,1,2,3,5, ...
d=10, 100, 1000,...

2. Inthearithmetic sequence 5, 10, 15, 20, ... the common difference is:
a.2
b.5
c.10
d.15

3. The nth term of an arithmetic sequence is given by:
a.(T_n=a+(n-1)d)
b. (T_n=ar*{n-1})
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c.(T_n=a-(n-1)d)
d.(T_n=a+nd)

4. Inthe geometric sequence 2, 6, 18, 54, ... the common ratio is:
a.2
b.3
c.6
d.18

5. The nth term of a geometric sequence is given by:
a.(T_n=a+(n-1)d)
b. (T_n=ar*{n-1})
c.(T_n=a-(n-1)d)
d.(T_n=a+nd)

4.2 Series and Summation Techniques

4.2.1 Definition of a series

A series is the sum of the terms of a sequence. If the sequence is finite, the series is also finite; if the
sequence is infinite, the series may converge to a finite value or diverge. For example, the sequence (2, 4,
6,8,...)canformaseries (2+4+6+8+...).

Fill in the blank: A series is defined as the of the terms of a sequence.

Diagram showing the difference between a sequence and a series

-
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Caption: Figure 4.3 Sequence versus series

\/UNDERSTANDING SEQUENCES VS. SERIES: LISTS & SUMS = o

1. SEQUENCE (a list of numbers) 2. SERIES (their sum) o

A sequence is an ordered list of numbers A series is the sum of the terms of a sequence.
that follow a specific pattern.

——— ARITHMETIC SEQUENCE }- ~ { ARITHMETIC SERIES }-———
21015,20, 25, | 1 S5=5+10+15+20+25=75
B Com:non dl;ference @ 12 P : 3

—[ GEOMETRIC SEQUENCE ]— KCEDMERIE SFTEs

S;=2+6+18+54=80
. (NOTATION}————

> n

. NOTATION Sn=d aj=ajtat..+a,
i=1 PARTIAL SUMS
= {81, az ag, ..., n} an=f(n) 2: \ :; =8830

@
z J < > . J
& y[ DESIGNED FOR OPEN EDUCATIONAL RESOURCES (OER) ]’Z o ® ’

4.2.2 Arithmetic series and formulae

2,6,18,54,...
91'2 9,6 \X3/<
Common ratio (r)

An arithmetic series is the sum of terms in an arithmetic sequence. The sum of the first (n) terms is given

by:
[S n=\frac{n}{2}(2a+ (n-1)d) ]
where (a) is the first term, (d) is the common difference, and (n) is the number of terms.

Fill in the blank: The sum of the first (n) terms of an arithmetic series is given by (S_n = \frac{n} {2} (2a +

(n - 1) \times )

\" lJ
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Caption: Table 4.2 Examples of arithmetic series sums
—_— T 7 Is

=

ARITHMETIC SERIES SUMS: EXAMPLES FOR a, d, AND n
Sp = %(m + (n—1)d)

1 i First Term Common Number of | Calculated |
Example # (a) Difference (d)| Terms (n)
N\ 2
1 2,5,8,11,14 3 S
a,a+d, a+2d... 2 10 2 10
T
1
|Ted'm a+d a+2d 3 100 -5 20
- 4 1 1 100
5 0.5 0.5 10
( HOW TO USE THIS TABLE ]
Columns # First Term (a) Common Difference (d) | Number of Terms (n) = Calculated
Creatine line of | Callect common Number of terms 100 n
the columns. difference (d) positive integers). formula: S, = b} (2a+ (n-1)d)

4.2.3 Geometric series and convergence

A geometric series is the sum of terms in a geometric sequence. The sum of the first (n) terms is given
by:

[ S n=\frac{a(l -r*n)} {1 - r}, \quad r \neq 1 ]

For an infinite geometric series where (Jr| < 1), the sum converges to:

[ S=\frac{a}{l -1} ]

Fill in the blank: An infinite geometric series converges only when the absolute value of the common
ratio is less than

Diagram showing convergence of a geometric series when (Jr| < 1)
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Caption: Figure 4.4 Convergence of a geometric series

CONVERGENCE OF A GEOMETRIC SERIES (Ratio |r| < 1)

GEOMETRIC SERIES: ) ar™ = a + ar + ar? + ... where a the first term and 7 is the common ratio

n=0
L-<'VISUAL PROOF (Proof Without Words) fora=1,r=1/2 » GRAPHICAL REPRESENTATION

I =) A
Terms
1/20 )
1/3[]\ 1/2 _4!_._._._.;,7
1/80
1/460 1 > P2 ' A
: 1/4 PamalNSums ———Trt—. o
1+1/12;1/4+2 L 1/16 =2 0" 0. ISN_)S
/8+ .= el | =0 -
VIE \ =)
L = = }
7 ) ,
‘» FORMULA FOR INFINITE SUM __a i Sall o )
(Convergent when |r| < 1) Sum(S) = 1—r }_L{a_l’r_l/z = 1-1/2° 1/2 2 |

Pilot questions 4.2

1. A series is defined as:
a. A list of numbers
b. The sum of terms of a sequence
c. A difference of terms
d. A product of terms
2. The sum of the first (n) terms of an arithmetic series is:
a. (S_n=\frac{n}{2}(2a + (n - 1)d))
b. (S n=ar’{n-1})
c.(S n=a+(n-1)d)
d. (S_n=\frac{a}{l-r})
3. The sum of the first (n) terms of a geometric series is:
a. (S_n=\frac{a(l -r*n)} {1 -1})
b. (S n=a+ (n-1)d)
c. (Sun =\frac{n}{2}(2a + (n - 1)d))
d. (S n=ar*{n-1})
4. An infinite geometric series converges when:
a. (|t > 1)
b. (Irl< 1)
c.(r=1)
d.(r=0)
5. The sum of an infinite geometric series is:
a. (S =\frac{a} {1-r})
b. (S =\frac{n}{2}(2a + (n - 1)d))
c. (S=ar™{n-1})
d.(S=a+(n-1)d)

-
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4.3 Limits and Continuity

4.3.1 Concept of limits

A limit describes the value that a function approaches as the input approaches a certain point. Limits are
fundamental to calculus, as they define continuity, derivatives, and integrals.

Fill in the blank: A limit describes the value that a function approaches as the input approaches a certain

Diagram showing a function approaching a limit as x approaches a point
Caption: Figure 4.5 Concept of limits

UNDERSTANDING THE CONCEPT OF A LIMIT:

x approaches a point (OER Resource)

WHEN DOES A LIMIT EXIST?

is defi i —e LIMIT NOTATION & DEFINITION
(VISUAL EXAMPLES) LI e
@ LIMIT EXISTS conmessaleteent -y =f(@) |+ pefinition: lim f(x) = L
x—a

~
+
()

J]cl—onzlz A= R « Intuitive: As x gets arbitrarily
close to ‘a’, f(x) gets arbitrarily
i RIGHT-HAND closeto L.
------------------ LIMIT
(a,L) ONE-SIDED LIMITS

Jim £ =2

f(x) approaches L
—

«—— a —

@ LIMIT DOES NOT EXIST LEFT-HAND I =
im f(x)=1L
lim f(x) # lim fx) ,/ LIMIF < x—at
x-a~
JUMP DISCONTINUITY hm f (x) +oo ara x - at X Koy conditon lfor S
4 o—L, T ébNCEPT OF 6 { Left and right-hand limits
— i 2 i must be equal. =
e Taath L o} | (EPSILON-DELTA) g S
21 “9% | Youcan make f(x) as close to L |
/ | | asyouwish (within &) by making | 1=(“) G
'V- JUMP DISCONTINUITY INFINITE umi ! a-6_a+s x | xsufficiently close to a (within ). A5N0

)\4 «=& ﬁf\(‘\f OPEN EDUCATIONAL RESOURCE (OERY): licensed under CC BY-SA K m

4.3.2 Evaluating limits

Limits can be evaluated using substitution, factorisation, or rationalisation. For example:
[\im {x\to 2} (x*2 -4)/(x-2)=\lim_{x\to2} (x+2)=4]

Fill in the blank: One method of evaluating limits is , where expressions are simplified before
substitution.
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Caption: Table 4.3 Examples of evaluating limits

EVALUATING LIMITS: SUBSTITUTION VS. FACTORISATION (OER Resource)

A fundamental skill to find the value a function approaches as x gets close to a specific point. n (KEY CONCEPTS TO REMEMBER |
METHOD WHEN TO USE EXAMPLE PROBLEM |  STEP-BY-STEP SOLUTION RESULT 1. TRY SUBSTITUTION FIRST.
> When function is [x2] =
continuous at pointa | 1im (3x2 =1 1.Pluginx=2:3(2)? - 4 8 V4 K
DIRECT (e.g., polynomials, | x-2 2. Calculate: 12 -4 = U0US If result is a real number, finished!
SUBSTITUTION | S9u2re roots) cont
T ' > 2. INDETERMINATE FORM (3
Bgsw functions !lke lim e* 1.Pluginx=0:e 1¢ 0
trig or exponential. x—0 2. Calculate: 1 & s
0
When direct 1. Factor numerator: $= 3 x £3) @ Doesn't mean limit doesn't exist.
substitution results x2—-9 ) ; x=3 More algebraic work needed
> | FACTORISATION | i, 2 indeterminate lim 2. Cancel (x - 3): Now limit is 6 (factor, rationalize).
form like 2 Pk ® Jlri_'n;(x =) 3. VISUALISING THE "HOLE"
b 3. Substitute: 3 + 3 - =
y=f(x) y=x+3
1. Factor numerator: g’L:)f;—?') g—g : g :
To remove "holes" in x*+5x+6 2. Cancel (x +2): Now limit is L]
RS cational functions. | A% x a2 | lim (x(+ 3))' [} 1 L LT S
x—-2 Q/TE Finding y-value of y-value of hole in
3. Substitute: =2 + 3 @‘3 graph. Approaches 6 from both sidei)
8 \ -

4.3.3 Continuity and its importance

OPEN EDUCATIONAL RESOURCE (OER) &) 0 e‘e

A function is continuous if its graph has no breaks, jumps, or holes. Continuity ensures that small
changes in input produce small.changes in output, which is essential in modelling real-world phenomena.

Fill in the blank: A function is continuous if its graph has no

, jumps, or holes.

Caption: Box 4.1 Importance of continuity in mathematics and business

Field Core Importance Practical Application
A function must be continuous to be differentiable.
Mathematics Differentiability Without continuity, we cannot calculate the

instantaneous rate of change (the derivative).

Ensures that if a continuous function takes two
values, it must also take every value in between.
This is used to prove the existence of roots/solutions.

Intermediate Value
Theorem
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Field Core Importance Practical Application

Models assume that a small increase in price will

Business & Price Stabilit lead to a predictable, gradual change in demand
Economics y rather than an immediate, total collapse of the
market.

Continuity allows for the use of Black-Scholes and
other calculus-based models to_price options and
manage risk in "smooth" markets.

Financial
Modeling

Continuous functions model physical phenomena like
Engineering System Safety temperature or velocity; where sudden "jumps" could
indicate mechanical failure or physical impossibility.

Pilot questions 4.3

1. A limit describes:
a. The exact value of a function
b. The value a function approaches
c. The slope of a line
d. The intercept of a line
2. Which method can be used to evaluate limits?
a. Substitution
b. Factorisation
c. Rationalisation
d. All of the above
3. A function is continuous if:
a. Its graph has breaks
b. Its graph has no breaks
c. Its graph hasjumps
d. Its graph has holes
4. Continuity ensures that:
a. Small changes in input produce small changes in output
b. Large changes in input produce small changes in output
¢. Input has no effect on output
d. Output is always constant
5. Limits are fundamental to:
a. Geometry
b. Algebra
c. Calculus
d. Trigonometry

-

MET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS



4.4 Differentiation and Integration

4.4.1 Basic rules of differentiation

Differentiation is the process of finding the derivative of a function, which represents the rate’of change.
Basic rules include:

e Power rule: (\Mrac{d} {dx}(x"n) = nx"{n-1})
e  Sum rule: Derivative of a sum 1s the sum of derivatives.

e Constant rule: Derivative of a constant is zero.

Fill in the blank: The derivative of (x"n) is given by (nx"{n-1}), according to the rule.

Caption: Table 4.4 Basic rules of differentiation

BASIC DIFFERENTIATION RULES: EXAMPLES & APPLICATION (OER RESOURCE)

Learn to evaluate rates of change with fundamental rules.

APPLICATION

RULE NAME FORMULA STEP-BY-STEP EXAMPLE

d : Finding rate of @
—lc]l=0 Xx)=15— f'(x) =0 [ change of a fixed L
dx [ ] f( ) f( ) valueg(e.g.,ﬁxled cost). I‘

o | POWER d _ . ) AN Differentiati
Gl MR | izt | fw=xt > fg=a | S a2

W DIFFERENCE di[f(x) +g()]= | f0)=x"+5x Handiing functions %
" RULE X ) tg'(x) - f'(x)=2x+5 with multiple terms.

f'(x) =7-(3x?) = 21x2
OER Creative Commons: free to use and share. m

4.4.2 Applications of differentiation (maximum and minimum points)

i - = 7x3 — i
I e-fo01=c-f'0 | 1 Noipsaregn G

Differentiation is used to find maximum and minimum points of functions, which are critical in
optimisation problems. For example, businesses use differentiation to maximise profit or minimise cost.

Fill in the blank: Differentiation is used in business to maximise or minimise cost.

Diagram showing a curve with maximum and minimum points

Do)
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Caption: Figure 4.6 Applications of differentiation in optimisation

APPLICATIONS OF DIFFERENTIATION:
VISUALIZING MAXIMA & MINIMA FOR OPTIMIZATION

Tangent line i;c, horizontal, N M‘i{')g%tM OPTIMIZATION CONCEPTS
Slope = f"(x;) = 0 LOCAL POINT USING DIFFERENTIATION
(CRITICAL POINT) W;’gmgM/ TO OPTIMIZE
= (1, ¥1) l O, 1. FIND EXTREMA: IN APPLICATIONS
o= Locate points where ) (&9 Business):
S f'(x) = 0 orundefined. | MAXIMIZE
© Profit, Revenue,
= | Rising Slope Fa"lng Slope (¥ 2. TEST FOR OPTIMALITY:|  Efficiency.
S| s (f (x)<0) Use first or second MINIMIZE
g_ derivative to determine | Cost, Waste,
"5 LOCAL MINIMUM if it's a MAX or MIN. Risk.
o POINT -
(x2,¥2) . - -
y=f(x) Tangent line is horizontal,
GLOBAL Slope = f'(x3) =0
MINIMUM POINT (CRITICAL POINT)

Input / Resource (x)

4.4 Differentiation and Integration (continued)

4.4.3 Basic rules of integration

Integration is the reverse process of differentiation and represents the accumulation of quantities. It is
often used to calculate areas under curves or total growth over time. Basic rules include:

e Power rule:(\int x"n dx = \frac{x" {n+1}} {n+1} + C), for (n \neq -1).
e  Sum rule: The integral of a sum/is the sum of the integrals.
¢ Constant rule: The integral of'a constant is the constant multiplied by the variable.
Fill in the blank: The integral of (x"n) is given by (\Mrac{x"{n+1}} {n+1} + C), according to the

rule.

Caption: Table 4.5 Basic rules of integration

| #*Constant Rule** Jkdx=kx+C |5 dx |5x + C |
| **Power Rule** (n #-1) | [ xn dx =x**1/(n+1) + C | [ x3 dx | x4+ C

|

| **Power Rule** (fractional exponent) | | x* dx = x**/(n+1) + C |TVx dx =] x~(1/2) dx |
23)x~3/2)+C |

-
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| **Power Rule** (negative exponent) | [x» dx =x"/(n+1) + C [T 1/x2dx=[xN-2)dx |-
1/x+C |

| #*Constant Multiple Rule** | k-f(x) dx = k-] f(x) dx | 6x* dx | 6:(x¥3)+ C
=2x*+C|

| **Sum Rule** | T\[f(x) + g(x)] dx =] f(x) dx + | g(x) dx | | (x + x?) dx | x3/2+x3/3
+C |

| **Difference Rule** | T\[f(x) - g(x)] dx =] f(x) dx - | g(x) dx | | (x - x?) dx bx2/2 - x3/3
+C |

| **Combined Rules** | Apply multiple rules together || (4%3 - 6x% + 2%+ 5)dx | x* -

2x3+x2+5x+ C |

4.4.4 Applications of integration in mathematics and business

Integration is widely applied in mathematics to calculate areas, volumes, and accumulated quantities. In
business, integration can be used to determine total revenue over time, cumulative costs, or growth trends.

For example, integrating a demand function can provide total demand overa given period.

Fill in the blank: Integration can be used in'business to calculate total over time.

-
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Caption: Box 4.2 Applications of integration in mathematics and business
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0 MATHEMATICAL APPLICATIONS

Area & Volume Calculations

* Areas of irregular shapes and regions between curves

* Volumes of solids with curved sides (revolution, shells)
* Surface areas of 3D objects from rotated curves

Physics & Engineering

* Center of Mass: Balance points of objects and systems
* Work Calculations: W = [ F(x) dx (springs, lifting)

* Arc Length: Measuring curved paths (rockets, roads)

* Fluid Pressure: Force on submerged surfaces

Motion Analysis

¢ Distance from velocity: d = [ v(t) dt
* Displacement and total distance in kinematics

[1 BUSINESS & ECONOMIC APPLICATIONS
P

-~

Cost & Revenue Analysis

¢ Total Cost: C(x) = [ MC(x) dx (from marginal cost)

* Total Revenue: R(x) = [ MR(x) dx (from marginal revenue)

* Profit Maximization: Areas between MC and MR curves

Consumer & Producer Surplus

* Economic welfare: Areas between demand/supply curves

* Benefits from market transactions

Capital & Resource Management

* Accumulated investment from varylng rates

* Asset depreciation calculations

* Inventory levels from production/sales rates

* Fuel consumption analysis for fleets

- »
[1 KEY EXAMPLES
Context Application Integration Use
Architecture Irregular land plots Area under curves

Manufacturing Cell phone production J(@.01x? - 3x + 229)dx
Amusement Parks Ticket sales profit Area between MC & MR curves
Urban Planning Population growth Integrating growth rate functions

[0 CORE PRINCIPLE: Integration reverses differentiation to find totals from rates—
whether total area from boundary curves, total distance from velocity, or total cost from marginal cost.
This "summing up" process makes it indispensable for solving real-world problems with continuous change.




Pilot questions 4.4

1. The derivative of (x5) is:
a. (5x"4)
b. (x"4)
c. (6x"5)
d. (5x5)
2. Differentiation is used in business to:
a. Calculate total revenue
b. Maximise profit or minimise cost
c. Determine continuity
d. Evaluate limits
3. The integral of (x"3) is:
a. (\frac{x™4} {4} + C)
b. (3x2)
c. (\frac{x"3} {3} + C)
d. (x"4)
4. Integration is used in mathematics to calculate:
a. Slopes of curves
b. Areas under curves
¢. Maximum points
d. Continuity
5. In business, integration can be used to calculate:
a. Break-even points
b. Total revenue over time
c. Common differences
d. Market ratios

Series Summary

This Series has’introduced you to sequences, series, and calculus, which are fundamental tools for
analysing patterns, cumulative totals, and continuous change. We began with sequences,
distinguishing between arithmetic and geometric types and learning how to calculate their terms.
We then moved on to series, exploring summation techniques for arithmetic and geometric series
and'examining convergence in infinite series. Following that, we studied limits and continuity,
which form the foundation of calculus, and finally we concluded with differentiation and
integration; focusing on their rules and applications in mathematics and business.

By completing this Series, you should now be able to define and calculate terms of sequences,
apply'summation techniques to series, evaluate limits and continuity, and perform differentiation
and integration with practical applications. These skills directly align with the Series Learning
Qutcomes and provide a strong foundation for advanced mathematical problem-solving and
business modelling.

-
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Glossary of Terms

¢ Arithmetic sequence: A sequence where each term is obtained by adding a fixed number
(common difference) to the previous term.

e Arithmetic series: The sum of terms in an arithmetic sequence.

¢ Common difference (d): The fixed number added to each term in an arithmetic sequence.

¢ Common ratio (r): The fixed number multiplied to each term in a geometric sequence.

e Continuity: A property of a function where its graph has no breaks, jumps, or holes.

o Derivative: The rate of change of a function, found through differentiation.

o Geometric sequence: A sequence where each term is obtained by multiplying the previous
term by a fixed number.

¢ Geometric series: The sum of terms in a geometric sequence.

¢ Integration: The reverse of differentiation, representing accumulation or area under a
curve.

e Limit: The value a function approaches as the input approaches a certain point.

e Sequence: An ordered list of numbers following a specific.rule or pattern.

e Summation: The process of adding terms of a sequence to form a series.

Concept Check Questions 4
Objective questions

Which of the following is an arithmetic sequence? (Linked to SLO 4.1)
The nth term of an arithmetic sequence is given by: (Linked to SLO 4.2)
The sum of the first (n) terms of a geometric series is: (Linked to SLO 4.4)
A limit describes: (Linked to. SLO 4.5)

Differentiation is used in business to: (Linked to SLO 4.7)

aproN=

Short-answer questions

o

Definea geometric sequence and give one example. (Linked to SLO 4.1)

7. State the formula for the sum of the first (n) terms of an arithmetic series. (Linked to SLO
4.3)

8./ Explain what continuity means in calculus. (Linked to SLO 4.6)

Long-answer questions
9. Demonstrate how to evaluate an infinite geometric series and explain its convergence
condition. (Linked to SLO 4.4)

10. Analyse how differentiation and integration can be applied in business mathematics, using
examples such as profit maximisation and cumulative revenue. (Linked to SLO 4.9)

Answers to Concept Check Questions 4

-
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Objective questions

2,4,6,8, ...

(T_n=a+(n-1)d)

(S_n=\frac{a(1-r*n){1-r})

The value a function approaches as the input approaches a point
Maximise profit or minimise cost

oprobd=

Short-answer questions

6. Ageometric sequence is one where each term is obtained by multiplying the previous term
by a fixed number called the common ratio. Example: 2, 4, 8, 16, ... with common ratio 2.

7. The sum of the first (n) terms of an arithmetic series is (S_n = \frac{n{2}(2a + (n - 1)d)).

8. Continuity means that a function’s graph has no breaks, jumps, orholes, ensuring smooth
behaviour of the function.

Long-answer questions

9. Basic response: An infinite geometric series converges when (|r|’<1). Its sum is given by (S =
\frac{a}{1 - r}).
Value-added response: This convergence condition is important in modelling scenarios
such as depreciation or discounting in finance, where values diminish over time and
converge to afinite total.

10. Basic response: Differentiation can be used to find maximum profit or minimum cost, while
integration can calculate totalrevenue over.time.
Value-added response: In business, differentiation helps optimise production levels, while
integration supports forecasting cumulative demand or revenue. These applications enable
managers to make strategic decisions based on mathematical analysis.

Answers to Pilot Questions [Series 4]

Part 4.1: Sequences and Their Properties

JApr w4 —
o oo oo

Part 4.2: Series and Summation Techniques

Pobd=
oo oo

-
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5. a

Part 4.3: Limits and Continuity

aprod=
oo oTao

Part 4.4: Differentiation and Integration

arwbd=
cC oo oo

References and Attributions [Series 4]

e Suggested illustration sources:
o Figure 4.1 Types of sequences: “arithmetic and geometric sequences diagram OER”
o Table 4.1 Arithmetic sequence examples: “arithmetic sequence nth term examples
OER”
o Figure 4.2 Geometric sequence representation: “geometric sequence examples
diagram OER?”
Figure 4.3 Sequence versus series: “sequence vs series diagram OER”
Table 4.2 Arithmetic series sums: “arithmetic series sum examples OER”
Figure 4.4 Convergence of a geometric series: “geometric series convergence
diagram OER”
Figure 4.5 Concept of limits: “limit concept diagram OER”
Table 4.3 Evaluating limits: “evaluating limits examples OER”
Box 4.1 Importance of continuity: “continuity importance mathematics OER”
Table 4.4 Differentiation rules: “basic differentiation rules examples OER”
Figure 4.6 Differentiation in optimisation: “applications of differentiation
optimisation diagram OER”
o Table 4.5 Integration rules: “basic integration rules examples OER”
o Box 4.2 Applications of integration: “applications of integration in business OER”
e Al prompt suggestions were provided for each illustration to support future generation
using Al tools.
o References:
o Open Educational Resources (OER) in sequences, series, and calculus.
o Standard texts in business mathematics covering sequences, series, limits,
differentiation, and integration.

@)
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Series 5: Probability and Statistics
e Part5.1: Fundamentals of Probability
o Sub-Part5.1.1: Definition and basic concepts of probability
o Sub-Part5.1.2: Rules of probability (addition and multiplication)
o Sub-Part5.1.3: Conditional probability and independence
o Part5.2: Random Variables and Probability Distributions
o Sub-Part5.2.1: Definition of random variables
o Sub-Part5.2.2: Discrete probability distributions (binomial, Poisson)
o Sub-Part5.2.3: Continuous probability distributions (normal distribution)
e Part 5.3: Fundamentals of Statistics
o Sub-Part5.3.1: Definition and importance of statistics

o Sub-Part 5.3.2: Descriptive statistics (mean, median, mode, variance, standard
deviation)

o Sub-Part5.3.3: Data presentation (tables, charts, graphs)
o Part5.4: Statistical Inference and Applications

o Sub-Part5.4.1: Sampling and sampling distributions

o [ Sub-Part 5.4.2: Hypothesis testing

o Sub-Part5.4.3: Applications of probability and statistics in business and decision-
making

Introduction

Background

Probability and statistics are essential tools for analysing uncertainty and making informed
decisions. Probability helps us quantify the likelihood of events, while statistics provides methods
for collecting, summarising, and interpreting data. Together, they form the backbone of modern
business analytics, risk management, and scientific research.

-
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Series Aim

The aim of this Series is to introduce you to the principles of probability and statistics, and to equip
you with the skills needed to analyse data, evaluate uncertainty, and apply statistical methods in
mathematics and business contexts.

Series Synopsis

We shall commence this Series by exploring the fundamentals of probability, including its
definition, rules, and conditional concepts. Next, we will move on to random variables and
probability distributions, examining both discrete and continuous types. Following that, we will
study the fundamentals of statistics, focusing on descriptive measures and data presentation.
Finally, we will conclude with statistical inference, covering sampling, hypothesis testing, and
practical applications in business decision-making.

Series Learning Outcomes
Upon completing this Series, you should be able to:
e SLO 5.1 define probability and explain its basic.concepts,
e SLO 5.2 apply rules of probability including addition and multiplication,
e SLO 5.3 demonstrate conditional probability and independence,
e SLO 5.4 define random variables and distinguish between discrete and continuous types,
e SLO 5.5 calculate probabilities using binomial, Poisson, and normal distributions,
e SLO 5.6 define statistics:and explain its importance,

e SLO 5.7 compute descriptive statistics such as mean, median, mode, variance, and
standard deviation,

e SLO 5.8 presentdata effectively using tables, charts, and graphs,
e SLO 5.9 apply sampling techniques and explain sampling distributions,
e SLO 5.10 perform hypothesis testing, and

e SLO5.11 evaluate applications of probability and statistics in business and decision-
making.

5.1 Fundamentals of Probability

5.1.1 Definition and basic concepts of probability

-
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Probability is the measure of how likely an event is to occur. It is expressed as a number between 0 and
1, where 0 means the event is impossible and 1 means the event is certain. For example, the probability of
flipping a fair coin and getting heads is 0.5.

Key concepts include:

e Experiment: A process that leads to an outcome (e.g., rolling a die).
e Sample space: The set of all possible outcomes (e.g., {1, 2, 3,4, 5, 6}).
e Event: A subset of the sample space (e.g., rolling an even number).

Fill in the blank: The set of all possible outcomes of an experiment is called the

Diagram showing sample space of rolling a die and highlighting events
Caption: Figure 5.1 Sample space and events
s N

PROBABILITY: SAMPLE SPACE OF ROLLING

< \A SIX-SIDED DIE AND HIGHLIGHTED EVENT
i 7.
Z

NS
QF SAMPLE SPACE (S)

S A R r .............. s

® e o e o e o ® O :

i ® L ® L] ® o|:

® ® o ® o ® o) |0 o):

[. Sample All possible outcomes of a single die ro.l.l.." i —

L Space (S) S$={1,2,3, 4,5, 6}. Total outcomes = 6 R o J
s HIGHLIGHTED EVENTS 2

—

EVENT B: ROLLING A
NUMBER GREATER THAN 4

EVENT A: ROLLING EVENT C: ROLLING
AN EVEN NUMBER A PRIME NUMBER

é@@ [ JC-JC-)

. Event A = {2, 4, 6}. Event B = {5, 6}. Event C={2,3,5}.
P(A)=3/6=1/2 P(B)=2/6=1/3 P(C)=3/6=1/2

AN EVENT is a subset of the Sample Space. P(Event) = {:;::noze:c:;?:ic:;ﬁLT:;::EL)

. J

5.1.2 Raules of probability (addition and multiplication)
Probability rules help us calculate the likelihood of combined events:

e Addition rule: For mutually exclusive events, (P(A \text{ or } B) = P(A) + P(B)).
e Multiplication rule: For independent events, (P(A \text{ and } B) = P(A) \times P(B)).

Fill in the blank: For independent events, the probability of both occurring is found using the
rule.

-
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Caption: Table 5.1 Examples of addition and multiplication rules

PROBABILITY RULES: ADDITION & MULTIPLICATION

; N . YR o 7
(0 Mutually Exclusive Events e Non-Mutually Exclusive | : | (=) Independent Events ] @ Dependent Events
(Cannot Happen Together) Events (Can Overlap) ! (Do Not Affect Each Other) (The First Changes the Second)
@@ || @ || O | Wl
Formula: Formula: Formula: Formula:
P(A UB) =P(A) + P(B) P(AUB)=P(A) +P(B) - P(ANB) P(ANB)=P(A) *P(B) P(ANB) = P(A) * P(B|A)
Example Example: i Example: Example:
Rolling a gz | DrawingaKing or Heart | | Heads and then a 6 Two Aces
Q 3ors | ‘uﬂa ; P(Heads AND 6) =7*m Rep.;é'e‘%"e‘m)
sl 1. g l = _4,13_16 E > P(Ace1ANDAce2)-——*
\ VS V. T 2652
Visualizing with Venn Diagrams: @ KEY TERMS Vlsuallzlng with Tree Diagrams:

(® P(A U B): Probability of A OR B (Union)
@ P(A N B): Probability of A AND B (Intersection)
P(BJA): Conditional Probability of B GIVEN A

5.1.3 Conditional probability and independence

Conditional probability is the probability of an event occurring given that another event has already
occurred. It is written as (P(A|B)). Events are independent if the occurrence of one does not affect the
probability of the other.

For example, the probability of drawing a red card given that the card is a heart is
(P(\text{Red}|\text{Heart}) = 1).

Fill in the blank: Conditional probability is written as (P(A|B)), meaning the probability of A occurring
given that has occurred.

Diagram showing conditional probability with overlapping sets
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Caption: Figure 5.2 Conditional probability representation

CONDITIONAL PROBABILITY DIAGRAM: OVERLAPPING SETS.

SAMPLE SPACE, S Part 1: The Components
e e EVENT A EVENTB THE INTERSECTION, AN B Example:
@ $=100 total
% A=40
b B=30
G el s A contains B contains AN B contains ANB=10
R A Outcomes in A Outcomes in B Outcomes in BOTH AAND B
Part 2: Conditional Probability P(A | B)
. 3...THEN P(A|B) IS
1.START:S,A, B 2.|F EVENT B OCCURS... THE PROBABILITY OF A

x x
M x % - EVENT B WITHIN THIS NEW SPACE
% x % A
. ‘ : : (’» ’ wnhou‘ \ ’
x AT B
x x % RESTRICTED
neither A nor B o
5 5 Original S, A, B New Sample Space is Outcomes in A are limited
5 x ONLY Event B tothosein AN B
« » | Part3:The Formula
R P(Al B) _ Number of outcomesin (AnB) _ P(ANB)
USRS S e R R e R T Number of outcomes in B P(B)
XX X X X X X X X X X X X X X X X X X X % % SPACES x

’ P A n B Where P A n B Where
[[s ] =ToTAL OUTCOMES P(A|B) = % rovo P(BIA) = (P(—A)) PIA) 0

* » x = QUTCOMES

Pilot questions 5.1

1. Probability is expressed as a number between:
a.-1and 1
b.0and 1
c.land 10
d. 0 and 100
2. The set of all possible.outcomes of an experiment is called:
a. Event
b. Sample space
c. Probability
d. Outcome
3. For mutually exclusive events, the probability of A or B is:
a. (P(A) \times P(B))
b. (P(A) +P(B))
c. (P(A) - P(B))
d. (P(A[B))
4. For independent events, the probability of A and B is:
a.(P(A) +P(B))
b. (P(A) \times P(B))
c. (P(A) - P(B))
d. (P(A|B))
5: Conditional probability is written as:
a. (P(A +B))
b. (P(A \times B))
c. (P(AB))
d. (P(A -B))
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5.2 Specific Costing Techniques

5.2.1 Job costing

Job costing is a method used when products are manufactured based on specific customer orders. Costs
are traced and accumulated for each job separately. This method is common in industries such as
construction, printing, and customised furniture.

Fill in the blank: Job costing is appropriate when products are manufactured based.on specific
orders.

Diagram showing job costing applied to customised furniture production.
Caption: Figure 5.2 Job costing in customised production

JOB COSTING APPLIED TO CUSTOMISED FURNITURE PRODUCTION

1.CUSTOMER ORDER - 2, ACCUMULATING DIRECT COSTS  ~ 3. APPLYING INDIRECT COSTS 4. THE FINAL JOB COST
& JOB INITIATION AND TRANSFER
MANUFACTURING OVERHEAD (MOH)
ST | L, JOB COST SHEET
(JOB #401) - MAINTENANCE)
S ’ DIRECT MATERIALS: $1,500
>1) DIRECT LABOR: $1,650
| % MANUFACTURING OVERHEAD: $1,750
FACILITY
DIRECT DIRECT LABOR INDIRECT LABOR (RENT, UTILITIES, TOTAL JOB COST (#401):  $4,900
MATERIALS (DM) (oL) S Shechen SERCATION)
JOB ORDER #401 S"“M‘i?rgokcle[‘gmi Source Document: ; ’
i ok REQUISITION FORM {for Job #401) PREDETERMINED OVERHEAD RATE FINISHED GOODS INVENTORY
SCUARS (for Job #401) S Ok i SR (POHR) CALCULATION (JOB #401)
i | CARPENTER  $1,250 2 i i
OAKTIMBER  $1,200 | | (SOHRS @ $25/HR) ' POHR = ESTIMATED TOTAL MOH . v‘
HARDWARE  $300 | | FINISHER s400, ESTIMATED TOTAL DIRECT LABOR HOURS s =
20 HRS @ $20/HR) |
JOB COST SHEET e “| " POHR = $50,000 / 2,000 DLH = $25 per DLH Al N
(JOB #401) »
l TOTAL COST TRANSFERRED: $4,900.
ﬂ"os &?ﬂ,ﬁ?m ﬂ T0 CUSTOMER
DM DL -~ «—  OVERHEAD APPLIED TO JOB #401 T & gross PROFIT
L ; CALCULATION
)| ————MOH |G=—= MOH = POHR * ACTUAL DLH i IR PHE )
$25 * 70 DLH = $1,750 ‘ 5 ) R
JOB COST SHEET (BEESSAUIAE JOF CIECT:. $1000
(JOB #401) 280 | cRossPROFT: $2,100

5.2.2 Process costing

Process costing is used when products are produced continuously and are indistinguishable from one
another. Costs are accumulated for each process or department and then averaged over all units produced.
Industries such as chemicals, food processing, and textiles commonly use process costing.

Fill in the blank: Process costing is suitable for industries where production is and
continuous.

Caption: Table 5.2 Examples of industries using process costing
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Industry Description Example
Chemical Continuous production Fertiliser manufacturing
Food processing Homogeneous products Biscuit production
Textiles Mass production Cotton fabric

—_— <,

L INDUSTRIES USING PROCESS COSTING: KEY CHARACTERISTICS AND EXAMPLES J

¢ S "
[ INDUSTRY & PROCESS {3} KEY CHARACTERISTICS / DESCRIPTIONS | EXAMPLES & APPLICATIONS [7(%) =) /\
« Continuous production of standard, liquid, or @75 * Refining crude oil into gasoline, diesel, and petrochemicals.
CHEMICAL gas products. Mass production. Identical units. =R » Manufacturing synthetic fibers (e.g., polyester).
MANUFACTURING Individual products cannot be easily distinguished « Bulk production of industrial chemicals (e.g.,
« Large volumes. sulfuric acid, ammonia).

Large batches, highly automated.

FOOD & BEVERAGE  + Uniform prodcts,

PROCESSING « Products flow through distinct stages like

cheese making).
mixing, cooking, bottling.

« Brewing beer (malting, brewing, fermentation, bottling).
« Processing milk and dairy products (pasteurization, @ ﬁj
L« Manufacturing soft drinks and fruit juices.

« Long production runs of standardized fabrics

TEXJAI(.)ED%j é'FIIBANREL . %&gg{éﬂ%ﬁ«:ﬂ:ﬁ'?‘%es like spinning, weaving,

« Continuous flow.

« Continuous or large batch production of —— ' . ?ﬂanufacturi;lg over-the-counter pain relievers &
standardized drugs. €.g., aspirin \
PHARMACEUTICALS . Strict quality control at each stage. s » Mass producing liquid antibiotics. ﬁ

« High volume of tablets or liquids. « Forming and coating large batches of generic pills. =<

+ Producing massive quantities of blue denim fabric. 1
+ Large-scale weaving of cotton yarn for shirts.
+ Dyeing and printing large batches of fabric rolls.

« Crushing gold ore, leaching, and smelting

« Processing large volumes of raw materials.
MINING & RESOURCE 7 ¢oci%ched f cach processing stage @ o0 o Peatos pishition '
EXTRACTION (crushing, grinding, separation, refining). A g P

« Mining and refining copper from ores.

d across all umts

PROCESS COSTING is best suited for industries that produce large quantities of homogeneous or similar products in a conti flow or stand tches. Costs are
CREATED AS OPEN EDUCATIONAL RESOURCE (OER).

L)

5.2.3 Activity-based costing (ABC)

Activity-based costing (ABC) assigns overhead costs to products based on the activities that drive those
costs. It provides more accurate cost information in environments with high overheads and diverse
products. ABC is particularly useful in modern manufacturing and service industries.

Fill in the blank: Activity-based costing assigns overhead costs to products based on the that
drive those costs.
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Caption: Box 5.1 Key features of activity-based costing
~

ACTIVITY-BASED COSTING (ABC): KEY FEATURES & EXAMPLES

e—)

R KEY FEATURES s\\ > | ABC IN ACTION: A STEP-BY-STEP EXAMPLE ‘

H1 il f’ 1. ACTIVITY IDENTIFICATION OVERHEAD RESOURCE:

Identifies all'distinct business PRODUCT'A PRODUCT B \‘/J QUALITY.INSPECTION DEPARTMENT,

Aclivities that consume resources . Highivolume) (LowVolume, Gomplex) - ‘ (Total Cost:$50,000) i __@
2..COST POOLS/(POOLING) ~:\DE,“,T',FV ACTIVITY :
= 3 % 4 > ctivity: Conduct quality inspections .
7 /¢ Accumulates costs of resources for/each o isle
v U activity (e.g., machine setups, quality inspections) CREATE COST POOL e >
. $50,000/(Accumulated costs like labor, equipment):
3. COST DRIVERS >
*C Identifies factors that cause cost changes for - DETERMINE COST DRIVER  CALCULATE RATE )
Seceow My a0 activity/(e.ql, number.of orders, setup hours). Driver: Number of Inspections: —> 550 per.inspection
5 Total: 1,000 inspections. ($50,000//11,000).
- 4. ACCURATE ALLOCATION
Assigns costsitoproducts/services based . ALLOCATE COSTS
on theit specific use of each activity, PRODUCT A PRODUCT B i G
notarbitiaryaverages: p 200 Inspections:——> | —> 800 Inspections .
C, 5. FOCUS ON OVERHEAD = $10,000/(200:x:S50) —> $40,000 (800 x:550).
Primarily useful for;accurately assigning GENERAL CONCLUSION
O : indirect (overhead) costs. - ABC reveals PRODUCT; B, although low: volume, consumes ®
A more inspection resources, making|its true costihigher, '
6. ENHANCED DECISION-MAKING than traditionallmethods would'show.

Provides insightsiinto true profitability, product Araditional(Costing- P SRACtivity-Based Costing:
pricing, and cost reductioniopportunities. Product’A 0 Product A O

Product B Unde Product B Hi

OPEN EDUCATIONAL RESOURCE { LEARN ABC

5.2.4 Target costing

Target costing begins with a competitive market price and desired profit margin, then works backwards
to determine the allowable cost of production. It is widely used in industries where pricing pressure is
high, such as consumer electronics and automobiles.

Fill in the blank: Target costing begins with a competitive price and desired profit margin.

Diagram showing target costing process from market price to allowable cost.
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[ o
KEY CONCEPT: PROCESS FLOW: TOP-DOWN APPROPRIATION ACHIEVING THE TARGET COST:

EN’ngg:ﬁm ("1. START: MARKET & CUSTOMER RESEARCH JEbE L Rl
Analy ket,
FROM MARKET Qg o ke e il A. FUNCTIONAL COST B. VALUE ENGINEERING
L : .O value (features, quality). ANALYSIS & VALUE ANALYSIS
R RIEN (2. ESTABLISH TARGET SELLING PRICE | Y __ T @ @ &)
Ea% Based on research, determine SIELd:
3 PRICE-LED A
@‘i& M the competitive price the COSTING Break down product by Improve value by enhancing
A market will accept. ¢ $100 function and assign target function or reducing cost
\ 0 / costs to each. without losing value.

(" N\ v ( A\ COST GAP:

3. DETERMINE DESIRED PROFIT MARGIN 1$80) «—< ' enmarencosts

, . STEP 2: 2 \ TARGET COST

Set the company's required - ~ —

o o

PROFIT >Ci ; PROFIT-FIRST — 7
63| ‘coa profitto sustain and grow DECISION o ([D. SUPPLIERNEGOTIATION | [/C. CROSS-FUNCTIONAL ||
2 {e.g., 20%). £g.,$20
L g.$20 ) &DFMA ‘ ‘ TEAMS
ALLOWABLE 5 G ‘ @ ‘
0ST % ’ < il f ~ A J) A%m A ‘
4. CALCULATE TARGET (ALLOWABLE) COST e caaa \Qﬁ_ &2 s oh |
Tl TARGET ¢ 2 . AN : .
(cosTrLUS) SELNG _ PROFT ALLOCATION N eaior Des o Collbornsary y fesin

| manufacturing & 2ssembly. | || for cost, quality, and features. |

J
/.

PRI
($100) ($20)

ALLOWABLE
Maximum cost permitted to CoST

achieve profit at market price. — TRADTIONAL:

~ \ ol SUMMARY _COMPARISON: Protvaner)
/ TRADITIONAL vs. = £ -rruss;:” o

Zifill  TARGETCOSTNG |~ Pk Frolil < Cos

osg OPEN EDUCATIONAL RESOURCE

Pilot questions 5.2

1. What is job costing and in which industries is it. commonly used?

2. Fill in the blank: Process costing is suitable for industries where production is and
continuous.

3. State one advantage of activity-based costing.

4. Fill in the blank: Target costing begins with a competitive price and desired profit
margin.

5. Give one example of an industry where process costing is applied.

Series 5 Summary

This Series has introduced you to costing methods, which are essential for determining the cost of
producing goods and services and for supporting managerial decision-making. We began with the
meaning and importance of costing methods, highlighting their role in pricing, budgeting, and
performance evaluation. We then examined the criteria for selecting appropriate costing methods,
considering product nature, production process, cost structure, and managerial objectives.
Following that, we explored specific costing techniques such as job costing, process costing,
activity-based costing (ABC), and target costing, each suited to different business contexts.

By completing this Series, you should now be able to define costing methods, identify criteria for
their selection, and apply specific techniques to various production and business scenarios. These
skills align with the Series Learning Outcomes and provide a foundation for effective cost
management and strategic decision-making in business.
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Glossary of Terms

e Activity-based costing (ABC): A costing method that assigns overhead costs to products
based on activities that drive those costs.

e Costing methods: Systematic approaches used to ascertain the cost of producing goods
or services.

e Job costing: A method used for customised products, where costs are traced to specific
jobs or orders.

o Managerial objectives: Goals such as pricing, control, or profitability that influence the
choice of costing method.

o Process costing: A method used for continuous production of homogeneous products,
where costs are averaged across units.

o Target costing: A method that begins with a competitive market price and desired profit
margin to determine allowable production costs.

e Cost structure: The proportionof directand indirect costs in production, influencing the
choice of costing method.

e Sample space (from probability. context earlier): The set of all possible outcomes of an
experiment, included here for continuity with Series 5’s broader scope.

Concept Check Questions 5
Objective questions

1. Costing methods are systematic approaches used to ascertain the of producing
goods/or services.

2. Job costing is most suitable for:
a. Continuous production
b. Customised products
¢. Homogeneous products
d. Mass production

3./ Process costing is appropriate when production is:
a. Customised
b. Continuous and homogeneous
c. Irregular
d. Small-scale

-
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4. Activity-based costing assigns overhead costs based on:
a. Direct labour hours
b. Activities that drive costs
c. Machine hours
d. Units produced

5. Target costing begins with a competitive price and desired profit margin.
Short-answer questions

6. State two criteria for selecting costing methods.

7. Define activity-based costing and explain its importance.

8. Give one example of an industry where process costing is applied.
Long-answer questions

9. Compare job costing and process costing, highlighting theirdifferences and suitable
applications.

10. Analyse how target costing can be applied in competitive markets, using examples from
consumer goods industries.

Answers to Concept Check Questions 5
Objective questions
1. Cost
2. b. Customised products
3. b. Continuous and homogeneous
4. b. Activities that drive costs
5. Market
Short-answer questions

6. Criteria include: nature of the product, production process, cost structure, and managerial
objectives.

7./ Activity-based costing assigns overhead costs to products based on activities that drive
those costs. It is important because it provides more accurate cost information in
environments with high overheads.

8. Example: Chemical industry, such as fertiliser manufacturing.
Long-answer questions

-
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9. Basic response: Job costing is used for customised products, while process costing is used
for continuous production of homogeneous products.
Value-added response: Job costing suits industries like construction and printing, where
each job is unique. Process costing suits industries like chemicals and textiles, where
products are indistinguishable. The choice depends on production type and managerial
needs.

10. Basic response: Target costing starts with a market price and desired profit margin, then
determines allowable costs.
Value-added response: In consumer electronics, companies use target costing to design
products that meet customer expectations at competitive prices. Thisensures profitability
while maintaining market competitiveness.

Answers to Pilot Questions [Series 5]
Part 5.1: Introduction to Costing Methods

1. Costing methods are systematic approaches usedtoascertain the cost of producing goods
or services.

2. Cost

3. Nature of product, production process (others include cost structure and managerial
objectives).

4. Job costing.
5. Product.
Part 5.2: Specific Costing Techniques

1. Job costing.is a method used for customised products, common in industries like
construction and printing.

2. Continuous.
3. Provides more accurate overhead allocation.
4. Market.

5." Food processing industry (e.g., biscuit production).

References and Attributions [Series 5]

e Suggested illustration sources:
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o Figure 5.1 Importance of costing methods: “importance of costing methods
diagram OER”

o Table 5.1 Criteria for selecting costing methods: “criteria for selecting costing
methods table OER”

o Figure 5.2 Job costing in customised production: “job costing customised
production diagram OER”

o Table 5.2 Process costing industries: “process costing industries examples OER”
o Box5.1 Features of activity-based costing: “activity-based costing features OER”
o Figure 5.3 Target costing process: “target costing process diagram OER”

e Al prompt suggestions were provided for each illustration to support future generation
using Al tools.

e References:

o Open Educational Resources (OER) in cost accountingand management
accounting.

o Standard texts in managerial accounting covering costing methods and
applications.
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