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Series 1: Derivatives of Trigonometric Functions and Expansions
Series 2: Sequences and Series in Economic Applications

Series 3: Partial and Total Derivatives with Optimisation

Series 4: Linear and Matrix Algebra in Economics

Series 5: Mathematical Relationships and Graphical Analysis of Economic
Concepts

Suggested Outline
Part 1: Derivatives of trigonometric functions

o Definition of trigonemetric functions in calculus

e Rules for differentiation of sine, cosine, tangent, and reciprocal functions

o Higher-order derivatives of trigonometric functions

e Applications of trigonometric derivatives in economics (e.g., modelling cycles and
periodic behaviour)

Part 2: Expansions and approximations

o | Concept of expansions in mathematics

o Binomial theorem and its applications

e Taylor and Maclaurin series expansions

o Use of expansions for approximating economic functions

Part 3: Sequences and series in economic contexts
o Definition of sequences and series
e Arithmetic and geometric progressions

e Convergence and divergence of series
e Application of series in modelling economic growth and investment returns
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Part 4: Integration of derivatives, expansions, and series in economic analysis

o Linking derivatives and expansions to economic modelling
e Practical examples of using series and expansions in forecasting
o (ase studies of mathematical tools applied to introductory economics

Introduction

Mathematics provides the language through which many economic ideas are expressed, and
calculus in particular allows us to describe change and relationships with precision.
Trigonometric functions, expansions, and series are not only central to mathematics but also
have practical applications in economics, such as modelling cycles, approximating functions, and
analysing growth patterns. By engaging with these concepts, you will strengthen your ability to
translate economic statements into mathematical form and interpret mathematical tesults in
economic terms.

The aim of this Series is to equip you with the skills to differentiate trigonometric functions,
apply expansions, and work with sequences and series, while alse appreciating how these tools
can be applied to economic analysis.

We shall commence this Series by exploring the derivatives of trigonometric functions and their
rules of differentiation. Next, we will move on'to expansions, beginning with the binomial
theorem and continuing with Taylor and Maclaurin series. Following that, we will examine
sequences and series, focusing on arithmetic and geometric progressions as well as convergence
and divergence. Finally, we will bring the Series to a close by linking these mathematical tools
together, showing how derivatives, expansions, and series can be integrated into economic
modelling and forecasting.

Series Learning Outcomes
Upon completing thisSeries, you should be able to:

SLO 1.1 define trigonometric functions and demonstrate how to differentiate sine, cosine,
tangent, and reciprocal functions,

SLO 1.2 explain the rulgs for higher-order derivatives of trigonometric functions and apply
them to simple problems,

SLO 1.3 describe the concept of expansions and apply the binomial theorem to mathematical
and economic expressions,

SLO 1.4 demonstrate how to use Taylor and Maclaurin series expansions to approximate
functions,

SLO 1.5 define sequences and series and distinguish between arithmetic and geometric
progressions,

SLO 1.6 analyse the convergence and divergence of series with reference to economic contexts,
and
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SLO 1.7 apply derivatives, expansions, and series together to represent and solve introductory
economic statements and forecasting problems.

1.1 Derivatives of Trigonometric Functions

1.1.1 Definition of trigonometric functions

Trigonometric functions are mathematical functions that relate the angles of a right-angled
triangle to the ratios of its sides. The primary functions are sine (sin), cosine (cos), and tangent
(tan). Their reciprocal functions are cosecant (csc), secant (sec), and cotangent (cot). These
functions are periodic, meaning they repeat their values at regular intervals. This property makes
them useful in economics for modelling cycles such as seasonal demand or fluctuations in
investment.

For example, the sine function oscillates between —1 and +1, representing a repeating pattern. In
economics, this can be used to model demand that rises and falls over time.

Fill in the blank: The reciprocal of sine is called
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Diagram showing the unit circle with sine, cosine, and tangent labelled.
Figure 1.1: Unit circle representation of trigonometric functions

1.1.2 Rules for differentiation of sine, cosine, tangent, and reciprocal functions

Differentiation is the process of finding the rate of change of a function. For trigonometric
functions, the derivatives follow predictable rules:
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e d/dx (sinx) = cos x

e d/dx(cos x) =-sinx

e d/dx (tan x) = sec®x

e d/dx (cot x) = —csc?x

e d/dx (secx) =secxtanx
e d/dx (csc x) =—csc x cot x

These rules are essential for solving problems involving periodic behaviour. For instance, if
demand is modelled as a sine function, its rate of change can be found using the derivative.

Fill in the blank: The derivative of tan x is

[Insert Table here]

Table 1.1: Derivatives of basic trigonometric functions

Function | Derivative

sin X | cos X

COS X | —sin X

tan x | sec’x

cot X | —cse?x

sec X | sec X tan x

CSC X | —csc X cot X

Al prompt suggestion: “Create a table listing trigonometric functions and their derivatives.”
Search string: “derivatives of trigonometric functions table OER mathematics”

1.1.3 Higher-order derivatives of trigonometric functions

A higher-order derivative is the derivative of a derivative. For trigonometric functions, these
derivatives form cycles:

o Differentiating sin x repeatedly produces:
sin X = €os'X ==sin X =.—C0s X = sin X.

o Differentiating cos x repeatedly produces:
COS X = =Sin X = —=C€0S X = Sin X = COS X.

This cyclical behaviour is particularly useful in modelling phenomena that repeat over time. For
exampleyseasonal demand in agriculture or tourism can be represented using sine and cosine
functions, and their derivatives show how quickly demand is rising or falling.

Fill in the blank: Differentiating cos x four times returns the function back to
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DERIVATIVES OF SINE AND COSINE FUNCTIONS: THE CYCLE OF HIGHER-ORDER DERIVATIVES.
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Diagram showing the cycle of derivatives for sin x and cos x.
Figure 1.2: Cyclical nature of higher-order derivatives of sine and cosine

1.1.4 Applications of trigonometric derivatives in economics

Trigonometric derivatives are not just abstract mathematics, they have practical applications in
economics:

e Cyclical demand: Sine and cosine functions can model demand that rises and falls periodically.

e Seasonal production: Agricultural output often follows seasonal cycles, which can be
represented mathematically.

e Oscillating growth.models: Investment returns or market cycles can be analysed using
trigonometric derivatives.

For instance, if consumer demand follows a sine curve, the derivative shows whether demand is
increasing or decreasing at a given point in time. This helps economists and businesses anticipate
changes and plan accordingly.

Fill in the blank: Oscillating growth models can be analysed using derivatives.

[
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Topic /

Application Description of Use Derivative Use / Interpretation
Area
. Many industries (tourism, agriculture, The derlvatw?, Sifrac{dQtdty =
Modeling . . cos(t)$, provides the
retail) face cyclical demand. If demand .
Seasonal : . instantaneous rate of change of
($Q$) is modeled as $f(t) = \sin(t)$, the . :
Demand . demand, crucial for forecasting
rate of change is seasonal. .
inventory and staffing.
Marginal Companies with cyclic income (e.g., ski Set Marginal Revenue (SMR =
Analysis of p ye S frac{dR} {dt}$) to zero to find
LU, resorts, summer festivals) model their .
Periodic . . the exact timing of peaks and
total revenue ($R$) using sine waves. .
Revenue troughs in the seasonal cycle.

Business Cycle

Macroeconomic models can use sine
functions to represent the repeating

LlﬂIigher-order derivatives are used
to define the boundaries (turning

Dynamics phases of expansion and contraction(the |points), stability conditions, and
Business Cycle). period (duration) of the cycle.
In finance, certain models (less standard
. . . than Black-Scholes) may use Derivatives are used to calculate
Option Pricing | . . . o
& Cyclic trigonometric-functions to model sensitivity (Greeks) related to
Volatilit predictable, repeating patterns of these periodic components, which
y volatility in asset prices (e.g., time-of-day [are essential for risk management.
or seasonal effects).
. . Derivati find th
Trade and Commodity prices often follow seasonal erivatives are gsed to find the
. . rate of acceleration or
Commodity or multi-year cycles. Models of these . .
. . : deceleration of price changes at
Price Cycles cycles assist with trade strategy.

various stages of the cycle.

/

Box 1.1: Applications of trigonometric derivatives in economics
Application | Description

Cyclical demand | Sine and cosine functions model periodic demand
Seasonal production | Trigonometric functions represent seasonal variations
Oscillating growth | Derivatives help analyse fluctuations in growth models
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Pilot questions 1.1

Define trigonometric functions and give two examples.

State the derivative of cos x.

What is the derivative of tan x?

Explain the cyclical nature of higher-order derivatives of sine.

Give one example of how trigonometric derivatives are applied in economics.

ukwnN e

1.2 Expansions and Approximations

1.2.1 Concept of expansions in mathematics

An expansion expresses a function as a sum of terms, often in powers of a variable. This process
allows us to approximate complex functions with simpler polynomials. Expansions are
particularly valuable because they make otherwise difficult functions easier to calculate, analyse,
and interpret.

For instance, the exponential function (e”x) can be expanded into-an infinite series:
[e"x=1+x+\frac{x"2} {2!} + \frac{x"3}{3!} + \cdots ]

This expansion is widely used in economics when modelling continuous growth, such as
compound interest or population growth.

Fill in the blank: The expansion of (e"x) begins with
1.2.2 Binomial theorem and its applications

The binomial theorem provides assystematic way of expanding expressions of the form ((a +
b)*n). It is expressed as:

[ (@a+b)*n=\sum_{k=0}"{n} \binom{n}{k} a"{n-k} bk ]

where (\binom{n} {k}) is the binomial coefficient, calculated as (\frac{n!} {k!(n-k)!}).

Worked Example: Expand ((1 + x)"3).
[(1+x)"3=1+3x+3x"2+x"3]

Economic Application: Suppose a firm’s revenue grows by a fixed proportion each year. The
binomial theorem can be.used to expand expressions representing cumulative growth over
several years.

Fill in the blank: The binomial coefficient is calculated using factorials.

1.2.3 Taylor and Maclaurin series expansions

The Taylor series expands a function about a point (a):
[[f(x)= f(a) + f'(a)(x-a) + \frac{f"(a)} {2!} (x-a)"2 + \cdots ]

The Maclaurin series is a special case where (a = 0). For example:
[ \sin x = x - \frac{x"3} {3!} + \frac{x"5} {5!} - \cdots ]
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Worked Example: Approximate (\sin(0.1)) using the first three terms of its Maclaurin series.
[ \sin(0.1) \approx 0.1 - \frac{0.1"3} {6} + \frac{0.1"5} {120} = 0.09983 ]
This approximation is very close to the actual value.

Economic Application: Taylor expansions are used to approximate production functions, making
them easier to analyse when inputs change slightly.

Fill in the blank: The Maclaurin series expands a function about the point
1.2.4 Use of expansions for approximating economic functions

Expansions simplify complex economic models:

e Production functions: Approximating Cobb-Douglas functions for small changes in‘inputs.

e Utility functions: Expanding utility functions to study marginal changes in consumption.

e Cost functions: Using expansions to approximate cost behaviour near equilibrium.

e Forecasting models: Applying series expansions to predictfuture values with manageable
calculations.

Worked Example: A production function (Q = L"{0.5}K~{0.5}) can be approximated using a
Taylor expansion around average values of‘labour(L) and capital (K) to estimate output changes.

Fill in the blank: Expansions are often used to approximate functions in economics.

Pilot questions 1.2

Define expansions and give one example.

State the binomial theorem formula.

Expand ((1 + x)”3) using the binomial theorem.

Write the first three terms of the Maclaurin series for (\sin x).

Explain one application of expansions in production or utility functions.
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1.3 Sequences and Series in Economic Contexts

1.3.1 Definition of sequences and series

A sequence is an ordered list of numbers following a rule, while a series is the sum of those
terms. Sequences and series help us study growth, accumulation, and long-term behaviour.

Worked Example: The sequence 2, 4, 6, 8 follows the rule “add 2 each time.” The series is 2 + 4
+6+ 8 =20.

Economic Application: A sequence may represent annual profits, while the series represents
cumulative profits over several years.

Fill in the blank: A sequence is an ordered of numbers.

-
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1.3.2 Arithmetic and geometric progressions

An arithmetic progression (AP) has a constant difference between terms.
Formula for nth term: (a n=a+ (n-1)d).
Formula for sum of n terms: (S_n = \frac{n} {2}[2a + (n-1)d]).

A geometric progression (GP) has a constant ratio between terms.
Formula for nth term: (a n=ar"{n-1}).
Formula for sum of n terms: (S_n = a\frac{1-r"n} {1-r}), if (jr] < 1).

Worked Example: Find the sum of the first 5 terms of the GP 2, 4, 8, 16, 32.
[ S 5=2\frac{1-2"5}{1-2} =62 ]

Economic Application: AP can represent steady wage increases, while GP models compound
interest.

Fill in the blank: The nth term of an arithmetic progression is given by
1.3.3 Convergence and divergence of series
A series converges if its sum approaches a finite value, and diverges if it grows without bound.

Worked Example: The series 1 + 1/2 +:1/4 + 1/8 + ... converges to 2.
The series 1 +2 +3 +4 + ... diverges.

Economic Application: Convergence is important in investment models where returns stabilise,
while divergence may represent unsustainable debt growth.

Fill in the blank: A series that grows without bound is said to
1.3.4 Application of series in modelling economic growth and investment returns

Series are applied in economics to:

¢ Investmentreturns: GP models compound interest.

e Economic growth: Series represent cumulative growth.

e Savings accumulation: Series show how deposits build up.

e _Debt repayment: Series calculate instalments and total repayment.

Worked Example: If you deposit %100 monthly at 5% interest compounded annually, the total
savings after 12 months can be modelled as a geometric series.

Fill in the blank: Debt repayment schedules can be calculated using series.

Pilot-questions 1.3

Define a sequence and a series with examples.

State the formula for the nth term of an arithmetic progression.

Find the sum of the first 5 terms of the GP 2, 4, 8, 16, 32.

Explain the difference between convergence and divergence of series.

PwNPE
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5. Give one application of series in savings or debt repayment.

1.4 Integration of Derivatives, Expansions, and Series in Economic Analysis

1.4.1 Linking derivatives and expansions to economic modelling

Derivatives are mathematical tools that measure the rate of change of a function. In economics,
they are used to calculate marginal values, such as marginal cost or marginal utility. Expansions,
on the other hand, approximate complex functions with simpler polynomial expressions, making
them easier to analyse. When combined, derivatives and expansions allow economists to study
how small changes in inputs affect outputs and to approximate functions that are otherwise
difficult to handle.

Worked Example: Consider a production function (Q = L"{0.5}K"{0.5}). Expanding this
function around average values of labour (L) and capital (K) using a Taylor series provides a
polynomial approximation. Differentiating the expansion then gives estimates of marginal
productivity.

Fill in the blank: Derivatives are used in economics to calculate values such as
marginal cost.

[
APPROXIMATING PRODUCTION FUNCTION AND FINDING MARGINAL PRODUCTIVITY USING TAYLOR EXPANSION
A graphical and mathematical derivation
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,/I Error decreases with higher order i Differentiating the Taylor series term-by-term
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Lo i
Input (e.g., Labor, L) e VISUALIZING MARTINAL PRODUClTIVITY CYCLE
1 2 3
Qf(L) M‘ie"t_'a“i. f'(L) m (L) w (L) |:> F{0) F(l)rfs}’t(eLr;n Result is ,M-P"
(Marginal (Rate of change of (Total Product) : approximation
Product) Marginal Product) €xpansion DER

/

Diagram showing a production function approximated by a Taylor expansion and differentiated
to find marginal productivity.
Figure 1.7: Linking expansions and derivatives in economic modelling

-
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1.4.2 Practical examples of using series and expansions in forecasting

Series represent cumulative behaviour over time, while expansions simplify functions for short-
term analysis. Together, they provide powerful tools for forecasting.

Worked Example: Suppose a firm’s revenue follows a cyclical pattern modelled by a sine
function. Expanding the sine function using its Maclaurin series provides a polynomial

approximation. Differentiating this approximation shows whether revenue is increasing or
decreasing at a given point.

Economic Applications:

e Forecasting demand cycles using trigonometric series.

e Predicting savings accumulation using geometric series.

e Approximating cost functions with Taylor expansions for short-term analysis.
e Estimating revenue growth using polynomial approximations.

Fill in the blank: Savings accumulation over time can be modelled using series.
[
Forecasting o . Mathematical Approach
Method / Area DescriptionQQUse (Series/Expansions)

Local Forecasting
& Linearization

Simplifying complex, nonlinear
models around a specific data
point orsteady state for near-
term forecasting.

Taylor Series Expansions are used to
linearize nonlinear equations (1st-order)
or add curvature (2nd-order) for
polynomial approximation.

Making large structural
macroeconomic models

Polynomial approximations, often up to

Growth Steady
State

long-term equilibrium path of an
economy (e.g., Solow model).

DSGE Model : . the 2nd order, are applied to the Euler
. (Dynamic Stochastic General . o\
Approximation e equations and first-order conditions to
Equilibrium) tractable for .
. . . generate linear state-space models.
simulating future scenarios.
. . [nfinit metric Series ar t
Long-Term Projecting the deterministic, e Geometric Series are used to

calculate the convergent sum of
cumulative investment or technological
[progress over time.

Present Value &
IAsset Pricing

Forecasting the current fair
value of investments, projects,

[nfinite Series (Discounted Cash Flow
Series), e.g., $V_0 =
sum_{t=1}"{\infty}

-

R
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Forecasting
Method / Area

Description of Use

Mathematical Approach
(Series/Expansions)

or stocks based on an infinite
future income stream.

frac{D_t}{(1+r)"t}$, are solved using
formulas for infinite sums.

Recursive Time

Solving recursive structures to
forecast multi-period ahead

Solutions to difference equations in time
series are often expressed as infinite

Series Models values (e.g., in vector sums of coefficients.(e.g.; MA(x) or
autoregressions, VARS). AR () representations).
- In GARCH or volatility models, [The convergence depends on the sum of
Volatility . . . . . . .
assessing if future variance coefficients.in an infinite variance
Convergence . i . .
. forecasts will converge to a series, analogous to checking series
Analysis

long-run level.

convergence.

/

Box 1.4: Forecasting applications of series and expansions

Application | Description

Demand cycles | Trigonometric series model periodic demand

Savings accumulation | Geometric series show build-up of deposits
Cost functions | Taylor expansions approximate short-term behaviour

Revenue forecasting | Series expansions predict future values

1.4.3 Case studies of mathematical tools applied to introductory economics

Case studies illustrate how derivatives, expansions, and series are applied in real-world economic

contexts:

o Case Study 1: Agricultural output
Seasonal crop yields can be modelled using sine functions. Differentiating the function
shows the rate of increase or decrease in output at different times of the year, helping
farmers plan harvests.

o Case Study 2: Compound interest
Savings accounts with compound interest are modelled using geometric series. The sum
of the series shows the total accumulation over time, which is essential for financial

planning.

o Case Study 3: Production function approximation
A Cobb-Douglas production function can be approximated using a Taylor expansion
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around average input values. Differentiating the expansion provides marginal
productivity estimates, guiding firms in resource allocation.

Worked Example: A firm deposits 3100 monthly at 5% interest compounded annually. The total
savings after 12 months can be modelled as a geometric series, showing both the accumulation
and the effect of interest.

Fill in the blank: Seasonal crop yields can be modelled using functions.
[
Mathematical anar)., Specific Case Description of Derivative/Series
Economic Study / .
Tool c . . Use Implementation
Application Area Scenario
Differentiate the profit
function, set the First-
A firm with Order Condition
market power (FOC) to zero
Derivatives Microeconomics: Proﬁt . must find the ($\frac{d\p_1} 1dQj =
Maximization MR - MC = 08) to find
(1st & 2nd Theory of the output level that | . . .
. for a A . critical points, and use
Order) Firm . maximizes total
Monopolist rofit ($\pi = the Second-Order
I;R ! TC;;’) Condition (SOC)
’ ($\frac {d"2\pi} {dQ"2}
< 0%) to confirm it is a
maximum.
Use partial derivatives
within a Lagrange
A consumer Multiplier setup
aims to ($\mathcal {L} = U(x, y)
. Microeconomics: [Constrained  |jmaximize their [+ \lambda(l - p_xx -
Derivatives - . . -
(Partial) Consumer Utility satisfaction p_vyy)$) to find the
Theory Maximization |(utility, $U(x, optimal bundle ($x"*,
y)$) given a y"*$) where the
limited budget. [marginal rate of
substitution equals the
price ratio.
Expansions Macroeconomic  [Discretization [Modern Apply a first- or second-
(Taylor Modeling & of Dynamic  macroeconomic |order Taylor expansion
Series) Forecasting Stochastic models rely on a [to linearize or
P
S
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Mathematical Prlmar).f Specific Case Description of Derivative/Series
Tool Economic Study / Use Implementation
Application Area Scenario P
General system of quadratically
Equilibrium  [complex approximate the
(DSGE) nonlinear nonlinear first-order
Models difference conditions (like Euler
equations that equations) around a
are hard to known steady state,
solve. transforming them into
tractable equations for
estimation and
forecasting.
[f the Marginal
To determing Propensity to Consume
A . (MPC) is '$c$', the total
how an 1initial : .
. change in GDP is an
The change in e .
. infinite geometric
. . Keynesian autonomous . _
Series Macroeconomics: Multiplierand pending (c series: $\Delta Y =
(Infinite National Income Pelmfnen , Ic))vern nglen t & Delta G + c\Delta G +
Geometric) & Finance e c"2\Delta G + ...$ The
Income investment, . .
Hypotheses  [$GS$) ripples sum is derived as
y $\Delta Y = \frac{\Delta
through the .
e conom G}{1-c}$, showing a
Y convergent, predictable
effect.
The current value is
calculated as the sum of
. To determine discounted future
Asset Pricing ) _
(c.g the present payments: §V_0 =
Di'ViZien d value of abond, [\sum {t=1}"{\infty}
Series Finance & . project, or stock [\Mrac{D t}{(1+r)"t}$ If
. Discount . o
(Infinite Investment that provides a  (dividends ($D t$) are
. . Model) and L
Discounted) lAnalysis Canital stream of future [constant, this is solved
pra’ cash flows over [using the convergent
Budgeting an infinite sum formula for an
(NPV)

horizon.

infinitely decreasing
geometric series: $V_0
= \frac{D} {r}$.

FW
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]

Table 1.4: Case studies of mathematical tools in economics
Case study | Mathematical tool | Economic application
Agricultural output | Trigonometric derivatives | Seasonal crop yields
Compound interest | Geometric series | Savings accumulation
Production function | Taylor expansion | Marginal productivity

Pilot questions 1.4

Explain how derivatives and expansions can be linked in economic modelling.

Give one example of using series in forecasting.

State the mathematical tool used to approximate production functions.

Which type of series models compound interest?

Describe one case study where trigonometric derivatives are applied in economics.

vk wnN e

Series Summary

This Series has introduced you to the essential mathematical tools of derivatives of trigonometric
functions, expansions, and sequences and series, all of which are highly relevant for economic
analysis. We began by examining how trigonometric functions can be differentiated to reveal
rates of change and cyclical behaviour, then moved on to expansions such as the binomial
theorem and Taylor and Maclaurin series, which provide powerful ways of approximating
complex functions. Following that, we explored sequences and series, including arithmetic and
geometric progressions, convergence and divergence, and their applications in modelling
savings, investment returns, and growth. Finally, we integrated these tools to show how they
work together in forecasting, production analysis, and case studies drawn from economics.

By completing this Series, you should now be able to define and differentiate trigonometric
functions, apply expansions to simplify mathematical and economic expressions, analyse
sequences and series in both arithmetic and geometric forms, evaluate convergence and
divergence, and apply these tools collectively to represent and solve introductory economic
problems. In line with the Series Learning Outcomes, you are now equipped to demonstrate,
explain, and apply these mathematical concepts with confidence in economic contexts.

Glossary of Terms

Arithmetic progression (AP): A sequence of numbers in which each term differs from the
previous one by a constant difference.

Binomial theorem: A formula that provides the expansion of expressions of the form ((a +
b)*n), using binomial coefficients.

Convergence: The property of a series where the sum of its terms approaches a finite value as
more terms are added.

Derivative: A mathematical tool that measures the rate of change of a function with respect to a
variable.
-
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Expansion: A way of expressing a function as a sum of terms, often in powers of a variable, to
simplify calculations or approximations.

Geometric progression (GP): A sequence of numbers in which each term is obtained by
multiplying the previous term by a constant ratio.

Higher-order derivative: The derivative of a derivative, showing repeated rates of change of a
function.

Maclaurin series: A special case of the Taylor series expansion of a function about zero.

Marginal productivity: The additional output produced when one more unit of input is added,
often calculated using derivatives.

Sequence: An ordered list of numbers that follow a specific rule.

Series: The sum of the terms of a sequence.

Taylor series: An expansion of a function about a point, expressed as an infinite sum of
derivatives evaluated at that point.

Trigonometric functions: Functions such as sine,.cosine, and tangent that relate the angles of a
triangle to the ratios of its sides, often used to model periodic behaviour.

Utility function: A mathematical representation of consumer preferences, showing the
satisfaction derived from consuming goods or services.

Concept Check Questions Series 1: Derivatives of Trigonometric Functions and
Expansions

Objective Questions

1.

The derivative of (\cos x) is:
a) (\sin x)

b) (-\sin-x)

c) (\sec”2 x)

d) (-\cos x)

(Linked to SLO1.1)

Which of the following is a geometric progression?
a)2,4,6,8

b) 3,06, 12,24

c) 5, 10, 15,20

d)1,2,3,4

(Linked to SLO 1.5)

The Maclaurin series is a special case of which expansion?
a) Binomial theorem

b) Taylor series

c¢) Arithmetic progression
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d) Geometric progression
(Linked to SLO 1.4)

4. A series that grows without bound is said to:
a) Converge
b) Diverge
c¢) Expand
d) Approximate
(Linked to SLO 1.6)

5. Which mathematical tool is most suitable for approximating production functions?
a) Derivatives
b) Expansions
c) Sequences
d) Trigonometric functions
(Linked to SLO 1.7)

Short-Answer Questions

Define a derivative and explain its importance in‘economics. (Linked to SLO 1.1)

Write the expansion of ((1 + x)*3) using the binomial theorem. (Linked to SLO 1.3)

State the formula for the nth term of an arithmetic progression. (Linked to SLO 1.5)

Give one example of a convergent series and explain why it converges. (Linked to SLO 1.6)
Describe one application of trigonometric derivatives in modelling economic cycles. (Linked to
SLO 1.2)

ik wnN e

Long-Answer Questions

1. Analyse how Taylor and Maclaurin series can be used to approximate economic
functions, giving at least one worked example. (Linked to SLO 1.4)

e Basicresponse: Explain the concept of Taylor and Maclaurin series, show how they
approximate functions, and provide a simple example such as approximating (\sin x).

e /Value-added response: Extend the explanation by applying the approximation to an
economic function, such as a production or utility function, and discuss the advantages
and limitations of using series expansions in economic modelling.

2./ Evaluate the role of sequences and series in modelling savings and investment returns,
with reference to arithmetic and geometric progressions. (Linked to SLO 1.5, SLO 1.6)

e Basic response: Define arithmetic and geometric progressions, explain their formulas,
and show how they apply to savings or investment.
e Value-added response: Provide a detailed worked example of compound interest using
a geometric series, compare it with an arithmetic progression representing steady
savings, and discuss the implications for long-term financial planning.
3. Design a simple economic model that integrates derivatives, expansions, and series to
forecast demand or production. (Linked to SLO 1.7)
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e Basicresponse: Outline how derivatives measure change, expansions approximate
functions, and series represent cumulative behaviour, then combine them conceptually
in a model.

e Value-added response: Present a worked example, such as modelling seasonal demand
with a sine function, expanding it with a Maclaurin series, differentiating to find rateof
change, and summing terms to forecast cumulative demand.

Answers to Concept Check Questions Series 1

Objective Questions

b) (-\sin x)

b) 3,6, 12, 24
b) Taylor series
b) Diverge

b) Expansions
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Short-Answer Questions

1. Aderivative measures the rate of change of a function. In. economics, it is used to calculate
marginal values such as marginal cost or marginal utility.

2. ((1+4x)73=1+3x+3x"2 +x"3).

3. (a_n=a+(n-1)d).

4. Theseries1+1/2+1/4+1/8+... converges to 2 because the sum approaches a finite value as
more terms are added.

5. Trigonometric derivatives can-model cyclical demand, showing whether demand is rising or
falling at a given point in time.

Long-Answer Questions

1. Basic response: Taylor and Maclaurin series approximate functions by expressing them
as polynomials. For example, (\sin x = x - x*3/3! +x"5/5! - ...).
Value-added response: In economics, a production function can be approximated using
a Taylor series around average input values. This makes it easier to analyse marginal
productivity and forecast changes.

2. Basie response: Arithmetic progressions represent steady savings, while geometric
progressions model compound interest.
Value-added response: For example, depositing %100 monthly with compound interest
forms a geometric series. The sum shows total savings accumulation, which grows faster
than an arithmetic progression representing fixed deposits without interest.

3. Basic response: Derivatives measure change, expansions approximate functions, and
series represent cumulative behaviour. Together, they can forecast demand or production.
Value-added response: Seasonal demand can be modelled with a sine function,
expanded using a Maclaurin series, differentiated to find the rate of change, and summed
as a series to forecast cumulative demand over time.
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Answers to Pilot Questions 1

Part 1: Derivatives of Trigonometric Functions

1. Trigonometric functions are mathematical functions that relate angles to side ratios of triangles.
Examples include sine and cosine.

The derivative of tan x is sec?x.

The derivative of cos x is —sin x.

Higher-order derivatives of sine follow a cycle: sin x < cos x = —sin x = —cos x = sin X.
Trigonometric derivatives are applied in economics to model cyclical demandpatterns.

vk wn

Part 2: Expansions and Approximations

Expansions express a function as a sum of terms, often in powers of a variable.

The binomial theorem formula is ((a + b)*n = \sum_{k=0}*{n} \binom{n}k} a*{n<k} b~ k).
The Maclaurin series for sin x up to the fifth term is (x - \frac{x23}3!} + \frac{x*5}{5!}).
The binomial theorem is applied in economics to calculate probabilitiesin repeated trials.
Expansions approximate production and utility functions to simplify analysis.
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Part 3: Sequences and Series in Economic Contexts

A sequence is an ordered list of numbers, and a series is the sum of those numbers.

An example of an arithmetic progression is 2, 4,6, 8, with a common difference of 2.
The common ratio in the geometric progression 3,6, 12, 24 is 2.

Convergence means the sum approaches a finite value, while divergence means it grows
without bound.

5. Series are applied in economics to. model savings accumulation.

PwnNPE

Part 4: Integration of Derivatives, Expansions, and Series in Economic Analysis

1. Derivatives and expansions-are linked in economic modelling by approximating complex
functions and then differentiating to find marginal values.

Series are used.in forecasting, for example, geometric series model savings accumulation.
Production functions are approximated using Taylor expansions.

Compound interest is modelled using geometric series.

Trigonometric derivatives are applied in economics to model seasonal crop yields.
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e Figure 1.1: Unit circle representation of trigonometric functions
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tangent functions.”
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o Figure 1.2: Cyclical nature of higher-order derivatives of sine and cosine
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Course code: ECO 104
Course title: Introductory Mathematics II

Course credit load: 2 Units

Series 1: Derivatives of Trigonometric Functions and Expansions
Series 2: Sequences and Series in Economic Applications

Series 3: Partial and Total Derivatives with Optimisation

Series 4: Linear and Matrix Algebra in Economics

Series 5: Mathematical Relationships and Graphical Analysis of Economic
Concepts

Suggested Outline
Part 2.1: Fundamentals of sequences and series
o Definition of sequences and series
o Distinction between finite and infinite series
o Common notation and terminology
Part 2.2: Arithmetic and geometric progressions
e General term and sum of arithmetic progression (AP)
e General term and sum of geometric progression (GP)
o Worked examples with economic interpretations (e.g., wages, savings)
Part 2.3: Convergence and divergence of series
o Concept of convergence and divergence
o Tests for convergence (basic level suitable for introductory learners)
e  Economic implications of convergent and divergent series
Part 2.4: Applications of sequences and series in economics
e Modelling savings accumulation and investment returns
e Analysing growth rates and compounding

e Debt repayment schedules and annuities
e (ase studies linking mathematical series to real-world economic scenarios
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Introduction

In the last Series, we explored derivatives of trigonometric functions and expansions, seeing how
these mathematical tools can be applied to model cyclical behaviour and approximate complex
functions in economics. Building on that foundation, this Series turns our attention to sequences
and series, which are equally important for understanding growth, accumulation, and long-term
economic patterns such as savings, investment returns, and debt repayment. By studying/these
concepts, you will gain insight into how mathematics provides structure and predictability to
economic analysis.

The aim of this Series is to equip you with the knowledge and skills to define, analyse, and apply
sequences and series in economic contexts, enabling you to model financial-and growth-related
scenarios with confidence.

We shall commence this Series by examining the fundamentals of sequences and series,
clarifying definitions and notation. Next, we will move on to arithmetic and geometric
progressions, exploring their formulas and economic interpretations. Following that, we will
consider convergence and divergence, highlighting their mathematical meaning and economic
implications. Finally, we will conclude by applying sequences and series to practical economic
problems such as savings accumulation, investment returns, and debt repayment schedules,
supported by illustrative case studies.

Series Learning Outcomes

Upon completing this Series, you should be able to:

SLO 2.1 define sequences and series clearly, distinguishing between finite and infinite forms,
SLO 2.2 explain the notation and terminology commonly used in sequences and series,

SLO 2.3 demonstrate how to calculate the general term and sum of an arithmetic progression,

SLO 2.4 apply the formulas for the general term and sum of a geometric progression to practical
problems,

SLO 2.5 analyse the convergence and divergence of series using basic tests and interpret their
economic implications,

SLQ 2.6 evaluate the role of sequences and series in modelling savings, investment returns, and
growth rates, and

SLO 2.7 design simple economic models that use sequences and series to represent debt
répayment schedules and annuities.

2.1 Fundamentals of Sequences and Series

2.1.1 Definition of sequences and series

A sequence is an ordered list of numbers that follow a specific rule. Each number in the list is
called a term, and the position of the term is important because it determines how the sequence

)
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progresses. For example, 2, 4, 6, 8 is a sequence where each term increases by 2. A series is the
sum of the terms of a sequence. For instance, adding the terms of the sequence 2, 4, 6, 8 gives
the series 2 +4 + 6 + 8 = 20.

Sequences and series are central to economics because they help us describe and analyse growth,
savings, and investment patterns over time. They provide a mathematical framework for
understanding how values accumulate or change across periods.

Fill in the blank: A sequence is an ordered of numbers.

[
FROM SEQUENCE TO SERIES: A VISUAL GUIDE.

1. SEQUENCE OF NUMBERS (Finite & Infinite)

Definition of a Sequence n=1

An ordered list of terms, » Example Sequence: _ 4 _
often generated by a rule. {307 4515, ) z
{al' az, a3, -} Ordered Terms Rule for fi fndmg terms

2. FORMING A SERIES (Summing Sequence Terms)

Operator Y. (Sigma Notation): ¥ a,,
@ @ @ @ Summing the Terms

Z Definition: a; +a, + as + ..
3. PARTIAL SUMS AND THE SUM OF A SERIES
Partial Sum (S;) First 4 Terms Summed

4
a; |—»>sS,=3 to a Partial Sum, S4 Finite Series: Z A, =S5i=36 J
Az ——>5,=3+7= 10—>{Sl,SZ,S3,S4,. }{I e Z -
G >S.-3+7+i1=21———1* nfinite Series: 2 8 = i 5

ag —> S4;=3+7+11+15=36 Convergent Sum if the sequence {S} ap-
proaches a limit, S. Divergent otherwise.

Diagram showing a sequence of numbers and its corresponding series.
Figure 2.1: Relationship between sequences and series

4
3+ 7+11+15+.. —}Z

2.1.2 Distinction between finite and infinite series

A finite series has a limited number of terms. For example, 2 + 4 + 6 + 8 is finite because it
stops after four terms. An infinite series continues indefinitely. For example, 1 + 1/2 + 1/4 + 1/8
+ «.. 1s infinite because the terms go on forever.

Infinite series are particularly useful in economics when modelling processes that continue over
time, such as compound interest, depreciation, or long-term investment returns. Finite series, on
the other hand, are often used to represent short-term scenarios such as fixed instalments or
limited savings plans.

Fill in the blank: A series that continues indefinitely is called an series.
P
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Type of Series

Series Representation
(Sigma Notation)

Expanded Series
(Terms Summed)

Description and Behavior

Finite Series

S\sum_{i=137{5} (2i -
1%

$1+3+5+7+09%

A finite arithmetic series. The
sum is exactly 25. Used for
summing a defined list.

Finite Series

S\sum_{k=01{4} 3°k$

$370 + 37 + 372 +
3M3+3M=1+3+
0+27+81%

A finite geometric series with
a specific number of terms
($n=5%)..The sum is 121.

Finite Series

S\sum_{j=1}7{10} 13

S1+1+1+1+1
+1+1+1+1+
1$

A constant finite series. The
sum/is simply the number of
terms: 10.

Infinite Series
(Convergent)

$\sum_{n=1}"{\infty}
frac{1}{2"n}$

S\frac{1} {2} +
frac{1} {4} +

frac {1} {8} +
frac{1} {16} +..$

Convergent Geometric
Series: The terms get
infinitely small, approaching
a sum of 1. A classic example
where an infinite sum can be
finite.

Infinite Series
(Divergent)

$\sum_{n=1}"{\infty}
n$

S1+2+3+4+ ...

/

Table 2.1: Examples of finite and infinite series

Type | Example | Description
Finite series | 2 + 4 + 6 + 8 | Stops after a fixed number of terms
Infinite series | 1 + 1/2 + 1/4 + 1/8 + ... | Continues without end

2.1.3 Common notation and terminology

When working with sequences and series, certain notation is widely used:

e a;: the first term of a sequence.
e ap: the nth term of a sequence.
£
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e n:the number of terms.

e S,:the sum of the first n terms of a series.

e I (sigma notation): used to represent the sum of terms in a series. For example, (\sum_{i=1}*{4}
i=1+2+3+4=10).

This notation makes it easier to write and manipulate sequences and series in both mathematics
and economics. For example, economists use sigma notation to represent cumulative savings or
investment returns over time.

Fill in the blank: The symbol X is used to represent the

of terms in.a series:

[
Notation Symbol / Representation Description./ Example
Component y P P P
Sequence $(a_n) {n=1}Minfty$, $\{a n\}$, |An ordered list of numbers. Example:
1 or $\{a 1,a 2, \dots\}$ $a. n =2n-1$ yields $\{1, 3, 5, \dots\} $.
The sum of the terms of a sequence.
Series $\sum_{n=1}infty a n$ $\sum_{n=1}Minftya n=a 1 +a 2+
a 3+ \dots$
Index of _ . The variable below $\Sigma$ that
Summation $n=18 (or $i,d, k$) specifies the starting term for the sum.

Lower Limit

The integer value next to the index
(e.g.,'1")

The starting point of the summation.
Usually $n=1$ or $n=08.

Upper Limit

The value above $\Sigma$ (e.g.,
S\infty$, $k§)

The ending point of the summation (for
finite series, e.g., $k$; for infinite series,
$\infty$).

Partial Sum
($S_k$)

$S k=\sum {n=1}"k a n$

The sum of the first $k$ terms of a series.
$S 3=a 1+a 2+a 3$.

Convergence

$\lim_{k\to\infty} S k=S$
(where $S$ is finite)

The series sum approaches a specific
finite number as $k \to \infty$.

-

Do)
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Notation

Component Symbol / Representation Description / Example

$\lim_{k\to\infty} S k$ does not  [The series sum does not approach a

Divergence exist or $\pm\infty$ single finite limit.

Changing the starting index, which
changes the formula but keeps the same
sum.

$\sum_{n=1}Minfty a_n \equiv

[ndex Shift sum_{m=0}Minfty a {m+1}$

/

Box 2.1: Key notation in sequences and series
Notation | Meaning
a: | First term of a sequence
a, | nth term of a sequence
n | Number of terms
Su | Sum of the first n terms
2| Sum of terms in a series

2.1.4 Economic relevance of sequences and series

Sequences and series are not just abstract mathematical concepts; they have direct applications in
economics. For example:

e Savings accumulation: A sequence can represent monthly deposits, while the series represents
total savings.

¢ Investment returns: Geometric series model compound interest, showing how investments
grow over time.

e Debt repayment: A finite series can represent fixed instalments paid over a set period.

¢ Growth modelling: Sequences and series can capture steady or exponential growth patterns in
production or consumption.

Worked Example: If you deposit ¥100 monthly for 12 months, the sequence is 100, 100, 100, ...
(12 terms). The series is the sum of these terms, giving ¥1,200.

Fill in the blank: Compound interest is best modelled using series.

)
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[
SAVINGS ACCUMULATION: COMPARING THE SEQUENCE AND THE SERIES.

[ <=, 1. PERIODIC SAVINGS AS A SEQUENCE: {a,, a,, as, 4y, ... }

(: gRgfoeng;() @y * deposits Example: aj =100 * (1 +0.05)%
Qe . ; (deposits increasing with interest) Sequence terms ay vs. Period k

Year 1 //.

Year 2
Period k

~

(0

— a; = $100

SEQUENCE of INDIVIDUAL DEPOSITS:

Set Each term @y, is the specific
amount saved during period k.

The order {ay, ay, ...} matters.

a =$105

Sequence terms

az = $110.25

Year 3
Year 4

( 2. TOTAL ACCUMULATED SAVINGS AS A SERIES: S,, =, ai | . Sessridaas

2, (Summation) PARTIAL SUMS (S,): SERIES of TOTAL SAVINGS:
of previous terms CUMULATIVE SAVINGS. S, is the cumulative sum of

as = $115.76

P
-

J

Parlial Sum

(E=]) . _ all deposits a; from k=1 to n.
$i §, =100 S, grows over time as long as a,, > 0. L Period n
(E) L =
s, S, = §100+$105-$205 _ LIMIT OF THE SERIES:
LB TR L——j Sn = Z e Does total savings converge or diverge?
S, [%E=} S; = $205+8110.25=8315.25 &L — Infinite Series
— Key Distinction (e.g., continuous saving without end)

SEQUENCE (deposits per period) o
vs.

S, 'ﬂai S,=$315.25+$115.76=8431.01 ——7> Finite Series
L—.__J SERIES (total accumulated) (e.g., retirement fund goal reached)
J

/

Diagram showing savings accumulation as a sequence and total savings as a series.
Figure 2.2: Savings accumulation represented by sequences and series

Pilot questions 2.1

Define a sequence and a series.

Give one example of a finite series and one example of an infinite series.
What does the notation a, represent in a sequence?

Write the sum of the first four natural numbers using sigma notation.
Explain one way sequences and series are applied in economics.

ukwnN e

2.2 Arithmetic and Geometric Progressions

2.2.1 Arithmetic progression (AP)

An arithmetic progression (AP) is a sequence of numbers in which each term differs from the
previous one by a constant difference, called the common difference. For example, 5, 10, 15, 20
is'an AP with a common difference of 5.

The formula for the nth term of an AP is:
[an=a+(n-1)d]
where (a) is the first term, (d) is the common difference, and (n) is the position of the term.

The sum of the first (n) terms of an AP is:
[ S n=\frac{n}{2}[2a + (n-1)d] ]

-
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Economic Application: APs can represent steady increases in wages, fixed savings deposits, or
regular increments in production.

Fill in the blank: The constant difference between consecutive terms in an AP is called the

difference.
[
Example First F Common Exampl
Name / SLEEW 1 Initial ommo nth Term  |Simplified pi¢
Descriptio Terms of Term (al) Difference Formula Formula Value (e.g.,
. P AP (d) n=10)
Simple _ -~ $a {10} =
Counting $dl(;t23$5 T s1s $2$ f;‘_—f;(;)? ?g—n =2 b0y 1=
(Odds) 19%
Stmple ——10) 4 6,8 62 o San<2+ | g [sa 110} =
Counting e 92 2 - a n=2n T —
(Even)  dotsS (0-1)(2)$ 2(10) = 208
. $a {10} =
Positive, [$5,8, 11, $a n=5+ $a n=3n - B
Integer d |14, \dots$ 558 5% (n-1)(3)$ + 2% 2%0) 2=
Negative
Sa_ {10} =
d $10, 7, 4, $a n=10+ [$a n=13- - _
(Decreme |1, \dots$ 3108 8-3% (n-1)(-3)$ 3n$ 13 - 3(10)
-17$
nt)
Sa_ {10} =
Large, $100, 150, $a n=100+ [$a n=>50n —
Positived P00, \dots$ 1003 3503 (0-1)(508 |+ 50$ N 05(;8?; >0
Non-
Integer d ?05'5’210'0’ 50.58 50.58 $a n=05+ [$a n= $a {10} =
(Decimals | ;7> " : : (n-1)(0.5)$ 0.5n$ 0.5(10) = 5%
) dots$

)
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Example .
Name / First Few Initial C'ommon nth Term Simplified Example
Descriptio Terms of Term (al) Difference Formula Formula Value (e.g.,
n‘p AP (d) n=10)
S\frac {1} { Sa n =
Non- 414 —
’ frac{l1}{4} + [$a n= $a, {10} =
Integer d  \frac{1}{2 [S\frac{1} {4 $;frac{l}{4 o s ey lf frg§{1§{4}(
(Fractions |}, 19 } \
) frac {3} {4 Bé\frac{l}% n$ 10) =2.5%
}, 1, \dots$
Constant
. $7,7,7,7, $a n=7+ _ $a {10} =
PYORresst hdotss 378 308 - > PEASTS frg
]

Table 2.2: Examples of arithmetic progressions
Sequence | Common difference | nth term formula
2,4,6,812|(an=2+@m-1)2)
5,10,15 205| (a n=35+ (n-1)5)

2.2.2 Geometric progression (GP)

A geometric progression (GP) is a sequence of numbers in which each term is obtained by
multiplying the previous term by a constant ratio, called the common ratio. For example, 3, 6,
12, 24 is a GP with‘a common ratio of 2.

The formula for the nth term of a GP is:
[a n=ar"{n-1} ]
where (a).is the first term, (r) is the common ratio, and (n) is the position of the term.

The sum of the first (n) terms of a GP is:
[ S n=a\frac{l-r"n} {1-r}, \quad \text{if } r \neq 1 ]

Economic Application: GPs are used to model compound interest, population growth, and
investment returns, where values grow exponentially over time.

Fill'in the blank: The constant multiplier between consecutive terms in a GP is called the
ratio.

)
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Example Name / First Few Initial Term [Common nth Term Example
Description Terms of GP (al) Ratio (r) Formula (an - Value (e.g.,
P =al-rn—1) n=6)
$a n=1\cdot [$a 6=
Simple Doubling $dl(; éé“’ 8,16, ls1s $2$ DA Im-1)) = PAL6-1) =
2" n-1}$ DN5S=328
$a n =3 \cdot
. . $3,9,27, 81, a_ Ot lsa 6=376
Simple Tripling h43. \dots$ $39$ $3$ gAI{lén-l)} = 9905
$a n =100 $a 6 =100
. $100, 50, 25, $1/28 (or |\cdot cdot
Decay (Half-life) 1) "\ tq” 81008 $0.58) (05 (n-  [(0.5)5 =
s 3.1259
Alternating Sign  ($5, -10, 20, - 558 $9% $a n =5 \cdot $cad_06t ?_;) A3
($r<0%) 40, 80, \dots$ (-2)™M((@0-1)}$ [ -160$
$a n=
. S\fracd 11 {4}, frac{1}{4} [$a 6=
f;i‘lcf:l‘;';alfg;? frac{1} {2}, 1, B\frac{1} {4}$ [$23 cdot 24{(n-  PA{6-3} =
g 0,4, \dots$ ) =2Mn- PA3=8%
31$
$a 6=
$a n=1000 —
Decimgl 51000, 1050, |00 ?510./05$ cdot (lfgg;fgm
(Interest/Growth) [1102.5, \dots$ ° (1.05)"{(n- )
growth) 118 approx
1276.28%
L $a n=-2 $a 6=-2
fPostveses  podons [ §35 fedot3f(n-  fedot 315 =
’ 1)}$ -486%

-

Do)
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Example Name / First Few Initial Term |Common nth Term Example
R Terms of GP al) Ratio () Formula (an (Value (e.g.,
p =al-rn—1) n=6)
$a n=7\cdot
Constant $7,7,7,7, $7% $1$ IM{(n-1)} = [$a6="7$
Progression dots$ 7$

]

Table 2.3: Examples of geometric progressions
Sequence | Common ratio | nth term formula
3,6,12,24|2|(a_n=3\cdot 2*{n-1})

100, 50, 25, 12.5] 0.5 | (a_n =100 \cdot (0.5)*{n-1})

2.2.3 Comparing arithmetic and geometric progressions

Although both APs and GPs are sequences; they differ in how terms are generated:

e APs grow by addition of a constant difference.
e  GPs grow by multiplication of a constant ratio.

This distinction is crucial in economics. APs are suitable for modelling steady, linear growth
such as fixed wage increments, while GPs are used for exponential growth such as compound
interest or population expansion:

Worked Example:

e AP: Aworker’s salary increases by #&5,000 each year. This forms an AP.
e GP: Aninvestment doubles every year. This forms a GP.

Fill in the blank: APs grow by , while GPs grow by
[
Progressive . . . . .
Structure Arithmetic Progression (AP) Geometric Progression (GP)
A sequence where the difference A sequence where the ratio of any
Mathematical between any two consecutive terms  [term after the first to its preceding
Definition is a constant (common difference, [term is a constant (common ratio,
$d$). $r$).

)
she-o) LA-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS



Progressive
Structure

Arithmetic Progression (AP)

Geometric Progression (GP)

Recursive Rule

$a n=a {n-1} +d$

$a n=a {n-1} \cdotr$

General ($n$-th)
Term

$a n=a | +(n-1)d$

$a n=a 1 \cdot r"{(n=1)}$

Sum of $n$
Terms ($S_n$)

$S n=\frac{n}{2}(a 1 +a n)=
frac{n} {2}[2a 1 + (n-1)d]$

$S n=\fracfa 1(r"n= 1)} {r<1}$ (if
$r>1%) or $S. n = \frac{a 1(1 -
n)} {1-r}$ (if $r < 19).

Infinite Sum
($S_\infty$)

Diverges to $\pm\infty$ (unless
$d=0% and $a 1=083).

Converges to $S \infty =
frac{a 1} {1-r}$if$

Graphical A straight line (linear growth or An exponential curve (j-curve or
Representation decline). decaying curve).
Primary Modeling fixed, linear, or Modeling exponential growth,

Economic Use

proportional changes.

compound decay, or time-
discounting.

Economic : . Stocks, compounded flows, and

. Flows and simple accumulation.
Variable Type future values.
Growth/Decline Constant absolute amount. Constant percentage rate (compound
Rate growth).

. S Compound Interest/Growth:
simple Interest Accumulation: oo o oue, SEV t= PV 0(1+1)°tS,
Case Study: Total savings, $I t=P_0(1+rt)$. : -
: — — . Each year, interest earned increases

Investment Each year, interest earned is the

same absolute amount ($d = P_0r$).

as it compounds on the previous
interest ($r = 1+i$).

-

Do)
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Progressive . . . . .
Structure Arithmetic Progression (AP) Geometric Progression (GP)
Proportional Ripple Effects Sequences of Spending Ripples
(Simultaneous): An investment (Iterative): The Keynesian
Case Study: ($I8) that causes other variables Multiplier. Total impact $\Delta Y =
Multiplier (like $C$) to change synchronously  |\Delta G + c¢\Delta G + ¢2\Delta G
with no time lag, creating a + ...$ is an infinite GP sum: $\Delta
simultaneous multiplier. Y =\frac{\Delta G} {1-c}$.
Present Value of Annuities: The
Case Studv: Straight-Line Depreciation: A sum of a series of fixed future
Finance y: fixed asset loses a constant absolute  [payments discounted to today: $PV
value each year ($d < 03). = \sum \frac {C}{(1+1)"t}$. An
infinite, decaying GP sum.
Linear Production/Supply: Output Returns to Scale/Diminishing
: Returns: If outputs ($Q$) are a
Case Study: increases by a fixed amount ($d$) :
) . L . constant factor ($r$) of inputs ($K,
Microeconomics |[for every unit of input. Fixed o
marginal product L$). For diminishing returns, $0 <r
: < 1$ for additions to input.

/

Box2:2: Key differences between AP and GP
Feature | Arithmetic progression | Geometric progression
Rule | Add constant difference | Multiply by constant ratio

Growth | Linear | Exponential
Economic use | Wage increments | Compound interest:

2.2.4 Economic applications of APs and GPs

Both APs.and GPs have practical applications in economics:

e APs: Represent steady savings deposits, fixed wage increments, and regular production

increases.

e GPs: Model compound interest, investment growth, and population expansion.

Worked Example:

e AP: Saving 81,000 monthly for 12 months results in a finite series with a total of %12,000.
e  GP: Investing 81,000 at 10% annual compound interest grows according to a GP, with each
year’s value multiplied by 1.1.

Fill in the blank: Compound interest is best represented by a

-

R

progression.
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[
PROGRESSIONS IN ECONOMIC MODELING: COMPARING LINEAR AND EXPONENTIAL GROWTH.

p— Y
"C} 1. SAV/INGS ACCUMULATION: ARITHMETIC PROGRESSION (SIMPLE INTEREST) AP

Year k (Time) Individual Deposit (a,) Total Accumulated Savings (S,)  nth Term Formula Total Sum Formula

o d=a,4,-3,=100
Annual Deposit: $1400 | - =
$1300) -

d =$100 G
Principal:

Total Savings increases

a,=1000 + (n-1)100 | by a fixed absolute, fixed

absolute amount (d).
LINEAR GROWTH.

=$1000 _ ) $1200| -
' <~ TR u a,=1000 + (n 1100) |s,=7(1000+a,)
: S,=a;+(n-1)d

By a Fixed Absolute Amount (AP) L E}?g)vclg‘lélylgl?;g;elNCTION EZIZ Fgg%{
’ 2. INVESTMENT GROWTH: GEOMETRIC PROGRESSION (COMPOUND INTEREST) /

Compounded Value (a,) Total Accumulated Value (S,)  nth Term Formula Total Sum Formula

Year k (Time)

Total Investment Value

increases by a fixed

percentage rate (r).
EXPONENTIAL GROWTH.

$1464.10

Annual Rate of Return: | |
r=1+0.10=1.10 | °

Va1

$4641

$3310

$2100
$1000

(10% growth)
Principal:
a, = $1000

a,=1000-(1.10)""

Total Sum Formula

(1.10"-1)
0.10

S, = 1000

r=a,,,/a,=1.10

OER

Diagram showing savings accumulation as an AP and investment growth as a GP.
Figure 2.3: Economic applications of APs and GPs

Pilot questions 2.2

Define an arithmetic progression and give one example.
State the formula forthe nth term of an AP.

Define a geometric progression.and give one example.
State the formula for the sum of the first n terms of a GP.
Explain onereconomic application of APs and one of GPs.

ukhwnN R

2.3 Convergence and Divergence of Series

2.3.1 Concept of convergence

A convergent series is one in which the sum of its terms approaches a finite value as more terms
are added. For example, the series

[A+\rac{l}{2} +\frac{1}{4} + \frac{1} {8} + \cdots ]

converges to 2. This means that although the series has infinitely many terms, the total sum
stabilises at a particular value.

In economics, convergence is important when modelling scenarios where growth or
accumulation eventually levels off, such as depreciation of assets or diminishing returns in
production.

FW
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Fill in the blank: A convergent series approaches a value as more terms are added.

[
CONVERGENT SERIES: THE SEQUENCE OF PARTIAL SUMS APPROACHES A FINITE LIMIT.
1. FORMING PARTIAL SUMS FROM A SEQUENCE

E leS g Summing the Terms ———— | Operator Y; (Summation) of
N equtlance % 4 previous terms
a =t LN ]
s @ S E Il Sn “—_ ¥ (Summation) of
fork=1,2,3,... >

previous terms

2. PARTIAL SUM SEQUENCE {S,,} VISUALIZATION

A series 32, a; converges if the

@y 51=12=05 sequence of partial sums {S,,}
First 5 Terms A [ S5,=1/2+1/4=0.75 0.5 04+1/4 0.875 0.9375 0.96875 has ean finite limit, S.
Summed to a a3 | S3=0.75+1/8=0.875 Sy =ay; i
Partial Sum, Ss ay | S,=09375+1/32 9 @ @ @ @ ceeccces Sy =agtay, n
s I $1=1/2=05 Partial Sum (S,,) Value »Sn = ;a"

3. THE LIMIT OF THE SERIES: CONVERGENCE

~ g L) SRR e one@-- <— FINITE LIMIT (SUM) S
2 63 096875 | L Ll =
E g.g 'i Partial Sums {S,,} i Z_ =1]limS. =1
@ 05 i i 2k now™T
g 04 i CONVERGENCE | k=1
S 02 | ZONE. | Convergence Criterion:

0.(1) i 1:2200 , | lim S, exists and is finite.

1 2 3 4 5 TR :
Term Number (n) OER
7/

Diagram showing a convergent series approaching a finite limit.
Figure 2:4: Convergence of a series

2.3.2 Concept of divergence

A divergent series is.one in which the sum of its terms grows without bound as more terms are
added. For example, the series

[1+2+3+4 +\cdots ]

diverges because the sum increases indefinitely.

In economics, divergence may represent unsustainable growth, such as debt accumulation
without repayment, ot inflation spiralling upwards.

Fill in the blank: A divergent series grows as more terms are added.
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[

DIVERGENT SERIES: THE SUM INCREASES WITHOUT BOUND.

1. FORMING PARTIAL SUMS FROM A SEQUENCE.

2. PARTIAL SUM SEQUENCE {S,} VISUALIZATION

4
Term Number (n)

First 5 Terms
Se uiﬁ:t? ;: =k \ s Summed toa —»> _ _}@ Sequence
q Sk o Partial Sum, S, of Partial Sums:
_ OPERATOR  |==>> & {1,3,6,10,15, ...}
Here: Summing e . ton)of | 5, s, =1 —B’@
the Terms: ‘ e (Summation) o §,=1+2=3
me L prEviLE [ES ﬁ SEatant s az A series Z ay, diverges
= S, S,=6+4=10 4

E)c(ample Series: ‘ M a,ta,ta,ta tagt * S.=10+5=15 a, ifthe seqkue:nce of partal

S k=1+2+3+4+- ‘ Z sums {S,} does not

k=1 Sn= kZ_;k as approach a finite limit.
3. THE LIMIT OF THE SERIES: DIVERGENCE TO INFINITY. &

DA
I @ m—(p ... 0

=" Partial Sums {S,} LB

5 / N 0\‘“3?_5 aoF E k=1lim S, =0
3 S Q L e NG k=1 %

a O : Divergence Criterion:

} ' } lim S, = oo (or —0c0)
2 5 n-— o n—00

KEY DIVERGENCE TEST: If lim a; #0, then gak diverges.

/

In this example, Alj[guk =0#0, e~
so divergence is confirmed. KOER

Diagram showing a divergent series increasing indefinitely.

Figure 2.5: Divergence of a series

2.3.3 Basic tests for convergence and divergence

There are several simple ways to test whether a series converges or diverges:

e Ratio test: If the ratio of successive terms tends to a value less than 1, the series converges.
e Comparison test: If a series has terms smaller than those of a known convergent series, it also

converges.

e Limit test: If the terms of a series do not approach zero, the series diverges.

Worked Example: Consider the series (\Mfrac{1} {2} + \frac{1}{4} + \frac{1} {8} + \cdots). Using
the ratio test, the ratio of successive terms is (\Mfrac{1}{2}), which is less than 1, so the series

converges.

Fill in the blank: If the terms of a series do not approach zero, the series

[
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Test for Series

(2an)

Statement of the Test

Result for
Convergence /

Common Examples & Use

Divergence
[f SL \neq 0% or g\ls‘lller;g(e.lll)cfn $$\%1\1$ I?l&
Calculate the limit of the [the limit DNE, frac {2n} {3n+,1 5. My fist
Divergence Test findividual terms: the series _

to quickly spot obvieus

(nth Term Test)  [$\lim_{n \to \infty} a n= |diverges. If $L = divergence, Warning: $\sum
LS 0%, the test is .
. . \frac{l}{n}$ has limit O but
inconclusive. .
diverges.
Geometric A series with a constant
Series Test ratio '$r$'": $\sum a \cdot Converges if $ L,
($\sum a \cdot rn=a-+ar+ar2 + g
r’'n$) dots$

A series of the form:

Convergence: $\sum
frac{1}{n"2}$ (Basel
problem, sum is $\pi*2/683).

cdot b_n$)

to \infty} b_n=08.

p-Series Test S\sum_ {n=1}"\infty Converges if $p Divergence: $\sum
($\sum frac{1}{n"p} =1+ > 1$. Diverges if frac {lg} {n}:$ (Harmonic
frac{1}{n"p}$) |Mrac{1}{2"p}'+ Sp \leq 18. serics, $p=19). S\sum
frac{1} {3/p} + \dots$ > SPAS),
frac{1} {\sqrt{n}}$
($p=0.59).
H;)Eift(inv)e:cil);lr‘fnfous and Both the series Used when the terms can be
gecreasi,n com are’ the and the integral  [integrated, such as $\sum
Integral Test Ceries su n%’to the}) either converge |\frac{1}{n"2+1}3$. (integral
 oroper inteoral or diverge is $\arctan(x)$, which
IPropeT mnreg together. converges).
S\int_1Minfty f(x)dxS$.

. Convergence: $\sum \frac{(-
Altf.:rnatmg [f $b_n \geq 08, . 1)*n} {n}$ (Alternating
Series Test The series

decreasing, and $\lim_{n Harmonic series). Note: The
($\sum (-1)"n converges.

regular Harmonic series
diverges.

FW

Do)
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Test for Series

Statement of the Test

Result for
Convergence /

Common Examples & Use

c n$ or $0 \leqd n\leq

a n$, then $\sum
a n$ diverges.

(2an) Divergence
Convergence: $\sum
. . frac{1} {n"2+1}$ (since
Given series $\sum a_n$, e g 000 veq [S\frac{ 1} {nt2+ 1} <
and a known series $\sum
. c n$, then $\sum |\frac{1}{n"2}$ and $\sum
Direct c_n$ (converges) or A
. ) a n$ converges. |\frac{1}{n"2}$ converges).
(Comparison S\sum d_n$ (diverges), [f $0 \leq d_n\leq |Divergence: $\sum
Test (D.C.T.)  |with $0\leqa n\leq q.dnieq gence:

frac{n} {n"2-1}$ (since
S\frac{n} {n"2-1} >

a_ns$. frac{1}{n}$ and $\sum

frac{1} {n}$ diverges).

/

Box 2.3: Basic tests for convergence and divergence
Test | Description | Example
Ratio test | Successive ratio < 1 — converges | (\frac{1}{2} + \frac{1}{4} + \cdots)
Comparison test | Smaller than convergent series.— converges | Comparing with (\frac{1}{n"2})
Limit test | Terms not — 0.— diverges | (I + 2 + 3 + \cdots)

2.3.4 Economic implications of convergence and divergence

Convergence and divergence have direct economic interpretations:

e Convergence: Represents stabilisation, such as savings reaching a maximum, depreciation
levelling off, or investment returns stabilising.

o Divergence: Represents unsustainable growth, such as debt increasing without repayment,
inflation rising uncontrollably, or unchecked population growth.

Worked Example: A firm invests in machinery that depreciates over time. The depreciation can
be modelled as a convergent series, since the value approaches zero but never becomes negative.
Conversely, if a government borrows continuously without repayment, the debt accumulation
can be modelled as a divergent series.

Fill in the blank: Continuous borrowing without repayment can be modelled as a
series.

)
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Test for Series

(2an)

Statement of the Test

Result for
Convergence /

Common Examples & Use

Divergence
[f SL \neq 0% or g\ls‘lller;g(e.lll)cfn $$\%1\1$ I?l&
Calculate the limit of the [the limit DNE, frac {2n} {3n+,1 5. My fist
Divergence Test findividual terms: the series _

to quickly spot obvieus

(nth Term Test)  [$\lim_{n \to \infty} a n= |diverges. If $L = divergence, Warning: $\sum
LS 0%, the test is .
. . \frac{l}{n}$ has limit O but
inconclusive. .
diverges.
Geometric A series with a constant
Series Test ratio '$r$'": $\sum a \cdot Converges if $ L,
($\sum a \cdot rn=a-+ar+ar2 + g
r’'n$) dots$

A series of the form:

Convergence: $\sum
frac{1}{n"2}$ (Basel
problem, sum is $\pi*2/683).

cdot b_n$)

to \infty} b_n=08.

p-Series Test S\sum_ {n=1}"\infty Converges if $p Divergence: $\sum
($\sum frac{1}{n"p} =1+ > 1$. Diverges if frac {lg} {n}:$ (Harmonic
frac{1}{n"p}$) |Mrac{1}{2"p}'+ Sp \leq 18. serics, $p=19). S\sum
frac{1} {3/p} + \dots$ > SPAS),
frac{1} {\sqrt{n}}$
($p=0.59).
H;)Eift(inv)e:cil);lr‘fnfous and Both the series Used when the terms can be
gecreasi,n com are’ the and the integral  [integrated, such as $\sum
Integral Test Ceries su n%’to the}) either converge |\frac{1}{n"2+1}3$. (integral
 oroper inteoral or diverge is $\arctan(x)$, which
IPropeT mnreg together. converges).
S\int_1Minfty f(x)dxS$.

. Convergence: $\sum \frac{(-
Altf.:rnatmg [f $b_n \geq 08, . 1)*n} {n}$ (Alternating
Series Test The series

decreasing, and $\lim_{n Harmonic series). Note: The
($\sum (-1)"n converges.

regular Harmonic series
diverges.

FW

Do)
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Test for Series

Statement of the Test

Result for
Convergence /

Common Examples & Use

c n$ or $0 \leqd n\leq
a n$.

a n$, then $\sum
a n$ diverges.

(2an) Divergence
Convergence: $\sum
. . frac{1} {n"2+1}$ (since
Given series $\sum a_n$, e g 000 veq [S\frac{ 1} {nt2+ 1} <
and a known series $\sum
. c n$, then $\sum |\frac{1}{n"2}$ and $\sum
Direct c_n$ (converges) or A
. ) a n$ converges. |\frac{l}{n"2}$ converges).
(Comparison S\sum d_n$ (diverges), [f $0 \leq d_n\leq |Divergence: $\sum
Test (D.C.T.)  |with $0\leqa n\leq q.dnieq gence:

frac{n} {n"2-1}$ (since
S\frac{n} {n"2-1} >

frac{1}{n}$ and $\sum
frac{1} {n}$ diverges).

/

Table 2.4: Economic implications of convergence anddivergence

Type | Mathematical behaviour | Economic interpretation

Convergence | Sum approaches finite value | Stabilisation (e.g., depreciation, savings cap)
Divergence | Sum grows without bound | Unsustainable growth (e.g., debt, inflation)

Pilot questions 2.3

ukhwnN R

Define convergence in the context of series.
Give one example of a divergent series.
State the ratio test for convergence.

What happens if the terms of a.series do not approach zero?
Explain one economic implication of a convergent series and one of a divergent series.

2.4 Applications of Sequences and Series in Economics

2.4.1 Savings accumulation

Savings plans often involve depositing a fixed amount regularly. This forms an arithmetic
progression (AP) if deposits are constant, and a series when these deposits are summed over
time. For example, depositing 35,000 monthly for 12 months creates a sequence of equal terms,
and the total savings is the sum of this finite series.

Worked Example: A worker saves 310,000 monthly for one year. The sequence is 10,000,
10,000, ... (12 terms). The series is the sum, giving :¥120,000.

Fill in the blank: Regular deposits of equal amounts form an

-

R

progression.
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[
SAVINGS ACCUMULATION: COMPARING THE SEQUENCE AND THE SERIES.

2_ 1. MONTHLY DEPOSITS AS A SEQUENCE: {d}, d,, d3, d, ..}

Monthly Deposit (d,) Total Accumulated Deposits nth Term Formula Sequence terms vs. Month
dy =100 (1.10)%1 $133.10
for a 10% growth rule

Y $100
$100

> | dy = 100 (1.1)F"! | mump

SEQUENCE of INDIVIDUAL DEPOSITS:
Each term d, is the specific amount saved

during Month k. The order matters. 1 2 3 4
Month 1 Month 2 Month 3 Month 4 KEY ECONOMIC DISTINCTION: )
= = . _— | What you save per period (Sequence) vs. What you accumulate total (Series).
2. TOTAL SAVINGS AS A SERIES: S, = Y7_, dy PARTIAL SUMS (S,): Series Partial Sum S,,vs. Month

Growh a J-curve,
using geometric rule

CUMULATIVE SAVINGS.

&)

‘ Operator

SEQUENCE of ‘N § : ; S, =$100+$110=$210 ‘ -
sequence terms di+dy;+d;+d, mmp ~ 2 T2 3 4
. S 3 §3=$210+$121=4331 S, = Z dy
= SERIES of TOTAL SAVINGS: it
i =$331+5133.10=5464.10 10% -
Z (Summatlon) of .;S‘l‘é !hescumul:tge ?umllqa"%e‘positgdk 54 =100 0.10 L
L previous terms S, grows over time as long as dy > 0. G (O—ER

Diagram showing monthly deposits as a sequence and total savings as a series.
Figure 2.6: Savings accumulation represented by sequences and series

2.4.2 Investment returns

Investments that earn compound interest grow according to a geometric progression (GP). Each
term represents the value of the investment at a given time, and the series represents cumulative
growth.

Worked Example: An investment of :¥100,000 earns 10% interest annually. The sequence of
values 1s 100,000, 110,000, 121,000, ... This is a GP with a common ratio of 1.1. The series
shows the total value accumulated over several years.

Fill in'the blank: Compound interest is modelled using a progression.
[
End of Calculation Method (Geometric Formula Applied Total Investment
Year (t) Progression n-th term formula) PP Value
0 Principal (Initial Term, $a_1$) ?1\$01§))’A08$0 \cdot $1$10,000.00%

-

Do)
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End of Calculati.on Method (Geometric Formula Applied Total Investment
Year (t) Progression n-th term formula) Value
1 SPrincipal \cdot (r)*1$ ?1\$olz?)??$? \cdot $\$10,800.00$
) $Principal \cdot ()28 ?}%}g?gg \cdot $\$11,664:008
3 SPrincipal \cdot (r)\3$ ?1\$01§)930§ \edot $\$12,597.12$
4 SPrincipal \cdot ()48 ?}%ﬂ%ﬁ’fg ' ok $\$13,604.89%
5 $Principal \cdot ()58 f1\$012?)?§)§ \cdot $\$14,693.285
6 $Principal \cdot ()63 f}%lgo)?gg \cdot $\$15,868.74$
7 SPrincipal \cdot (r)\7$ ?1\$01§))970$ \cdot $\$17,138.24$
8 SPrincipal \cdot (£)'8$ ?1\$01§))9§g \cdot $\$18,509.30$
9 SPrincipal \cdot (r)9$ ?1\$()12?)?90§ \cdot $1$19,990.05%
10 SPrincipal \cdot (r)*{10}$ $1$10,000 \cdot $\$21,589.25$

(1.08){10}$

-

Do)

LA-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS

/

Table 2.5: Investment returns modelled by GP
Year | Value | Formula
1] 100,000 | (a = 100,000)
2| 110,000 | (100,000 \cdot 1.1)




3| 121,000 | (100,000 \cdot 1.1°2)

2.4.3 Debt repayment schedules

Debt repayment often involves fixed instalments over a period, forming a finite series. Each
payment is a term in the sequence, and the total repayment is the sum of the series.

Worked Example: A loan of :%600,000 is repaid in 12 monthly instalments of 3¥50,000. The
sequence is 50,000, 50,000, ... (12 terms). The series is the sum, giving ¥600,000.

In more complex cases, repayment schedules may include interest, which can be modelled using
a combination of arithmetic and geometric progressions.

Fill in the blank: Fixed instalments over a set period form a series.
[
Period Total Interest Payment (It) /| Principal Repayment Remaining
(t) Payment (Pt) (Decreasing) (PRt) (Increasing) Balance
Year 1 [$\$2,2008 $\$8003 $\$1,4009% $\$8,6009%
Year2 [$\$2,200% $\$688% $\$1,512% $\$7,088%
Year 3  [$\$2,200% $\$567% $\$1,633% $\$5,4559
Year 4  ($\$2,2008 $\$4368 $\$1,7643 $\$3,691%
Year 5 [$\52,2005 $\$295% $\$1,9059 $\$1,7863
Tofl lais11,000  [5192,7865 5198,214$ i
Sum

-

R

LA-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS

Box 2.4: Debt repayment and series modelling

Scenario | Mathematical model | Economic interpretation
Fixed instalments | Finite series | Loan repayment without interest
Instalments with interest | Combination of AP and GP | Loan repayment with interest charges




2.4.4 Growth modelling in economics

Sequences and series can also represent growth in production, consumption, or population.

e APs: Model steady, linear growth such as annual wage increments.

e GPs: Model exponential growth such as population expansion or technological adoption.
e Convergent series: Represent stabilisation, such as diminishing returns.

e Divergent series: Represent unsustainable growth, such as unchecked inflation.

Worked Example: A population doubles every 20 years. This can be modelled as a GP with a
common ratio of 2. The series shows cumulative population growth across generations.

Fill in the blank: Population expansion is best modelled using a

[
MODELING POPULATION GROWTH AS A GEOMETRIC PROGRESSION

progression.

SECTION 1: CONCEPTUAL OVERVIEW

SECTION 3: GRAPHICAL REPRESENTATION AND COMPARISON

GEOMETRIC (MULTIPLICATIVE) GROWTH

INITIAL GENERATION 1 (<1): ~~ GENERATION 3 (t=3:
PO ATON Ny =No* 1 Ny=Nyor
1=0): Ny

P S G Y g 02

GENERATION 1 (t=1): GENERATION 2 (t=2): GENERATIONS(t 3)

Ny=Np*r Ny=Ny+*r
(GROWTH MULTIPUER r>1)
CONTRAST: ARITHMETIC (LINEAR) GROWTH
Ng—> No+d—> Ny +2d — Ny +3d...
d

POPULATION MULTIPLIES AT CONSTANT INTERVALS

No_’ No*l"_’ No*fz_’No*f:;...
CONSTANT DIFFERENCE

L

SECTION 2: MATHEMATICAL FORMULA & COMPONENTS

THE GEOMETRIC PROGRESSION MODEL
t: NUMBER OF TIME PERIODS

= L4 (GENERATIONS

N; =Ny * r ( I )

I o

N POPULATION .~ r=as

SIZE AT TIME t ¢

New =N,
No: INITIAL r: COMMON RATIO _Newa =N,

i (FNTERATEQF  growth N,

POPULATION SIZE INCI

REASE, A =1+ Rgrowth)  (Percent Growth Rate)

POPULATION GROWTH CURVES (GEOMETRIC VS. ARITHMETIC) ]
A .

GEOMETRIC GROWTH:
CURVE STEEPNESS INCREASES

GEOMETRIC GROWTH: \
(MULTIPLICATIVE)

ARITHMETIC GROWTH 0
(ADDITIVE) g

** MALTHUSIAN TRAP
(POPULATION EXCEEDS
RESOURCES)

" MALTHUSIAN
t=3 INTERPRETATION
(RESOURCES)

POPULATION SIZE (N)

ARITHMETIC GROWTH:
CONSTANT ABSOLUTE
INCREASE

A 4

TIME (GENERATIONS, t)

/

Diagram showing population growth as a geometric progression.
Figure 2.7: Population growth modelled by GP
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Pilot questions 2.4

Explain how savings accumulation can be represented by sequences and series.
Give one example of investment returns modelled by a geometric progression.
How are fixed debt repayments represented mathematically?

State one economic scenario where a convergent series is useful.

State one economic scenario where a divergent series may occur.

ukwnN e

Series Summary

This Series has focused on sequences and series, showing how these mathematical tools can be
applied to model savings, investment returns, debt repayment, and growth-in.economics. We
began by clarifying the fundamentals of sequences and series, distinguishing between finite and
infinite forms, and introducing the notation used to represent them. We then explored arithmetic
and geometric progressions, highlighting their formulas and economic relevance. Following that,
we examined convergence and divergence, learning how to test.for these behaviours and
interpret their implications. Finally, we applied these concepts to practicali@conomic scenarios,
including savings accumulation, compound interest, repayment schedules, and population
growth.

By completing this Series, you should now be able to define and explain sequences and series,
demonstrate how to calculate terms and sums of arithmetic and geometric progressions, analyse
convergence and divergence, evaluate their economic implications, and design simple models
that apply these concepts to real-world economic problems. In line with the Series Learning
Outcomes, you are now equipped to use sequences and series confidently as tools for economic
analysis.

Glossary of Terms

Arithmetic progression (AP): A sequence of numbers in which each term differs from the
previous one by a constant difference.

Common difference: The fixed amount added to each term in an arithmetic progression to
obtain the next term.

Common ratio: The fixed number multiplied by each term in a geometric progression to obtain
the next term.

Convergent series: A series whose sum approaches a finite value as more terms are added.

Debt repayment schedule: A plan for paying back borrowed money in instalments, often
represented as a finite series.

Divergent series: A series whose sum grows without bound as more terms are added.
Finite series: A series with a limited number of terms.

Geometric progression (GP): A sequence of numbers in which each term is obtained by
multiplying the previous term by a constant ratio.

-

Do)
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Infinite series: A series that continues indefinitely without end.

Investment returns: The gains or losses from an investment, often modelled using geometric
progressions to represent compound interest.

Sequence: An ordered list of numbers that follow a specific rule.
Series: The sum of the terms of a sequence.
Sigma notation (X): A mathematical symbol used to represent the sum of terms in-a series.

Savings accumulation: The process of building up savings over time, often represented by
sequences and series.

Concept Check Questions [Series 2]
Objective Questions

1. Which of the following is a finite series?
a)(2+4+6+8)
b) (1 +\frac{1}{2} +\frac{1}{4} + \cdots)
c)(3+6+ 12+ 24 +\cdots)
d) (1 +2+3+4+\cdots)
(Linked to SLO 2.1)

2. The nth term of an arithmetic progression is given by:
a) (a n=ar"{n-1})
b)(a n=a+ (n-1)d)
¢) (S_n=\frac{n} {2}[2a + (n-1)d])
d) (S n=a\frac{l-r*n} {1-r})
(Linked to SLO 2.3)

3. Which progression is most suitable for modelling compound interest?
a) Arithmetic progression
b) Geometric progression
c) Finite series
d) Divergent series
(Linked to SLO 2.4)

4. A series whose sum grows without bound is called:
a) Convergent
b) Divergent
¢) Finite
d) Infinite
(Linked to SLO 2.5)

5. The symbol X in mathematics represents:
a) Multiplication
b) Division
¢) Summation
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d) Subtraction
(Linked to SLO 2.2)

Short-Answer Questions

1. Define a sequence and a series. (Linked to SLO 2.1)

2. State the formula for the sum of the first n terms of an arithmetic progression. (Linked to SLO
2.3)

3. Write the nth term of a geometric progression. (Linked to SLO 2.4)

Explain what it means for a series to converge. (Linked to SLO 2.5)

5. Give one economic example of a divergent series. (Linked to SLO 2.6)

s

Long-Answer Questions

1. Analyse the differences between arithmetic and geometric progressions, giving one
economic application of each. (Linked to SLO 2.3, SLO 2.4)

e Basicresponse: Describe the rules for AP and GP, provide formulas, and give simple
examples.
e Value-added response: Extend by applying AP to wage.increments and GP to compound
interest, explaining why each model is‘appropriate. in its economic context.
2. Evaluate the role of convergence and divergence in economic modelling, with examples.
(Linked to SLO 2.5, SLO 2.6)

e Basic response: Define convergence and divergence, explain their mathematical
behaviour, and give one example of each.
e Value-added response: Apply convergence to depreciation of assets and divergence to
debt accumulation, discussing the implications for long-term economic sustainability.
3. Design a simple economic model using sequences and series to represent savings
accumulation and investment returns. (Linked to SLO 2.7)

e Basicresponse: Outline how savings can be represented by an AP and investment
returns bya GP.

e Value-added response: Provide a worked example showing monthly deposits as an AP
and compound interest growth as a GP, then combine them to illustrate total wealth
accumulation over time.

Answers to Concept Check Questions [Series 2]

Objective Questions

a)(2+4+6+8)

b) (a_n=a+(n-1)d)

b) Geometric progression
b) Divergent

¢) Summation

v ok U P
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Short-Answer Questions

1. Asequence is an ordered list of numbers following a rule, while a series is the sum of those
numbers.

(S_n =\frac{n}{2}[2a + (n-1)d]).

(a_n=arMn-1}).

A convergent series approaches a finite value as more terms are added.

Continuous borrowing without repayment, leading to debt accumulation.

vk wnN

Long-Answer Questions

1. Basic response: APs add a constant difference, while GPs multiply by a constant ratio.
AP example: wages increasing by a fixed amount yearly. GP example: investment
doubling annually.

Value-added response: APs model linear growth such as wage increments, while GPs
model exponential growth such as compound interest. AP.is suitable for predictable,
steady increases, while GP captures compounding effects in finance.

2. Basic response: Convergence means the sum stabilises, divergence means it grows
indefinitely. Example: convergent series in depreciation, divergent series in inflation.
Value-added response: Convergence models stabilisation in economics, such as
diminishing returns or deprecidtion. Divergence models unsustainable growth, such as
unchecked debt or inflation. These behaviours help economists evaluate long-term
viability of policies.

3. Basic response: Savings accumulation can be represented by an AP, while investment
returns can be represented by a GP.
Value-added response: Example: Saving 10,000 monthly for 12 months forms an AP
with a total of :¥120,000. Investing 100,000 at 10% annual compound interest forms a
GP with values 100,000, 110,000, 121,000, etc. Combining both shows how savings and
investments together build wealth.

Answers to Pilot Questions [Series 2]

Part 2.1: Fundamentals of Sequences and Series

1., Asequenceis an ordered list of numbers, and a series is the sum of those numbers.

2. Example of a finite series: (2 + 4 + 6 + 8). Example of an infinite series: (1 + \frac{1}{2} +

\frac{1H4}+ \cdots).

(a_n).represents the nth term of a sequence.

(\sum_{i=1}M4}i=1+2+3 +4=10).

5. | Infinite series are useful in economics for modelling processes such as compound interest or
depreciation.

s w

Part 2.2: Arithmetic and Geometric Progressions

1. An arithmetic progression is a sequence where each term differs from the previous one by a
constant difference. Example: 5, 10, 15, 20.

)
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2. The formula for the nth term of an AP is (a_n = a + (n-1)d).

3. A geometric progression is a sequence where each term is obtained by multiplying the previous
term by a constant ratio. Example: 3, 6, 12, 24.

4. The formula for the sum of the first n terms of a GP is (S_n = a \frac{1-rAn}{1-r}), if (r \neq 1).

5. APs are applied to steady wage increments, while GPs are applied to compound interest.

Part 2.3: Convergence and Divergence of Series

1. Convergence means the sum of a series approaches a finite value as more terms.are added.

Example of a divergent series: (1 + 2 + 3 + 4 + \cdots).

3. The ratio test states that if the ratio of successive terms tends to a value less than 1, the series
converges.

4. |If the terms of a series do not approach zero, the series diverges.

5. A convergent series can represent depreciation of assets, while a divergent series.can represent
unsustainable debt accumulation.

N

Part 2.4: Applications of Sequences and Series in Economics

1. Savings accumulation can be represented by a sequence of deposits and a series showing the
total savings.

2. Example: An investment of %#100,000 at 10% annual compound interest forms a GP with values
100,000, 110,000, 121,000, etc.

3. Fixed debt repayments are represented mathematically as a finite series.

A convergent series is useful in modelling diminishing returns or depreciation.

5. Adivergent series may occur in/scenarios such.as unchecked inflation or continuous borrowing
without repayment.

E

References and Attributions [Series 2]
Figures

o Figure 2.1. Relationship between sequences and series
Al-generated suggestion: “Generate a diagram showing a sequence of numbers and the
sum forming a series.”
Suggested OER search string: “sequence and series diagram OER mathematics.”

o  Figure 2.2: Savings accumulation represented by sequences and series
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a finite limit.”
Suggested OER search string: “convergent series diagram OER mathematics.”

o Figure 2.5: Divergence of a series
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o Table 2.3: Examples of geometric progressions
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e . Table2.5: Investment returns modelled by GP
Al-generated suggestion: “Create a table showing investment returns modelled by a
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e Box 2.1: Key notation in sequences and series
Al-generated suggestion: “Create a text box summarising key notation in sequences and
series.”
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e Box 2.2: Key differences between AP and GP
Al-generated suggestion: “Create a text box comparing arithmetic and geometric
progressions with economic applications.”
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Course code: ECO 104
Course title: Introductory Mathematics II

Course credit load: 2 Units

Series 1: Derivatives of Trigonometric Functions and Expansions
Series 2: Sequences and Series in Economic Applications

Series 3: Partial and Total Derivatives with Optimisation

Series 4: Linear and Matrix Algebra in Economics

Series 5: Mathematical Relationships and Graphical Analysis of Economic
Concepts

Suggested Outline
Part 3.1: Fundamentals of partial derivatives

o Definition of partial derivatives
o Notation and interpretation
o Worked examples with two-variable functions

Part 3.2: Total derivatives and their applications

o Definition.of total derivatives
o Relationship between partial and total derivatives
o Economicapplications such as cost and production functions

Part 3.3: Optimisation with constraints

o Concept of optimisation in economics

o Unconstrained optimisation using first and second-order conditions
o  Constrained optimisation using Lagrange multipliers

e _ Case studies in utility maximisation and cost minimisation

Part 3.4: Economic applications of optimisation

e Optimisation in production functions

o Utility maximisation in consumer theory

e Profit maximisation in firm behaviour
-
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e Policy implications of optimisation models

Introduction

In the last Series, we examined sequences and series, learning how they can be applied to model
savings, investment returns, debt repayment, and growth in economics. Building on that
foundation, this Series introduces you to partial and total derivatives with optimisation, which
are essential tools for analysing functions of several variables and for determining the best
possible outcomes in economic decision-making. These concepts allow economists.to study how
changes in one variable affect another and to identify conditions under which resources are used
most efficiently.

The aim of this Series is to equip you with the ability to calculate partial and total derivatives,
apply them to economic functions, and use optimisation techniques to solve both constrained and
unconstrained problems in economics.

We shall commence this Series by exploring the fundamentals of partial derivatives, focusing on
their definition, notation, and interpretation. Next, we will move on to total derivatives,
examining their relationship with partial derivatives and their applications in economics.
Following that, we will study optimisation with constraints; including first and second-order
conditions and the use of Lagrange multipliers. Finally, we will conclude by applying
optimisation techniques to economic séenarios such as production, utility, and profit
maximisation, thereby rounding off the Series with practical relevance.

Series Learning Qutcomes

Upon completing this Series, you should be able to:

SLO 3.1 define partial derivatives and explain their notation and interpretation,

SLO 3.2 demonstrate how to calculate partial derivatives for functions of two or more variables,
SLO 3.3 define total derivatives and explain their relationship with partial derivatives,

SLO 3.4 apply total derivatives to economic functions such as cost and production functions,

SLO 3.5 analyse optimisation problems using first and second-order conditions in unconstrained
settings,

SLO 3.6 evaluate constrained optimisation problems using Lagrange multipliers,

SLO 3.7 apply optimisation techniques to economic scenarios such as production, utility, and
profit maximisation, and

SLO 3.8 design simple optimisation models that illustrate efficient resource allocation in
economics.
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3.1 Fundamentals of Partial Derivatives

3.1.1 Definition of partial derivatives

A partial derivative is the derivative of a function of two or more variables with respect to one
variable, while keeping the other variables constant. For example, if we have a function (f(x,y) =
x"2y + 3y), the partial derivative with respect to (x) treats (y) as a constant.

This concept is important because many economic functions depend on multiple variables. For
instance, a production function may depend on both labour and capital. By taking a partial
derivative, we can measure how output changes when labour increases, while capital remains
fixed.

Fill in the blank: A partial derivative measures the rate of change of a function with respect to

one variable while keeping constant.
[
PARTIAL DERIVATIVE SURFACE DIAGRAM KEY:
VISUALIZING &L WHILE y IS CONSTANT o Bl e
_ N P y = yo PLANE
f(x,y) =1+0.3x*+0.1(xy?> - 1) +0'1¥3 P —vr

5 (SLOPE AT y = yo)

0%.y0) 8
SECTION = > CURVEAT y =y, >y
z=fy) wS ~— Yy &£
« | 1SA 2D CURVE. \{590“.. z Q (X0, Yo, 0) 0x | (xo,y2)

PARTIAL DERIVATIVE of / ox: Measures how f changes as only x changes, holding y fixed.
Visually, it's the slope of the curve formed by intersecting the surface with a plane of constant y.

]
Diagram showing a surface (z = f(x,y)) and the slope along the (x)-direction while holding (y)

constant.
Figure 3.1: Visualising a partial derivative along one axis

3.1.2 Notation and interpretation

The notation for partial derivatives is:

e (\frac{\partial f{{\partial x}): partial derivative of (f) with respect to (x).
o (\frac{\partial f}{{\partial y}): partial derivative of (f) with respect to (y).
)
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The symbol 0 is used instead of the usual (d) to indicate that the derivative is taken with respect

to one variable, while others are held constant.

Interpretation: Partial derivatives show how sensitive a function is to changes in one variable. In
economics, this can mean how output changes when labour increases, while capital is held

constant.

Fill in the blank: The symbol 0 is used to denote a

[

derivative.

COMMON NOTATION FOR PARTIAL DERIVATIVES

FIRST-ORDER PARTIAL DERIVATIVES

SECOND-ORDER PARTIAL DERIVATIVES

flx,y) flx,y) flx,y) NON-MIXED SUBSCRIPT
=]
LEIBNIZ NOTATION (©) SUBSCRIPT NOTATION S% ﬂ (Leibniz) f Like: (i (ﬂ)))
af == dx2 xXx x \dx
ox : a : fry =5 (%)
Derivative of f with respect to x f-sub-x o (Leibniz) f xy XY~ ay\ox

9z d(x%y) = i( 2y =2 = dydx (Subscript) 1st: ai-ﬂnd: ai

9%, o Yy Zys % X°Y)x = 2xy X y

a"—x [FUNCTION] - g;gc‘{;g*; a"—x (x%y), = 2xy EVALUATION AT A POINT VISUALIZING

- af PARTIALS
LEIBNIZ NOTATION { () SUBSCRIPT NOTATION Tlgyy & 12 F0Y0) | 8 ot o
f x - f x (%0,¥0. f (X0, ¥0)) x)-’a:(;i:t(;l:ts oL
f-sub-x } f-sub-x f. - - ox
2 [, _ager I f ¢ A Woringa
2 — 9 (9] (f-sub-y—x) 1 Moving along y-axis
2 (Leibniz) | | fxy ady (aX) | & ¢ x-axis htOIdxs f
= ay ox — oar or Interpretation of 92 f x constan
= Ny G f metiationas f —_J__ L »x Oy
(Leibniz) ‘ ‘ st o> ond: = with respecttox @x @y ==
J * y COMMON VARIATIONS: 8 (del), Dy f, s, s, etc. (CONTEXT MATTERS)

SOURCE: Open Educational Resources
]
Box 3.1: Common notation for partial derivatives
Notation | Meaning
(\frac{\partial f}{\partial x}) | Partial derivative of (f) with respect to (x)
(\ffrac{\partial f}{\partial y}) | Partial derivative of (f) with respect to (y)

3.1.3 Worked examples with two-variable functions

Let us consider a function (f(x,y) = x"2y + 3y).

e | Partial derivative with respect to (x):
[ \frac{\partial f}{\partial x} = 2xy ]

e Partial derivative with respect to (y):
[ \frac{\partial f}{\partial y} = xA2 + 3 ]

Another example: If (f(x,y) = xy + y"2), then
-
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e (\frac{\partial f{\partial x} = y)
o (\frac{\partial f{\partial y} = x + 2y)

Economic Application: Suppose (f(X,y)) represents output depending on labour ((x)) and capital
((y)). The partial derivative with respect to labour shows how output changes when labour
increases, holding capital constant.

Fill in the blank: If (f(x,y) = x*2y + 3y), then (\frac{\partial f} {\partial y} = ).
[

El EXAMPLES OF FUNCTIONS WITH THEIR PARTIAL DERIVATIVES
PARTIAL DERIVATIVE | PARTIAL DERIVATIVE

! FUNCTION TYPE FUNCTION: f(x, g —Of . _Of
Y feo) WRT.x: f, =3 WRTy: fy=3
1 Polynomial w fle,y) =x%+3xy+y3 2x + 3y 3x + 3y?
Exponential f(x,y) = e?*sin(y) 2e%*sin(y) e%* cos(y)
2x 2y
P 2 a2 e G
o Logarithmic f(x,y) =In(x* +y*) 7o AR
7 Product {E )=y 3x2y* 4x3y3
_ Xy x2-2x(x+y) -x-2y 1
flxy) = x2 x4 R x2
f(x,y) = cos(xy) + sin(x) —y sin(xy) + cos(x) —x sin(xy)
Square Root e % 4
@ (Chain Rule) e S = X2 —y2 Va2 —y?
A

Green: Treat y as a constant, differentiate w.r.t. x.  Blue: Treat x as a constant, differentiate w.r.t. y. g |
| 4

/

Table 3.1: Examples of partial derivatives of functions
Function | (\frac{\partial {}{\partial x}) | (\frac{\partial {}{\partial y})
(fey) = x"2y + 3y) [ (2xp) | (x"2 + 3)

(fxy) =xy +y"2) | ) | (x + 2y)

3.1.4 Economic interpretation of partial derivatives

Partial derivatives are widely used in economics to analyse marginal changes. For example:

¢ | Ina production function, the partial derivative with respect to labour shows the marginal
product of labour (the additional output from one more unit of labour, holding capital

constant).
¢ In a utility function, the partial derivative with respect to a good shows the marginal utility of

that good (the additional satisfaction from consuming one more unit, holding other goods
constant).
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e In a cost function, the partial derivative with respect to output shows the marginal cost (the
additional cost of producing one more unit, holding other factors constant).

Worked Example: If a production function is (Q(L,K) = L*{0.5}K"{0.5}), then
[ \frac{\partial Q} {\partial L} = 0.5L"{-0.5}K"*{0.5} ]
This represents the marginal product of labour.

Fill in the blank: In a production function, the partial derivative with respect to labour represents
the product of labour.

[
VISUALIZING MARGINAL PRODUCT OF LABOUR (MPL) AS THE SLOPE OF THE PRODUCTION SURFACE
K = K; (CAPITAL FIXED) @ SLOPE VISUALIZATION & COMPARISON

SHORT-RUN PRODUCTION @ K15 HiGH (k)
CURVE, Q = £(L, ;) (fixed K)

- o % at Lz s S TSR
MPL = Slope = = (diminished) MPL DEPENDS ON THE

LEVEL OF CAPITAL

N A
' SLOPE OF THE SURFACE

OLDING (S:APITAL

Hi LOW MPL
CONSTANT, IS THE MPL.

OUTPUT QUANTITY (Q)

LABOR (L) AXIS vs. CAPITAL (K) AXIS
HOLDING K CONSTANT, | HOLDING L CONSTANT,
MOVE L MOVE K

{ SLOPE COMPARISON:

@ MATHEMATICAL COMPONENTS & PARTIAL DERIVATIVE

Q= f(L,K) @ ® s a0
+ 7 ChangeinL — ChangeinQ Slope — — —
OUTPUT— LABOURINPUT CAPITALINPUT (AL, K fixed) (80) AL dL
_0Q . f(L+ALK) - f(LK)
MELS o1 — i AL
OO OThs
]/

Diagram showing a production function surface with slope along the labour axis.
Figure 3.2: Marginal product of labour as a partial derivative

Pilot questions. 3.1

Define a partial derivative.

State the notation for the partial derivative of a function (f(x,y)) with respect to (x).
Calculate (\frac{\partial f{\partial x}) if (f(x,y) = x*2y + 3y).

Explain the economic interpretation of a partial derivative in a production function.
What symbol is used to denote a partial derivative?

Ul A
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3.2 Total Derivatives and Their Applications

3.2.1 Definition of total derivatives

A total derivative measures how a function changes when all of its variables change
simultaneously. Unlike a partial derivative, which focuses on one variable at a time, the total
derivative accounts for the combined effect of changes in multiple variables.

For example, if (z = f(X,y)) and both (x) and (y) depend on another variable (t), the total
derivative of (z) with respect to (t) is:

[ \frac{dz} {dt} = \frac{\partial f} {\partial x}\frac{dx} {dt} + \frac{\partial f} {\partial
yi\frac{dy} {dt} ]

This formula shows how changes in (x) and (y) together affect (z).

Fill in the blank: A total derivative accounts for the combined effect of changes in
variables.

[
THE TOTAL DERIVATIVE: A MULTI-VARIABLE CHAIN RULE (OER MATHEMATICS)
OVERVIEW: TOTAL vs. PARTIAL DERIVATIVE TOTAL DERIVATIVE DEFINITION: g_‘ﬂ
[PARTIAL DERIVATIVE (9) [TOTAL DERIVATIVE (d) dt
dw  Change in w, holding dw v changes dueto Path A dw ow dx ow dy
dx other variable constant to all changes e (V'“ = — 4+ —
> dt ~ ox dt  ady dt
UERENDENGE MAE ' w Panialf d;\Total dy Confnat e
T 2t - e I V
TIME (t) - VARIABLES & — x=x(t) &UN?(TX'OV’; 3 Derivative (wrt. x)r Derivative wrt ) fowrt. tl)

O—fig—~en< @—y- v(t)

o &a~ BC6)-0)

P thB( ) -
VVISUALIZING THE TOTA‘L DERIVATIVE Whe ey . . Ax, Ay Combined [ AW
w=1(x,y) (3D SURFACE) 2.X(t)vs.t 3.y(t)vs. t w(t) vs. t e Aw < dt
CHANGE  Ax, Ay CHANGE | SLOPE OF THE
dw | CURVE w(t)

dt COMPARISON: A VISUAL KEY

oAl L

VV*

> | MO PARTIAL: ‘3‘;’ TOTAL: 4% 4 GRADIENT: Vi
FIX]
xt)vs.t  yt)vs.t witvs.t L iycmi%gs) (x &y CHANGE WITH 1) STIEPEST ACENT )

]
Diagram showing a function (z = f(x,y)) with both (x) and (v) changing over time.
Figure 3.3: Visualising a total derivative with multiple variables changing

3.2.2 Relationship between partial and total derivatives

Partial derivatives measure the effect of changing one variable while holding others constant.
Total derivatives extend this idea by combining the effects of all variables when they change
together.

)
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For example, in a production function (Q(L,K)), the partial derivative with respect to labour ((L))
shows the marginal product of labour. However, if both labour and capital change with time, the
total derivative shows how output changes overall.

Fill in the blank: Partial derivatives hold other variables constant, while total derivatives allow
variables to change.

[
COMPARISON: PARTIAL AND TOTAL DERIVATIVES WITH ECONOMIC APPLICATIONS
CONCEPT: WHAT IS CHANGING? ECONOMIC VISUALIZATION ECONOMIC APPLICATION
PARTIAL DERIVATIVE () MODEL A: MODEL B: [APPLICATION 1: LABOR PRODUCTIVITY]
Change in y with respect ceteris paribus (partial). | endogeneity (total). Partial (QQ) Total (d_Q_)
@ to ONE variable, holding Demand = f(Price, Income) ! Demand = f(Price, Income), oL dt
ALL others constant. but Price = g(Income) Change in Output (Q) || Change in Output (Q) over
dy g d Demand d Demand from adding one unit | | time (t), considering how
Fr I BT, of Labor (L), holding || Labor (L) and Capital (K)
1 3 d Income CAPITAL (K) constant. | | BOTH change with time.
Example: 2. a0 dQ _0QdlL , 9QdK
0x L dt ~ dLdt 0K dt
Treat other variables as CONSTANTS. A st ke e s ACE: )

APPLICATION 2: WELFARE CHANGE

dW =dU(cy, c2) —d C(xy,x3)
Total 3
Weflare Measures total change in welfare due
to simultaneous changes in
dW | consumption and cost, often , dW

( TOTAL DERIVATIVE (d)

Vad Change in y with respect to
.@ ONE variable, ALLOWING

1
I
I
|
'
1
|
1
I
|
1
1
1
|
|
|
1
1
'
|
I
|
!
I
|
!
1
1
1
I
|
1
I
I
1
1
1
|
|
|

e e —
: paribus ncome change an
Ldw indirect Price change KEY DIFFERENCE S,UMMARY
Example: e . EARTIAL: Mbeasures isolated direct effect.
: ; eteris paribus.
Accounts for INDIRECT EFFECTS Move along a single variable | Move along a path that . TOTAL:FIJVIeasures combined direct and
via chain rule. axis, all other conditions fixed., captures all dependencies. indirect effects. Allows endogeneity.
\ SOURCE: Open Educational Resources

)

Box 3.2: Comparing partial and total derivatives
Feature | Partial derivative | Total derivative
Focus | One variable at a time | All variables together

Notation | (\frac{\partial f}{\partial x}) | (\frac{df}{dt})
Economic use{:Marginal product of one input | Overall change in output when all inputs vary

3.2.3 Economic applications of total derivatives

Total derivatives are especially useful in economics when analysing functions where multiple
inputs change simultaneously. Examples include:

e | Production functions: Measuring how output changes when both labour and capital vary.

e Cost functions: Determining how total cost changes when both input prices and quantities
change.

e Utility functions: Analysing how overall utility changes when consumption of multiple goods
varies together.
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Worked Example: Suppose a production function is (Q(L,K) =L*{0.5}K"{0.5}), and both (L)
and (K) depend on time (t). The total derivative of (Q) with respect to (t) is:
[ \frac{dQ} {dt} = \frac{\partial Q} {\partial L}\frac{dL} {dt} + \frac{\partial Q} {\partial

K}\frac{dK} {dt} ]

This shows how output changes when both labour and capital change over time.

Fill in the blank: In a cost function, the total derivative shows how total cost changes when both

and vary.
[
ECONOMIC APPLICATIONS OF TOTAL DERIVATIVES: CONCEPTS & EXAMPLES
CONCEPT & MODEL ECONOMIC VISUALIZATION ECONOMIC APPLICATION
TOTAL DERIVATIVE (d) |AMULTI-VARIABLE PARTIAL: | TOTAL | APPLICATION 1: LABOR PRODUCTIVITY CHANGE (dL)
CHANRULE(<>) | | Ceteris paribus (3) | Exogenous Change | (APPLICATIONZ CAPITAL ACCUMULATION CHANGE (dK)
Q Accounts for INDIRECT EFFECTS dDemand |  dDemand Partial (%%) 1 Total (Zii)
aPri d Isolated effect: “Ext | Total effect (Chain Rul
S o s % et |
5 3 ' Isolated direct effect. Labor, holding | considering how L affects
Time Mu_ItlpIe —» Function " One factor changes, CAPITAL (K) constant.” ‘ CAPITAL (Ig) and other
) Variables = _ ¢y " 4 ' AlLothersfixed. M f #= 9Q f’@' dQ _ 3;251’56_0 aK |
(%) - : ks @ ||d "o, oK dL’ |
pemses ab;;,; | [EERR R ea E ]

Capnal :ﬁ
Q‘O Technology

/]

y: Economic
Outcome

9y o
‘dy—axldx1 76 ==dx, +.. + ’

TOTAL Exogenous Change | ——=

Endogenous |
dependency |

Allows multiple variables
to change, all variable.

directly and indirectly.

Tines wultalies to change,

aw _Total Cost
aw: ac dcl ac d°2+ * Change (dC)
Measure total change in welfare due to
consumption| Simultaneous changes in many dt:
change) | factors, e.g., policy change

KEY DIFFERENCE SUMMARY

* PARTIAL: Measures isolated direct effect.
Ceteris paribus (9).

© TOTAL: Measures combined direct and
indirect effects. Allows endogeneity (3).

(Isolated

dt
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Table 3.2: Economic applications of total derivatives
Function'| Variables changing | Interpretation
Production function | Labour and capital | Overall change in output
Cost function | Input prices and quantities | Overall change in cost
Utility function | Consumption of goods | Overall change in satisfaction

Pilot questions 3.2

Define a total derivative.

Rl - lly

change?

-

Do)

State the formula for the total derivative of (z = f(x,y)) when both (x) and (y) depend on (t).
Explain the difference between partial and total derivatives.
Give one economic application of total derivatives.

In a production function, what does the total derivative represent when both labour and capital
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3.3 Optimisation With Constraints

3.3.1 Concept of optimisation in economics

Optimisation refers to the process of finding the maximum or minimum value of a function,
subject to certain conditions. In economics, optimisation is central to decision-making: firms aim
to maximise profit, consumers aim to maximise utility, and governments often aim to minimise
costs or maximise welfare.

Optimisation problems can be classified into two types:
¢ Unconstrained optimisation, where there are no restrictions on the variables.

Constrained optimisation, where variables must satisfy certain conditions, such as budget limits

or resource constraints.

Fill in the blank: Optimisation in economics often involves finding the
value of a function.

or

[
OPTIMISATION: VISUALIZING MAXIMUM AND MINIMUM POINTS ON A CURVE
OVERVIEW: WHAT IS OPTIMISATION?  VISUALIZING CRITICAL POINTS AND CURVATURE OPTIMISATION IN ECONOMICS
?IIAXIMISIN(? i L(iINIMISIN;i o __LOCALMAKNUN: | COMPARITIN & TABLE LIKE IN <IMAGE 1> |
eg., PROFIT) ' (e.g., COST A =0 —* ey ECONOMIC | opeorve | KEY | i
= (smm‘d%’m L igetns DECISION [nsnwmvss -
i = e PROFIT | MAXIMISE | f(Q)=0 ;
i i { 68 ummcemers | unflionon na-40-0, 1(0<0 /;\
1 (&)
; 5 MINIMISE | pq)=0 |1 B
FIND THE HIGHEST ORLOWEST | | S| / CRITICALPOITS: SHToN| 0 =bedest | £i03
= WHERE SLOPE (x)>0 + variable cost WS=g
VALUE OF A FUNCTION. = o el 30 | | 7
‘ 3 ZERO: F(x) = 0 F(x) =0 MAXIMISE | £(c)=0
b (STATIONARY POINT) QLY Ulc,c;)st. | Concave | Two-varizble
COMPARISON: LOCAL vs. GLOBAI.W OPTIMISATION DIRECTION: MAX. ]| OPTIMISATION DIRECTION: MIN A PiCi+PL,=1 |  shape kil
LOCALOPTIMA | GLOBAL OPTIMA QUANTITY (Q) OPTIMISATION SUMMARY: A VISUAL KEY,
(WTHNATRS % | o cloBaLmAX LOCAL MAXIMUM: LOCAL MINIMUM: STATIONARY POINTS: £()=0 |
LOCAL MAX : (=0 | Js ) o —3 _ PARTIALCHANGE AND | e
; e é (x)=0, £(x)<0 | @ o MULTIPLE  TOTAL CHANGE | ao
; COIEROM) MAXIMUM: £"(x) <O (CONCAVE DOWN)
LOCALMIN _ | GLOBALMIN Re;ggﬁtlmgv:‘gfmn  LOCALMINMUM: | | pINIMUM: £/(x)> 0 (concavewn) | /"'3"\ ;
g 3 =0, 0)>0. | D> ALOWSOTHER i
WO | oo ||yt (i | Sommmamemeg; |\

-

Do)

LA-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS

/

Diagram showing a curve with a maximum and minimum point.
Figure 3.4: Visualising optimisation in a function
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3.3.2 Unconstrained optimisation

In unconstrained optimisation, we use derivatives to find critical points of a function. The steps
are:

1. Take the first derivative of the function and set it equal to zero to find critical points.
2. Use the second derivative to determine whether the critical point is a maximum, minimum, or
saddle point.

Worked Example: Suppose profit is given by (\pi(x) = -x*2 + 10x).

e  First derivative: (\pi'(x) = -2x + 10). Setting (\pi'(x) = 0) gives (x = 5).
e Second derivative: (\pi"(x) = -2), which is negative, so (x = 5) is a maximum.

Economic interpretation: The firm maximises profit when output is 5 units.

Fill in the blank: If the second derivative is negative, the critical point is a

[

| A VISUAL GUIDE: STEPS IN UNCONSTRAINED OPTIMISATION FOR ECONOMICS (OER)
OPTIMISATION FOUNDATION (<<>>)  SUMMARY OF  COMPARATIVE ANALYSIS: LOCAL vs. GLOBAL OPTIMA IN ECONOMICS (table).

OPTIMISATION STEPS KEY

CONCEPT & MODEL ECONOMIC UNCONSTRAINED

(ﬂow chart) DECISION. | OBJECTIVE I()FE‘J)!‘I:V:TSI\OICE? visuaL | UNCONSTRANED | PURPOSE & KEY INSIGHT
VARIABLES
max Find the unigue level of output
"ME ("Y)‘]_. J@é& PROFIT | MAXIMISE FOC:7/(Q)=0 /‘\ CHErp ks, ) HM Iggsp%at%(t"ggc"rlegrs%ﬁst
a2 7 ZFUNCTION \nernefx) 0) (orflxy))| MAMISATON) “TIQ)  soc:"(@)<o ||/ { \, | TI(@)=R@)- ca | potg

MIN | like <>, and <<>. Isolated ffect (<IMAGE >) BO

Assume costisa | Find the level of output (Q°)
convex function, e. g. that resu[ts in minimum cost.
©(Q) = fixed cost SOC confirms cost increases

+arizble Cost | Indireot efect (dMAGER>): Jg

—0
Tl
% Assume utilty depends | Find the consumption levels (c;")

Unconstrained = Single gear (<OER>): STEP 1: cOST | MINMISE FOC:f'(Q)=0
isolated change. ,’ FORMULATE MINIMISATION|  C(Q)  socC:f”(Q)>0

Constrained = Multiple gears (<0E2>): L J‘ Define f(x) (or f(x,y))

total change and dependencies. like <<=, and <225,
STEP 1: FORMULLATE FUNCTION & MODEL

MAXIMISE g =0foralli on muliple unconstrained| that achieve maximum utlty,

ion choi assuming no budget constraint,
‘ Find Stationary Points where f'(x) STEP 2: mrg‘ Uley, ¢y, ) SOC: Hessian is LT chl.:(;e:s a purely ?heoretlcgl exercise
f'(x) =0 (first-order conditions) FIND CRITICAL ( ) negative definite eg.U=3¢%. Total change (MAGE B): g

I
STEP 3: APPLY SECOND-ORDER CONDITIONS POINTS PORTFOLIO | MINIMISE  VV(#) =0 Unconstrained | Find asset weights (%)
Test with f(x) to classify points. - é@ FY [ 1 OPTIMISATION | VARIANCE gc. 1 ot minimi'fgt’ion of rxi:k‘ over| that minimize portfolio risk.
o0 & : Hessian is multiple assets w,
(MIN VAR) W) positive definite iwiﬂ\uut regard for retums. H0C %ﬁmﬁ:ﬁmﬁ: + ?I‘t/

Concave Convex & V(i
L I_, N STEP 4: KEY DIFFERENCE SUMMARY-, OPTIMISATION SUMMARY —- PURPOSE

Concave  Convex  Saddle Point | | COMPAREOPTIMA || , pacria! - coited STATIONARY POINTS: £'(x) = 0. | 16,8ty and mathematicaly dofne |

" » : Isol
(max, f'<0)  (min, £">0)  (fufy < (f; Y) 1 (IF MULTIPL sl y _151 d ! (max, min, saddle), Unconstrained models
T N Evgluate points?ith « Soma Comtnee é (:_(x o fu(X) = éﬁ'ﬁé#ﬁ'ﬁt‘?{&i’ t& ) O g
L0cAL \*> GLOBAL | the original function. | | endogeneity (<IMAGE >). o @oy () =G : pattes (unconsxrameJ iy
S OER ECONOMICS/

Table 3.3: Steps in unconstrained optimisation
Step | Action | Purpose
1 | First derivative = 0 | Find critical points
2 | Second derivative test | Identify maximum or minimum
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3.3.3 Constrained optimisation using Lagrange multipliers

In many economic problems, optimisation must respect constraints. For example, a consumer
maximises utility subject to a budget constraint.

The Lagrangian method is used here. If we want to maximise (f(x,y)) subject to (g(x,y) = ¢), we
form the Lagrangian:

[ \mathcal{L}(x,y,\lambda) = f(x,y) + \lambda(c - g(x,y)) ]

We then take partial derivatives with respect to (x), (y), and (\lambda), and solve the system of
equations.

Worked Example: Maximise (U(x,y) = xy) subject to (x +y = 10).

e Lagrangian: (\mathcal{L}(x,y,\lambda) = xy + \lambda(10 - x - y)).

e Partial derivatives:
(\frac{\partial \mathcal{L}}{\partial x} = y - \lambda = 0),
(\frac{\partial \mathcal{L}}{\partial y} = x - \lambda = 0),
(\frac{\partial \mathcal{L}}{\partial \lambda}=10-x -y =0).

e Solving gives (x=y =5).

Economic interpretation: The consumer maximises utility by consuming equal amounts of both
goods.

Fill in the blank: The Lagrangian method introduces a new variable called

[

' AVISUAL GUIDE: STEPS IN CONSTRAINED OPTIMISATION USING LAGRANGE MULTIPLIERS (OER;
OPTIMISATION FOUNDATION (<<>>)  LAGRANGE  COMPARATIVE ANALYSIS:UTILITY MAXIMISATION vs. COST MINIMISATION IN ECONOMICS (tble).

g LAGRANGIAN RANGE
| CONSTRAINED vs. UNCONSTRAINED (Towchart 8 Teble) | DecisoN. OMESTVE. “FoRia | SHADOH VSUAL CRANCE | PURPOSE & KEY INSIGHT
(" STEP 1: FORMULATE ; oy
UNCONSTRAINED: | MAX OBJECTIVE & CONSTRAINT Sgc (€9.0) | Assumeutiityis F'f"d‘hetg“'tql!e‘g"mb'"?“m
Isolated change @R e ) || UTLTY MAMSE  BUDGET: (e 100 & concate fulon, SOCconfms angrt poit.|
. el N | SBeg UILT | MAXIMISATON Ui, )| P +pirs| =>—-Ap. - 60 U=0TC i MUofincome?
' ‘(é.’;‘fé"dﬂéﬁ%"’ i S A<M p' eer| @ Total change (<MAGE 3): &Y ]
: (eg. BU B L & | Tas |
CONSTRAINED: Combined, total STEP 2: CREATE THE FOC (e, L) Assumecost_lsa |Find thefevel of inputs (L, K)
change (<IMAGE1>) | FOC: F(x}#Ag'(x)=0, O, LAGRANGIAN FUNCTION w-p& =g /| comexfunction, | tha minimizecostora
pi L= f(X Y) }‘[g(x Y) k] 6OST MINIMISE | PRODUCTION: af atl C(L'K)'- i gOCcon irms tangent point.
(A=L Multipl MINIMISATION| C(w, ) | pIf(L, K)-Qql |250 =17 > |Production convex, ST LM gent point.
4 Budget agrange Multiplier) vg Q o Jis "marginal cost. &
ma-nmnmm: Pemp, h Indirecteffect (MAGE 15): 7
HILL CONDITIONS (FOC) FOC: V- aVR=0 ined | Find asset weights (¥) that
(0BJECTIVE : Stationary 4L=0 3 3 || Consinaned /|t isk and meet fefi
FUNCTION H 2 PORTFOLIO | MINIMISE |  MIN RETURN: minimization of risk| Minimize risk and meet return.
Path A (soated ) Q@“’"e‘e TL=0 &= corivisaTion| VARANCE| R(W) 2 R, ‘wermumnmsms SOC confis tangent poi.
A —— (CONSTRAINED)| V(W) : . givenretums. | is "marginal risk. -
\/ ~ (STEP 4: CLASSIEY POINTS ‘FOC'W'GVR'O ‘nlll Totaldeivative (dMAGE 3. ‘g
& INTERPRET
. heoreiclsten Tt | | (KEY DIFFERENCE SUMMARY opnmsmousummv PURPOSE
e pirt Tl Cordrd et for S0 J « PARTIAL: Iolted sw;omvpoms VL=0., 1&:@{;:,5';"“3,3;5;;@ R
(ike <IMAGE 1) For this quide, visually ceteris paribus (<MAGE>). | | 2 £ oggy f'(x)=0 | Aasa shedow prieofelaingthe constrit
L= Mult-variable flow (<IMAGE 3>) Tangency of Level Curves « TOTAL: Combined, ,_(Xz i o a0 acdiona bodget) orfoms o
<> = Total effect (<IMAGE 15) Aas shadow price: @z | | endogeneity (<IMAGE>). | ks ') = dat ‘ Shadow Price (IMAGE 15}, Optimal Patems (dIMAGE 32).
@EDS) 0ER ECONOMICS

Box 3.3: Steps in constrained optimisation using Lagrange multipliers
Step | Action
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1 | Form the Lagrangian function
2 | Take partial derivatives with respect to all variables and the multiplier
3 | Solve the system of equations

3.3.4 Case studies in economic optimisation

Optimisation techniques are applied in various economic contexts:

e Utility maximisation: Consumers allocate income across goods to maximise satisfaction.
e Cost minimisation: Firms choose input combinations to minimise cost for.a given output.
e Profit maximisation: Firms determine output levels that maximise profit.

Worked Example: A firm’s cost function is (C(L,K) = 10L + 5K), subject to producing (Q(L,K)
=L7{0.5}K"*{0.5} = 100). Using Lagrange multipliers, the firm finds the optimal combination of
labour and capital that minimises cost while meeting the production target:

Fill in the blank: In consumer theory, optimisation is used to maximise subject to a
budget constraint.

[
CONSUMER UTILITY MAXIMIZATION: TANGENCY OF INDIFFERENGE CURVE AND BUDGET LINE.
A .
Sl e :ﬂ?'fﬁr: L‘“Saf“”“ OPTIMAL BUNDLE (A) ‘@ KEY CONCEPTS

TANGENCY POINT (MRS = Px/Py):

Utility Maximized. INDIFFERENCE CURVE (U):
Highest attainable Indifference Curve Us. k Combinations of goods with

> 154 Px * Qx + Py * Qy = Income same utility (Slope = MRS)
S
8 BUDGET LINE (BL):
(1] Affordability constraint
s OPTIMALBUNDLE (&) o o o (Slope = Price Ratio P/Py)
2 10 Afforded, but lies on lower MRS = Px/Py:
= Indrterenice Gurve Uy MRS Equi-marginal condition at
= Y the tangency point
o

51 SUB-OPTIMAL:

Atforded, but lies on _/'

lower Indifference
Curve U4

U, INDIVIDUAL AXES
Income

Py
! Max X = Jncome
0 5 10 15 20 Px
Quantity of Good X 0 X

/
Diagram showing a consumer’s indifference curve tangent to a budget line.
Figure 3.5: Utility maximisation with a budget constraint

Uy Y f—MaxY=

o
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Pilot questions 3.3

Define optimisation in economics.

State the steps in unconstrained optimisation.

What does a negative second derivative indicate about a critical point?
Write the general form of the Lagrangian function.

Explain one economic application of constrained optimisation.

ukwnN e

3.4 Economic Applications of Optimisation

3.4.1 Optimisation in production functions

In economics, firms often seek to maximise output given limited resources. A production
function describes the relationship between inputs such as labour and capital and the resulting
output. Optimisation helps firms determine the most efficient combination of inputs.

Worked Example: Suppose a production function is (Q(L,K)=T12{0.5}K*{0.5}). Using
constrained optimisation, a firm can minimise cost while achieving a target output. The solution
identifies the optimal balance between labour and capital.

Fill in the blank: Optimisation in production functions helps firms determine the most
combination of inputs.

[
FIRM INPUT OPTIMIZATION: TANGENCY OF ISOQUANT AND ISOCOST LINE
A
0 0 03 Isoquants (o
20 1 (01 <02<0;3) OPTIMAL INPUT COMBINATION (E*) -@- KEY CONCEPTS
TANGENCY POINT (MRTS = w/r):
Cost Minimized, Output Maximized. ISOQUANT (Q): Combina-
— Highest attainable Isoquant Q. & ations of inputs producing
x 154 WL+r*K=C same output (Slope = MRTS)
= ISOCOST LINE (C): Budget
o constraint for production
S OPTIMAL INPUT SUB-OPTIMAL: (Slope = Factor Price Ratio wr)
= OMBINATION (E*) AT
S 10 Affordable, but lies on MRTS = w/r:
2 : lower Isoquant Q4 T?J/? Cost-minimizing input
‘E =™ condition
©
=
o

51 SUB-OPTIMAL: :
Affordable, but lies _/' 0, INDIVIDUAL AXES

on lower Q
I Isoquant Q ISOCOST LINE (C) ~ ! > X
; : 10 15 20
Quantity of Labor (L)
/

Diagram showing isoquants and isocost lines intersecting at the optimal input combination.
Figure 3.6: Optimal input combination in production

)
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3.4.2 Utility maximisation in consumer theory

Consumers aim to maximise utility, or satisfaction, subject to a budget constraint. Optimisation
techniques, particularly Lagrange multipliers, are used to find the point where the consumer’s
indifference curve is tangent to the budget line.

Worked Example: A consumer has utility function (U(x,y) = xy) and budget constraint (X +y =
10). Optimisation shows that the consumer maximises utility by consuming equal amounts of
both goods.

Fill in the blank: In consumer theory, the optimal point occurs where the indifference curve is
to the budget line.

[
CONSUMER UTILITY MAXIMIZATION: TANGENCY OF INDIFFERENCE CURVE AND BUDGET LINE.

A

Us Indifference Curves

(U <Us < U3) OPTIMAL BUNDLE (A) ' @° KEY CONCEPTS
TANGENCY POINT (MRS = Px/Py):

Ui U

20

Utility Maximized. INDIFFERENCE CURVE (U):
Highest attainable Indifference Curve Up. k Combinations of goods with
> 154 Px* Qx + Py * Qy = Income same utility (Slope = MRS)
o
g BUDGET LINE (BL):
[ Affordability constraint
"5 OPTIMAL BUNDLE (A) SUB-OPTIMAL: (Slope = Price Ratio Px/Py)
210 Aﬁgrded, but lies on lower MRS = Px/Py:
I= HEMIoAece tave U MRS qui-marginal condition at
s Y the tangency point
o

51 SUB-OPTIMAL:

Afforded, but lies on

lower Indifference
Curve Uy

U, INDIVIDUAL AXES
Income
Uy Y fe—Max Y = Ty-

_ Income

BUDGET LINE (BL) >

0 5 10 15 20
Quantity of Good X 0 X

/

Diagram showing indifference curve tangent to budget line.
Figure 3.7: Utility maximisation in consumer theory

o

ax X

3.4.3 Profit maximisation in firm behaviour

Firms aim to maximise profit, which is the difference between revenue and cost. Optimisation
involves determining the level of output where marginal revenue equals marginal cost.

Worked Example: If revenue is (R(Q) = 20Q) and cost is (C(Q) = Q"2 + 10Q), then profit is
(\pi(Q) =20Q - (Q*2 + 10Q)).

e  First derivative: (\pi'(Q) = 10 - 2Q). Setting (\pi'(Q) = 0) gives (Q = 5).
e Second derivative: (\pi"(Q) = -2), which is negative, so (Q = 5) is a maximum.
)
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Economic interpretation: The firm maximises profit by producing 5 units of output.
Fill in the blank: Profit is maximised when marginal revenue equals

[
FIRM PROFIT MAXIMIZATION: TANGENCY OF MARGINAL REVENUE AND MARGINAL COST

A !
MC, MC, MC Marginal Cost (o
200 - 1 Mz Mbs e, <Mey) OPTIMAL QUANTITY (Q*) “@- KEY CONCEPTS
;ANf(t;E\:I“CY FTmdNT (5 MARGINAL REVENUE (MR)
rofit Maximized. -
Marginal Revenue equals Marginal Cost. i Additional revenue from one
—_ (Profit is maximized here) more unit (Price in perfectly
© 150 1 competitive markets)
7] MARGINAL COST (MC):
3 OPTIMAL QUANTITY (%) ' Additional cost from one
~ / (10, 100) more unit (Upward-sloping
o 100 : » MARGINAL due to diminishing returns)
= REVENUE (MR) MR = MR = MC:
q>’ / Profit-maximizing condition
oc MC
50 SUB-OPTIMAL: 1 | INDIVIDUAL AXES possirioron
Afforded, but lies on _/ MC, = o
lower Indifference % Y| Y: Revenue /
Curve Uy MC,4 | 3 Cost ($) TC
0 . : : —>X | 3
0 5 1 0 1 5 20 § MaxlmumXProﬁt e
- [+
Quantlty of Output (Q) 0 Quantity of Output (Q)

/

Table 3.4: Profit maximisation using optimisation
Function | Step | Result
Revenue: (R(Q). = 20Q) | Derive marginal revenue | MR = 20
Cost: (C(Q)i= Q"2 +.100) | Derive marginal cost | MC = 2Q + 10
Profit: (\pi(Q) = R(Q) - C(Q)) | Optimise | Maximum at Q = 5

3.4.4 Policy implications of optimisation models

Optimisation 1s not limited to firms and consumers. Governments and policymakers also use
optimisation models to allocate resources efficiently, design tax policies, and manage public
spending. For example:

e Cost minimisation in infrastructure projects.
e Welfare maximisation in social programmes.
e | Resource allocation in health and education sectors.

Worked Example: A government aims to maximise social welfare subject to a fixed budget.

Using optimisation, it determines the best allocation of funds between healthcare and education
to achieve the highest welfare outcome.

)
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Fill in the blank: Policymakers use optimisation models to allocate efficiently
across competing needs.

FIRM PROFIT MAXIMIZATION: TANGENCY OF MARGINAL REVENUE AND MARGINAL COST
T MC, MC, MC; Marginal Cost ( SUMMARY: POLICY APPLICATIONS |
200 1 (Uy < UG, < MC5) OPTIMAL QUANTITY (Q*) OF OPTIMIZATION
TANGENCY POINT (MR = MC): PUBLIC POLICY DESIGN:
_ Profit Maximized. . ﬁ OPTIMIZING RESOURCE ALLOCATION:
Optimal Marginal Revenue equals Marginal Cost. e e
@150 A C  Bundle (Profitis maximized here) =% PRt A o0 s o G}
= &8 ENVIRONMENTAL POLICY:
g > - POlLUTI(_)N AﬁAT.EMEN‘I&EMISSIONS 4
S OPTIMAL QUANTITY (Q*) o SR e KA 8 ot
~ (10 100) of achieving environmental targets.
o 100 » MARGINAL HEALTHCARE & EDUCATION:
£ REVENUE (MR) Optmeatog el Gtomine e
g t Ioc';li?ns for hqspita!sz‘§chocls and séaﬂ
2 MC Miize operaiona costs.
50 SUB-OPTIMAL: 1 TRANSPORTATION & INFRASTRUCTURE:
Afforded, but lies on _/ MC, Qﬂﬁﬁﬁé‘u?%‘{ﬁ'éﬂliﬁf{;aﬂiﬂg?{Z%d
Ioweé Indlfﬁerence MC, =B o0 e and onergy 0ss.
urve Uy
WELFARE ECONOMICS:
0 . ! - —> X PARETO EFFICIENCY & SOCIAL CHOIGE:
0 5 10 15 20 Ic&#‘:&:a“ﬁp”?}'é’fmffﬁi n?a}f rer%Iéggatl
- ieast one Individual better off withou
Quantlty of Output (Q) L making anyone worse off, )
Box 3.4: Policy applications of optimisation
Application | Optimisation goal
Infrastructure projects | Minimise cost
Social programmes | Maximise welfare
Resource allocation | Efficient distribution of funds
Pilot questions 34

Explain how optimisation is applied in production functions.

What condition defines the optimal point in consumer utility maximisation?
State the rule for profit maximisation in firm behaviour.

Give one example of how governments use optimisation in policy-making.
Ina cost minimisation problem, what is the main objective?

voRTw N e

Series Summary

This Series has introduced you to partial and total derivatives with optimisation, showing how
these mathematical tools are applied to economic analysis and decision-making. We began by
defining partial derivatives, explaining their notation, and working through examples to highlight
their role in measuring marginal changes. We then moved on to total derivatives, examining how
they combine the effects of multiple variables changing together and applying them to
production, cost, and utility functions. Following that, we explored optimisation techniques, first
-
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in unconstrained settings using first and second-order conditions, and then in constrained
problems with Lagrange multipliers. Finally, we applied these optimisation methods to real
economic contexts such as production efficiency, consumer utility maximisation, profit
maximisation, and policy design.

By completing this Series, you should now be able to define and calculate partial and total
derivatives, apply them to economic functions, analyse optimisation problems both with and
without constraints, and evaluate their applications in key areas of economics. In line with the
Series Learning Outcomes, you are equipped to design and apply optimisation models that
illustrate efficient resource allocation, profit maximisation, and welfare improvement, thereby
strengthening your ability to use mathematics as a tool for economic reasoning.

Glossary of Terms

Constraint: A condition or restriction that limits the values variables can take in an optimisation
problem, such as a budget limit or resource availability.

Critical point: A point where the first derivative of a function is zero, used to identify possible
maxima, minima, or saddle points.

Indifference curve: A curve showing combinations of goods that give a consumer the same
level of satisfaction.

Isoquant: A curve showing different combinations of inputs that produce the same level of
output.

Isocost line: A line showing all combinations of inputs that can be purchased for a given total
cost.

Lagrangian function: A mathematical expression used in constrained optimisation, combining
the objective function and the constraint with a multiplier.

Lagrange multiplier: A variable introduced in constrained optimisation to measure how the
objective function changes when the constraint changes.

Marginal cost: The additional cost of producing one more unit of output, found using
derivatives of the cost function.

Marginal product: The additional output produced by using one more unit of an input, holding
other inputs constant.

Marginal utility: The additional satisfaction gained from consuming one more unit of a good,
holding other goods constant.

Optimisation: The process of finding the maximum or minimum value of a function, often used
in economics to maximise profit or utility, or minimise cost.

Partial derivative: The derivative of a function with respect to one variable, while keeping other
variables constant.

)
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Profit maximisation: The process of determining the level of output where profit is highest,
usually where marginal revenue equals marginal cost.

Total derivative: The derivative of a function that accounts for simultaneous changes in all
variables.

Utility function: A mathematical representation of a consumer’s preferences, showing the
satisfaction derived from different combinations of goods.

Concept Check Questions [Series 3]
Objective Questions

1. Which of the following best describes a partial derivative?
a) The derivative of a function with respect to all variables at once
b) The derivative of a function with respect to one variable, holding others constant
c¢) The slope of a tangent line to a curve in one dimension
d) The maximum value of a function
(Linked to SLO 3.1)

2. The total derivative of (z = f(x,y)), where both (x) and (y) depend on (t), is:
a) (\frac{dz} {dt} = \frac{\partial f} {\partial x} + \frac{\partial f} {\partial y})
b) (\frac{dz} {dt} = \frac{\partial f} {\partial x}\frac {dx}{dt} + \frac{\partial f} {\partial
y}\frac{dy} {dt})
c¢) (\frac{dz} {dt} = \frac{df} {dt})
d) (\frac{dz} {dt} = \frac{\partial f} {\partial x}\frac {dy} {dt})
(Linked to SLO 3.3)

3. In unconstrained optimisation, if the second derivative of a function at a critical point is
negative, the point is:
a) A minimum
b) A maximum
c¢) A saddle point
d) Undefined
(Linked to SLO 3.5)

4. ~The Lagrangian function introduces which additional variable?
a) Constraint
b) Multiplier
¢) Marginal cost
d) Isoquant
(Linked to SLO 3.6)

5. Profit is maximised when:
a) Marginal cost equals average cost
b) Marginal revenue equals marginal cost
c) Total revenue equals total cost
d) Marginal utility equals marginal product
(Linked to SLO 3.7)
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Short-Answer Questions

1. Define a partial derivative. (Linked to SLO 3.1)

2. State the formula for the total derivative of (z = f(x,y)) when both (x) and (y) depend on (t).
(Linked to SLO 3.3)

3. Explain the difference between partial and total derivatives. (Linked to SLO 3.3)

Write the general form of the Lagrangian function. (Linked to SLO 3.6)

5. Give one economic application of optimisation in consumer theory. (Linked to SLO 3.7)

s

Long-Answer Questions

1. Analyse the role of partial derivatives in economics, giving examples.from production
and utility functions. (Linked to SLO 3.2, SLO 3.4)

e Basicresponse: Define partial derivatives and show how they measure marginal
changes in output or utility.
¢ Value-added response: Extend by applying partial derivatives to-marginal product of
labour and marginal utility of goods, explaining their significancein resource allocation.
2. Evaluate the difference between unconstrained and constrained optimisation, with
examples. (Linked to SLO 3.5, SLO 3.6)

e Basicresponse: Describe the steps.in unconstrained optimisation and introduce the
Lagrangian method for constrained problems.

e Value-added response: Apply unconstrained optimisation to profit maximisation and
constrained optimisation to utility maximisation, discussing why constraints are crucial
in real-world economics.

3. Design a simple optimisation model for a firm aiming to minimise cost while meeting a
production target. (Linked to SLO 3.8)

e Basicresponse: Outline the cost function and production constraint, and form the
Lagrangian.

e Value-added response: Provide a worked example with labour and capital inputs, solve
for the optimal combination, and interpret the result in terms of efficiency.

Answers to Concept Check Questions [Series 3]

Objective Questions

1. b) The derivative of a function with respect to one variable, holding others constant
2. b)(\Mrac{dzH{dt} = \frac{\partial f{{\partial x}\frac{dx}{dt} + \frac{\partial f}{\partial

yNfrac{dyHdt})
3. | b)) A maximum

4. b) Multiplier
5. b) Marginal revenue equals marginal cost
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Short-Answer Questions

1. A partial derivative is the derivative of a function with respect to one variable, keeping other
variables constant.

2. (\frac{dz}{dt} = \frac{\partial f}{\partial x}\frac{dx}{dt} + \frac{\partial f}{\partial y\frac{dy}{dt}).

3. Partial derivatives measure change in one variable while holding others constant; total
derivatives measure combined change when all variables vary.

4. (\mathcal{L}(x,y,\lambda) = f(x,y) + \lambda(c - g(x,y))).

5. Utility maximisation subject to a budget constraint.

Long-Answer Questions

1. Basic response: Partial derivatives measure marginal changes. In production, they show
marginal product of labour or capital. In utility, they show marginal utility of goods.
Value-added response: They help firms allocate resources efficiently and consumers
decide optimal consumption bundles, forming the basis of marginal analysis in
€conomics.

2. Basic response: Unconstrained optimisation uses first and second derivatives to find
maxima or minima. Constrained optimisation uses Lagrange multipliers to respect
restrictions.

Answers to Pilot Questions [Series 3]

Part 3.1: Fundamentals of Partial Derivatives

1. A partial derivative is the derivative of a function with respect to one variable, keeping other
variables constant.

2. The notation is (\frac{\partial f}{\partial x}) for the partial derivative of (f(x,y)) with respect to (x).

3. (\frac{\partial f{\partial x} = 2xy) when (f(x,y) = x*2y + 3y).

4. In a productionfunction; a partial derivative shows the marginal product of an input, such as
labour, holding other inputs constant.

5. The symbol.0 is used to denote a partial derivative.

Part 3.2: Total Derivatives and Their Applications

1. Atotal derivative measures how a function changes when all of its variables change
simultaneously.

2. (\frac{dz}{dt} = \frac{\partial f}{\partial x}\frac{dx}{dt} + \frac{\partial f}{\partial y\frac{dy}{dt}).

3. Partial derivatives hold other variables constant, while total derivatives account for changes in
all variables together.

4. | One economic application is analysing how total cost changes when both input prices and
quantities vary.

5. Ina production function, the total derivative represents the overall change in output when both
labour and capital change.
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Part 3.3: Optimisation With Constraints

1. Optimisation in economics is the process of finding the maximum or minimum value of a
function, often profit, utility, or cost.

2. Steps: (i) Take the first derivative and set it equal to zero to find critical points; (ii) Use the

second derivative to determine whether the point is a maximum or minimum.

A negative second derivative indicates a maximum.

General form: (\mathcal{L}(x,y,\lambda) = f(x,y) + \lambda(c - g(x,y))).

5. One application is utility maximisation, where consumers maximise satisfaction subject to a
budget constraint.

Pw

Part 3.4: Economic Applications of Optimisation

1. Optimisation in production functions helps firms determine the most efficient combination of
inputs to maximise output or minimise cost.

2. The optimal point in consumer utility maximisation occurs-where the indifference curve is
tangent to the budget line.

3. Profit maximisation occurs when marginal revenue equals marginal cost.

4. Governments use optimisation to allocate resources efficiently, forexample between healthcare
and education.

5. In cost minimisation, the main objective is to achieve a given level of output at the lowest
possible cost.

References and Attributions [Series 3]
Figures

o Figure 3.1: Visualising a partial derivative along one axis
Al-generated suggestion: “Generate a 3D surface diagram showing a function of two
variables with slope along x-axis while y is constant.”
Suggested QER search string: “partial derivative surface diagram OER mathematics.”

o Figure 3.2: Marginal product of labour as a partial derivative
Al-generated suggestion: “Generate a 3D diagram of a production function surface
showing slope along labour axis to represent marginal product of labour.”
Suggested OER search string: “production function marginal product labour partial
derivative OER economics.”

o Figure 3.3: Visualising a total derivative with multiple variables changing
Al-generated suggestion: “Generate a diagram showing a function of two variables where
both variables change with respect to time, illustrating total derivative.”
Suggested OER search string: “total derivative diagram OER mathematics.”

o  Figure 3.4: Visualising optimisation in a _function
Al-generated suggestion: “Generate a diagram showing a curve with maximum and
minimum points to illustrate optimisation.”
Suggested OER search string: “optimisation maximum minimum function diagram OER
economics.”

o Figure 3.5: Utility maximisation with a budget constraint
Al-generated suggestion: “Generate a diagram showing indifference curve tangent to
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budget line to illustrate utility maximisation.”
Suggested OER search string: “utility maximisation indifference curve budget line OER
economics.”

e Figure 3.6: Optimal input combination in production
Al-generated suggestion: “Generate a diagram showing isoquants and isocost lines
intersecting at the optimal input combination.”
Suggested OER search string: “production function optimisation isoquant isocost
diagram OER economics.”

o Figure 3.7: Utility maximisation in consumer theory
Al-generated suggestion: “Generate a diagram showing indifference curve tangent to
budget line to illustrate utility maximisation.”
Suggested OER search string: “utility maximisation indifference curve budget line OER
economics.”

Tables

e Table 3.1: Examples of partial derivatives of functions
Al-generated suggestion: “Create a table showing examples of functions with their partial
derivatives with respect to x and y.”
Suggested OER search string: “examples of partial derivatives functions OER
mathematics.”
e Table 3.2: Economic applications of total derivatives
Al-generated suggestion: “Create a table showing economic applications of total
derivatives with examples.”
Suggested OER search string: “economic applications total derivatives OER economics.”
e Table 3.3: Steps in unconstrained optimisation
Al-generated suggestion: “‘Create a table summarising steps in unconstrained
optimisation with purpose.”
Suggested OER search string: “unconstrained optimisation steps OER economics.”
o Table 3.4: Profit maximisation using optimisation
Al-generated suggestion: “Create a table showing steps in profit maximisation using
optimisation.”
Suggested OER search string: “profit maximisation marginal revenue marginal cost OER
€COnomics.

Boxes

e Box 3.1: Common notation for partial derivatives
Al-generated suggestion: “Create a text box summarising common notation for partial
derivatives.”
Suggested OER search string: “partial derivative notation OER mathematics.”

e Box 3.2: Comparing partial and total derivatives
Al-generated suggestion: “Create a text box comparing partial and total derivatives with
economic applications.”
Suggested OER search string: “difference between partial and total derivatives OER
economics.”
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e Box 3.3: Steps in constrained optimisation using Lagrange multipliers
Al-generated suggestion: “Create a text box summarising steps in constrained
optimisation using Lagrange multipliers.”
Suggested OER search string: “Lagrange multipliers constrained optimisation steps OER
economics.”

e Box 3.4: Policy applications of optimisation
Al-generated suggestion: “Create a text box summarising policy applications of
optimisation.”
Suggested OER search string: “policy applications optimisation economics-OER.”

General References

e Chiang, A. C., & Wainwright, K. (2005). Fundamental Methods of Mathematical
Economics (4th ed.). New York: McGraw-Hill.

o Stewart, J. (2016). Calculus: Early Transcendentals (8th ed.). Boston: Cengage Learning.

e OpenStax. (2016). Calculus Volume [-3. Rice University. Retrieved from
https://openstax.org/subjects/math

e Khan Academy. (n.d.). Partial derivatives, total derivatives, and optimisation. Retrieved
from https://www.khanacademy.org
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Course code: ECO 104
Course title: Introductory Mathematics II

Course credit load: 2 Units

Series 1: Derivatives of Trigonometric Functions and Expansions
Series 2: Sequences and Series in Economic Applications

Series 3: Partial and Total Derivatives with Optimisation

Series 4: Linear and Matrix Algebra in Economics

Series 5: Mathematical Relationships and Graphical Analysis of Economic
Concepts

Suggested Outline
Part 4.1: Fundamentals of linear algebra

o Definition of linear equations and systems
e Methods of solving linear equations (substitution, elimination)
e Economic relevanceof linear systems (e.g., market equilibrium)

Part 4.2: Introduction to matrices

o Definition of a matrix and types of matrices (square, rectangular, identity, zero)
e Basic operations: addition, subtraction, scalar multiplication
e Matrix multiplication and its interpretation in economics

Part 4.3: Determinants and inverses of matrices

o Definition and calculation of determinants

o Properties of determinants

o Inverse of a matrix and conditions for existence

e _ Applications in solving systems of linear equations

Part 4.4: Applications of matrix algebra in economics

e Input-output analysis in production

o Leontief model of inter-industry relationships

e Use of matrices in demand-supply analysis
o
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e Policy and planning applications

Introduction

In the last Series, we explored partial and total derivatives with optimisation, learning how these
tools help economists analyse marginal changes and determine efficient outcomes. Building on
that foundation, this Series introduces you to linear and matrix algebra in economics, which
provides powerful methods for handling systems of equations and modelling complex
relationships between economic variables. These techniques are widely used in areas such as
market equilibrium analysis, production planning, and inter-industry studies.

The aim of this Series is to equip you with the ability to apply linear and matrix algebra to
economic problems, enabling you to solve systems of equations, work with matrices,and
interpret their applications in real-world economic contexts.

We shall commence this Series by examining the fundamentals of linear algebra, focusing on
linear equations and systems, and their economic relevance. Next, we will move on to matrices,
exploring their types, operations, and multiplication. Following that, we will study determinants
and inverses of matrices, highlighting their role in solving systems of equations. Finally, we will
conclude by applying matrix algebra to economic models such as input-output analysis, the
Leontief model, and demand-supply frameworks, thereby rounding off the Series with practical
applications.

Series Learning Outcomes
Upon completing this Series, you should be able to:

SLO 4.1 define linear equations and explain how systems of linear equations are represented in
€Cconomics,

SLO 4.2 demonstrate methods of solving systems of linear equations using substitution and
elimination,

SLO 4.3 define a matrix and identify different types of matrices such as square, rectangular,
identity, and zero,

SLO 4.4-perform basic'matrix operations including addition, subtraction, scalar multiplication,
and matrix multiplication,

SLO 4.5 calculate determinants of matrices and explain their properties,
SLO 4.6 determine the inverse of a matrix and apply it to solving systems of linear equations,

SLO 4.7 apply matrix algebra to economic models such as input-output analysis and the
Leontief model, and

SLO 4.8 analyse economic problems involving demand-supply relationships using matrix
methods.
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4.1 Fundamentals of Linear Algebra

4.1.1 Definition of linear equations and systems

A linear equation is an equation in which each variable appears to the power of one, and terms
are either constants or products of constants and variables. For example, (2x + 3y = 6) is a linear
equation in two variables.

A system of linear equations is a collection of two or more linear equations involving the same
set of variables. Solving such systems means finding values of the variables that satisfy all
equations simultaneously. In economics, systems of linear equations are used to represent
situations such as market equilibrium, where supply and demand equations must hold at the same
time.

Fill in the blank: A system of linear equations involves two or more equations with
the same variables.

[
GRAPHICAL SOLUTION OF A SYSTEM OF LINEAR EQUATIONS: INTERSECTING LINES
YA
SYSTEM OF LINEAR 1 1] f g = VERIFYING THE SOLUTION
EQUATIONS : LINE 2 (Equation 2):
[ y=-x+5 2x—y=-2
Slope-Intercept P =
y=2x+2 ' POINT OF xty=5
INTERSECTION (P) (1,4)
2x—y=—2 \\ | ': 2x —y=—-2
x+y="5 12 AN o x+y=5)
- { o] | \ \ Are true
Slope.]ntercept L3 THE UNIQUE SOLUTION
x+v=5 The single point where the two lines cross
Y 4 represents the unique ordered pair (x, y)
L5 that satisfies BOTH equations.
| In this example, the solution is: (1, 4)
A 4
STEP 1: Graph each — STEP2: Identify the —» STEP3: Read the — RESULT:
linear equation. point of intersection. coordinates (x, y). Unique Solution. Ot
]

Diagram showing two straight lines intersecting at a point, representing the solution to a system
of two linear equations.
Figure 4.1: Graphical solution of a system of linear equations

)
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4.1.2 Methods of solving linear equations

There are several methods for solving systems of linear equations:

e Substitution method: Solve one equation for one variable and substitute into the other.
e Elimination method: Add or subtract equations to eliminate one variable, then solve for the

other.
e Graphical method: Plot each equation on a graph and identify the point of intersection.

Worked Example: Solve the system

[ x +y=6\quad \text{and} \quad 2x -y =3 ]

Using elimination: Add the two equations to get (3x = 9), so (x = 3). Substituting into the first
equation gives (y = 3).

Fill in the blank: In the elimination method, one variable is removed by equations
together.
[
METHODS OF SOLVING SYSTEMS OF LINEAR EQUATIONS
Method Key Steps ‘ Example Outcome
—~ 1. Solve one equation for a variable (e.g,, X). =* | 2" X g x=3
Substitution X= @ 2. Substitute into the other. X z = 3 y=3
3. Solve for the remaining variable. ‘ x=1 (X=3,y=3)
}
x+y 1. Line up equations. > 2. Multiply, if needed.>| x-y=2
Elimination + 3. Add or subtract to eliminate a variable. x+y=3 (x=3,y=3)
(or Addition) —§= =
4. Solve. x=3
1. Graph each line on a coordinate plane. £2__ intersaction
Graphical 2. Find the point of intersection. at(3,3)
/ 3. Check the solution.
This infographic provides a clear and accessible
8= SQURCE resource for OER Mathematics. CE®
== © 2024 OPEN EDUCATIONAL RESOURCES

/

Table 4.1: Methods of solving systems of linear equations
Method | Key steps | Example outcome
Substitution | Solve one equation for a variable, substitute into the other | (x =3,y = 3)
Elimination | Add or subtract equations to eliminate a variable | (x = 3, y = 3)
Graphical | Plot equations and find intersection point | Intersection at (3,3)

-
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4.1.3 Economic relevance of linear systems

Linear systems are widely used in economics to model relationships between variables.
Examples include:

e Market equilibrium: Supply and demand equations form a system of linear equations, and their
solution gives the equilibrium price and quantity.

e Input-output analysis: Industries are represented by linear equations showing how outputs of
one sector are inputs to another.

e Budget constraints: Linear equations represent the relationship between income, prices, and
guantities of goods consumed.

Worked Example: Suppose demand is (Q_d = 20 - 2P) and supply is (Q_s = 4P - 10). Setting
(Q_d =Q_s) gives the equilibrium price and quantity.

Fill in the blank: In market equilibrium analysis, the solution to the system of supply and demand
equations gives the price and quantity.

[Insert Box here]

Box 4.1: Economic applications of linear systems

Application | Description

Market equilibrium | Solving supply and demand equations for equilibrium price and quantity
Input-output analysis | Representing inter-industry relationships using linear systems

Budget constraints | Expressing consumer choices under income and price limits

Al prompt suggestion: “Create a text box summarising economic applications of linear systems.”
Search string: “economic applications of linear systems OER economics”

4.1.4 Worked examples and practice

Let us consider a more detailed example involving three variables:
[x+ty+z=6

]
[2x-y+z=3
]
[x+2y-z=4
]

This system can be solved using elimination or substitution, but in practice, matrix methods
(covered in later Parts) are more efficient. For now, solving step by step shows how linear
systems can represent multiple relationships simultaneously.

Economic interpretation: Such systems can represent three markets interacting, where each
equation reflects the balance of supply and demand in one market.

Fill in the blank: Systems with three or more variables are often solved more efficiently using
methods.

)
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[
3D GRAPHICAL SOLUTION OF THREE LINEAR EQUATIONS: UNIQUE SOLUTION

SYSTEM: single system 03)\/ ) UNIQUE SOLUTION
xy.2)=(1,1,1)

UNIQUE SOLUTION
POINTP (1,1, 1)

PLANE 3: 2x +y-z=2

SYSTEM OF EQUATIONS A020) !
(Linear System): VISUALIZING THE INTERSECTION Z
X+y+z=3, Each equati The intersection point is th
{E} X- gy +2=0, p —> INTERSECTING / r:;re:é]#tz lz?glane —3 val?:eiar; %r(?;,czl;’?hg(t)?atlizfy :ll
ox+y-z2=2 PLANES in 3D space. three equations simultaneously.

(3 OER Mathematics

/

Diagram showing three planes in 3D space intersecting at a single point, representing the
solution to a system of three equations.
Figure 4.2: Graphical representation of a system of three linear equations

Pilot questions 4.1

Define a linear equation.

What is a system of linear equations?

State one method of solving systems of linear equations.

Solve the'system (x +y = 6) and (2x -y = 3).

Give one economic application of linear systems.

Why are matrix methods often preferred for solving systems with three or more variables?

ok wnNpRE

4.2 Introduction to Matrices

4.2.1 Definition of a matrix and types of matrices

A‘matrix is a rectangular array of numbers arranged in rows and columns. Matrices are widely
used in mathematics and economics to represent and manipulate systems of equations and
relationships between variables.

Types of matrices include:

e Square matrix: A matrix with the same number of rows and columns.
e Rectangular matrix: A matrix with different numbers of rows and columns.
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e Identity matrix: A square matrix with ones on the diagonal and zeros elsewhere.
e Zero matrix: A matrix in which all entries are zero.

Fill in the blank: A matrix with the same number of rows and columns is called a
matrix.

[
TYPES OF MATRICES EXAMPLES: OZ] OER MATHEMATICS

SQUARE MATRICES (n x n) RECTANGULAR MATRICES (m x n) |
Equal Number of Rows and Columns Unequal Number of Rows and Columns
1127 [5-10] =55 D=[7_o!-2]
A= B=(2 8 6 415
3 4 0 3|9 :
(2x2) B | NEEEEE I MEEEETEN
'FLOW OF CONCEPTS -
IDENTITY MATRICES (In) Y ZERO MATRICES (Omx n)
Square Matrix with 1s on Main Diagonal i All elements are Zero
and Os elsewhere / / X
10 1700
I=[01] I-|o 10 ? 0=ggo=[ooo]0=o
001 | (13) 0
AxI=IxA=A (3x3) , ) 3x7)

OER Mathematics (e)BSEC)

Diagram showing examples of different types of matrices (square, rectangular, identity, zero).
Figure 4.3 Examples of different types of matrices

4.2.2 Basic operations on matrices

Matrices can be manipulated using several operations:

e | Addition and subtraction: Matrices of the same size can be added or subtracted by combining
corresponding elements.

e Scalar multiplication: Each element of a matrix is multiplied by a constant (scalar).

e Matrix multiplication: Multiplying two matrices involves taking the dot product of rows and
columns. This operation is only defined when the number of columns in the first matrix equals
the number of rows in the second.

Worked Example:
[ A =\begin{bmatrix} 1 & 2\ 3 & 4 \end{bmatrix}, \quad B = \begin{bmatrix} 2 & 0\ 1 & 3
\end {bmatrix} ]

e Addition: (A + B = \begin{bmatrix} 3 & 2\ 4 & 7 \end{bmatrix})

)
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e Scalar multiplication: (2A = \begin{bmatrix} 2 & 4 \ 6 & 8 \end{bmatrix})
e Multiplication: (AB = \begin{bmatrix} 1\cdot2 + 2\cdot1 & 1\cdotO + 2\cdot3 \ 3\cdot2 + 4\cdotl
& 3\cdot0 + 4\cdot3 \end{bmatrix} = \begin{bmatrix} 4 & 6 \ 10 & 12 \end{bmatrix})

Fill in the blank: Matrix multiplication is only defined when the number of in the
first matrix equals the number of rows in the second.
[
BASIC MATRIX OPERATIONS WITH WORKED EXAMPLES: OER MATHEMATICS
>
(ﬁ = I " o

—

Ba-Ra o 2=[d [

* MATRIX SUBTRACTION ~ SCALAR MULTIPLICATION ~ MATRIX MULTIPLICATION

Add corresponding Subtract corresponding Multiply every element Multiply Row of 1st by
elements. elements. by a single value (k). Column of 2nd.
MUST BE SAME SIZE. MUST BE SAME SIZE. Works for ANY size. INNER DIMENSIONS MUST MATCH.
Example: t: Example: tl;,I: Example: scaling Example:

(o]

86l e | el 0 2.3],5[5 6

-D 1 2 3] ¢ F G
4 2 2 0 E (2x3) 45 6 = 1 4 70
(Size (2x2) * (2x2) = (2x2))

ALz e[ 3

_[a+9) (3+7)] =[(8-3) (6-1)] Lo [@) @2 @9 X o
[(2+6) (a+8) @-2) (2-0) 2ee |0 C o) pradut={ 218 e )
‘—J
=[6 10] =[5 5] =[2 4 6] _[(10+21) (12+0)] _[31 12
8 12 \ 2 2 8 10 12 “|(5+28) (6+0)| |33 6
L [Eh OER

>/

Table4.2: Basic matrix operations with examples
Operation | Rule | Example outcome
Addition | Add corresponding elements | (\begin{bmatrix} 3 & 2\ 4 & 7 \end{bmatrix})
Scalar multiplication | Multiply each element by constant | (\begin{bmatrix} 2 & 416 & 8§
\end{bmatrix})
Matrix multiplication | Dot product of rows and columns | (\begin{bmatrix}! 4 & 6 \ 10 & 12
\end{bmatrix})

4.2.3 Interpretation of matrices in economics

Matrices are not just abstract mathematical objects; they have practical economic interpretations.
Eor example:

e Input-output analysis: A matrix can represent how outputs of one industry serve as inputs to
another.

o Demand-supply relationships: Matrices can capture multiple equations representing demand
and supply across different markets.

e Budget allocation: Matrices can be used to represent how resources are distributed across
different sectors.
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Worked Example: In a two-sector economy, the input-output matrix might look like:

[ \begin{bmatrix} 0.3 & 0.2\ 0.4 & 0.1 \end {bmatrix} ]
This shows that 30% of sector 1’s output is used within sector 1, and 20% is used in sector 2,

while 40% of sector 2’s output is used in sector 1, and 10% is used within sector 2.

Fill in the blank: In input-output analysis, a matrix shows how the output of one is
used as input in another.

[

3. GAME THEORY
) (PAYOFF MATRICES)

Player A Strategies

— 2x2 S T2

o liliSwre

Player B S .\ /. ‘Q:R

Player A (1.5 T, .A/. .\4. Player B
Ld °

2. OPTIMIZATION PROBLEMS
(LINEAR PROGRAMMING)

’ v 4
Feasible \ |
 region O\

1. INPUT-OUTPUT ANALYSIS
(LEONTIEF MODELS)
fl Aure Steel
t j’ A Wheat
Sensi
@@ s

g Q¢‘$Q

o
s“éi\"'«\"& ¥
Slkoilic
s ] et

Manufacturing Services

Model relationships between different industries. Solve for profit maximization (e.g., product mix) Structure strategic decision-making in
Analyze how demand in one sector impacts all others. or cost minimization (e.g., transportation competitive markets (e.g., pricing, advertising)
problems) within c: ints. to predict equilibrium.
5\ 3. GAME THEORY 4. ECONOMETRIC MODELS "\ FINANCIAL PORTFOLIO
(PAYOFF MATRICES) & REGRESSION ANALYSIS & RISK MANAGEMENT
2x2 COVARIANCE &
S Sz Player B Y= xB +g CORRELATION MATRIX ~ E # Risk-retun
° ©| Strategies (Ty, T2) Assets | Ay E /1 efficient frontier
(@) s.t’h(yﬂ'A T l %1 X3 o % | [% A 2 :
('Sal.eg;? (@) X1 X2 oo Xz| [ X2 A [ Stocks
T2 -, Fomte el i e As [ Bonds
] o ‘ X1 Xz e % B Assets {3 Real Estate
2x2 % 8 Real Estate
Structure strategic decision-making in competitive Estimate key economic parameters and forecast Measure and manage diversified portfolio risk
ma(k_etg (e.g., pricing, advertising) to predict market trends from large datasets. by analyzing the relationship between asset returns.
i OER Economics = @® 4l =
\ AN OPEN EDUCATIONAL RESOURCE (OER) FOR ECONOMICS 2 =4 — )

]

Box 4.2: Economic uses of matrices
Application | Description
Input-output analysis | Represents inter-industry relationships
Demand-supply systems | Captures multiple market equations
Budget allocation | Shows distribution of resources across sectors

Pilot questions 4.2
1. Define a matrix.
2. Name two types of matrices.
3. | State the condition for matrix multiplication to be defined.
4. Perform the multiplication of (A = \begin{bmatrix} 1 & 2 \ 3 & 4 \end{bmatrix}) and (B =

\begin{bmatrix} 2 & 0\ 1 & 3 \end{bmatrix}).
5. Give one economic application of matrices.

4.4 Applications of Matrix Algebra in Economics
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4.4.1 Input-output analysis in production

One of the most important applications of matrix algebra in economics is input-output analysis,
developed by Wassily Leontief. This method uses matrices to describe how the output of one
industry is used as input in another. Each entry in the matrix represents the proportion of one
sector’s output consumed by another sector.

Worked Example: Consider a two-sector economy with the input-output matrix:

[ A =\begin{bmatrix} 0.3 & 0.2\ 0.4 & 0.1 \end{bmatrix} ]

This means that 30% of sector 1’s output is used within sector 1, 20% is used in‘sector 2, 40% of
sector 2’s output is used in sector 1, and 10% is used within sector 2.

Fill in the blank: Input-output analysis shows how the output of one 1s used-as input
in another.

INPUT-OUTPUT ANALYSIS DIAGRAM: TWO-INDUSTRY ECONOMIC FLOWS

INPUTS THE PRODUCTION SYSTEM OUTPUTS
INTERMEDIATE PRIMARY Fioge: == o ) INTERMEDIATE FINAL
INPUTS INPUTS ] Machinery OUTPUTS OUTPUTS
{from the other / & Steel \ (to the other
industry) industry)

—) tg\ \ QUTPUTS (Industry 1) ) m— @]

Intermediate Labor AS INPUTS (Industry 2) Outputs Consumer

Inputs Goods
SYSTEM

@R = = INTERDEPENDENCE | £ b/ =D 8% ==p i

Bl . |
Machinery & Capital T i 5 Programmen Government
Steel e OUTPUTS (Industry2)  \_ INDUSTRY 2: Goods
J  MANUFACTURING AS INPUTS (Industry 1) AGRICULTURE \
/:: = — TS

Raw INDUSTRY 1:\" & Crop Feedstock | oL S Conmer E
Materials MANUFA‘CTUNNG \ ‘f’é & Biofuel AGRICULTURE Materials Apoite

A

‘ - ¥ i [
S |_INTERDEPENDENCE |

[ Industry Panels s> Intermediate Flows  [Ji] Final Outputs  [I] Primary Inputs € OER Economics

Diagram showing two industries with arrows indicating flows of outputs as inputs between them.
Figure 4.6: Input-output relationships between two sectors

4.4.2 The Leontief model of inter-industry relationships

The Leontief model uses matrix algebra to calculate the total output required to meet both
intermediate demand (from other industries) and final demand (from consumers). The model is
expressed as:

[X=(-AM-1}D]

where:

e (X) = vector of total outputs,
il
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e (I) = identity matrix,
e (A) =input-output matrix,
e (D) = vector of final demand.

This formula shows how matrix inverses are used to solve for total output in an economy.

Worked Example: If final demand is (D = \begin{bmatrix} 100 \ 80 \end {bmatrix}), and/the
input-output matrix is as above, the Leontief inverse ((I - A)*{-1}) can be calculated and
multiplied by (D) to find the required outputs of each sector.

Fill in the blank: In the Leontief model, total output is given by (X = (I - A)*{-1} \times

).

KEY FEATURES OF THE LEONTIEF INPUT-OUTPUT MODEL

‘l THE PRODUCTION SYSTEM: INTERDEPENDENT SECTORS @ THE TECHNICAL COEFFICIENTS MATRIX (A)

‘ Manufacturing _  Agriculture 1. Divides an economy into N i col ’

interdependent sectors.
. i [ay
ajj \

3. Ajj = Input from sector i to sector j.
Input from sector i

2. Each sector produces a to produce 1 unit of j 4. Assumes fixed, proportional inputs
Manufacturing Energy single, homogeneous good. A=[a] (constant returns to scale).

e e

'@  KEY APPLICATIONS & ASSUMPTIONS
Applications Assumptions
E Policy impact analysis @ Linear relationships

Final | I.u./l\/l.[l Demand forecasting | Homogeneous products
Supply meets demand

.

@@ (x-0-ap

Output Demand D
5. Gross Output (X) = Intermediate Demand (AX)L Final Demand (D).

6. Solution: X = (1- A)"'D THE LEONTIEF INVERSE

‘L-shaped’

Box 4.4: Key features of the Leontief model
Feature | Explanation
Intermediate demand | Output used by other industries
Final demand | Output consumed by households and government
Leontief inverse | Matrix used to calculate total output

4.4.3 Use of matrices in demand-supply analysis

Matrices can also be applied to systems of demand and supply equations across multiple
markets. For example, in a two-market system, demand and supply equations can be expressed in
matrix form, and solutions can be found using determinants and inverses.

LA-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS



Worked Example: Suppose demand and supply equations for two goods are represented as:
[AX=B]

where (A) is the coefficient matrix, (X) is the vector of prices, and (B) is the vector of constants.
Solving for (X) using (A" {-1}B) gives the equilibrium prices in both markets.

Fill in the blank: In demand-supply analysis, equilibrium prices can be found by solving the
system (AX = ).

OER Economics

APPLICATIONS OF MATRICES IN DEMAND-SUPPLY ANALYSIS

MATHEMATICAL CONCEPT = APPLICATION IN DEMAND-SUPPLY ANALYSIS WORKED EXAMPLE / VISUALISATION

P1 T (o} T . o 3 Products A
VECTOR & MATRIX p=|p|,0=|q Represents prices and quantities of \
REPRESENTATION =12l T complementary /substitute goods =E I
P2 92 : “---;
: P4 Supply P4 Supply
SYSTEMS OF Augm:)ruer(ig;ittzg(n[Alb] Solving for multi-market equilibrium N AR BN
LINEAR EQUATIONS RREF([A[b]) price (P*) and quantity (Q*) N §
DG .3 a
Total revenue or cost matrices
MATRIX = Calculating total revenue or cost = [A][P] + [b
mutripLication  [Qal = [AIPT+[b]  Jorocs multiple goods [g"] [] [P] o[]
Self-suppl
MATRIX INVERSE Leontief input-output analysis for ;
& LEONTIEF a1-A)11 interdependence of sectors I, | Industyl Industry2 @
MODELS (intermediate demand) e i R ) B
Ai;i To-others

[A] - Coefficient Matrix  [b] - Constant Vector ~ [I] - Identity Matrix ~ [P] - Price Vector  [Q] - Quantity Vector

/

Table 4.4: Applications of matrices in demand-supply analysis
Application | Matrix role
Two-market equilibrium | Solves for prices using inverses
Multi-market systems | Captures relationships across several goods
Policy analysis | Evaluates effects of changes in demand or supply

4.4.4 Policy and planning applications

Governments and policymakers use matrix algebra to plan and allocate resources efficiently.
Examples include:

o Infrastructure planning: Matrices can represent costs and resource flows across projects.

e Social welfare programmes: Matrices can model distribution of funds across sectors.

e Macroeconomic forecasting: Input-output matrices help predict how changes in one sector
affect the whole economy.
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Worked Example: A government allocates funds across healthcare, education, and transport. A
matrix can represent the distribution, and adjustments can be made using matrix operations to
reflect policy changes.

Fill in the blank: Policymakers use matrices to allocate efficiently across competing
sectors.
[
GOVERNMENT BUDGET ALLOCATION MATRIX: HEALTHCARE, EDUCATION, TRANSPORT (OER ECONOMICS)
ALLOCATION MATRIX B SECTOR ALGORITHMS
<S> REVENUE -] ALLOCATION | ©.0) BENEFICIARIES .
- ]I sources | METHOD “ A Da.[?l e Healthcare (50%)
-‘ _f Auog?non Education (30%)
Row 1 General Taxes ?L E} BE . ¢ Transport (20%)
| — Multiple sectors ‘
Earmarked = E=aR || | TARGETED
Rowe Fuel Levy g %n.go [ oo — G

)

Row 3 External Grants o Xy |
Healthcare TARGETED Healthcare (60%) -
‘ ALLOCATION

) A3 Education (40%
Row 4 Corporate ﬂ e =
Donations Education

»# TRANSPORT

ALLOCATION 20% <

e Funding: Road maintenance,
=" public transit networks,

new rail lines.

EDUCATION 5 (!%
ALLOCATION

Funding: Teacher salaries,
curriculum development,
student grants.

HEALTHCARE I
@1  ALLOCATION %
Funding: New hospitals,
equipment, vaccine
programs.

OPEN EDUCATIONAL RESOURCE [ OO ECONOMICS APPLICATIONS OF MATRICES
Diagram showing a government budget allocation matrix across healthcare, education, and
transport.

Figure 4.7: Policy applications of matrix algebra

Pilot questions 4.4

Explain input-output analysis in economics.

State the formula for the Leontief model.

How are matrices used in demand-supply analysis?

Give one example of policy application of matrix algebra.
What does the Leontief inverse represent?

' el i

Series Summary

This Series has explored linear and matrix algebra in economics, highlighting how these
mathematical tools provide a structured way to analyse systems of equations and model
relationships across markets and industries. We began with the fundamentals of linear equations
and systems, examining methods of solution and their economic relevance. We then introduced
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matrices, defined their types, and practised basic operations such as addition, multiplication, and
scalar manipulation. Following that, we studied determinants and inverses, focusing on their
properties, conditions for existence, and their role in solving systems of equations. Finally, we
applied matrix algebra to economic contexts, including input-output analysis, the Leontief
model, demand-supply systems, and policy planning.

By completing this Series, you should now be able to define and solve systems of linear
equations, perform and interpret matrix operations, calculate determinants and inverses, and
apply these concepts to real economic models. In line with the Series Learning Outcomes, you
are equipped to analyse equilibrium conditions, apply the Leontief model to inter-industry
relationships, and evaluate resource allocation problems using matrix methods. This ensures you
can confidently use algebraic tools to support economic reasoning and decision-making.

Glossary of Terms

Budget constraint: A linear equation showing the relationship between income, prices, and
quantities of goods a consumer can purchase.

Coefficient matrix: The matrix formed from the coefficients of variables in a system of linear
equations, used to represent the system compactly.

Determinant: A single number calculated from a square matrix that indicates whether the matrix
has an inverse and helps in solving systems of equations.

Elimination method: A technique for solving systems of linear equations by adding or
subtracting equations to remove one variable.

Final demand: The portion of output consumed by households, government, or exported, rather
than used as input by other industries.

Identity matrix: A square matrix with ones on the diagonal and zeros elsewhere, which acts like
the number 1 in matrix multiplication.

Input-output analysis: An economic method using matrices to show how the output of one
industry is used as input in another.

Inverse of a matrix: A matrix that, when multiplied by the original matrix, gives the identity
matrix. It exists only.if the determinant is non-zero.

Leontief inverse: The matrix ((I - A)*{-1}) used in the Leontief model to calculate total output
required to. meet both intermediate and final demand.

Lieontief model: A matrix-based economic model that calculates total output needed to meet
both intermediate and final demand.

Linear equation: An equation in which variables appear to the power of one, often used to
represent straight-line relationships.

Matrix: A rectangular arrangement of numbers in rows and columns, used to represent systems
of equations and economic relationships.
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Matrix multiplication: An operation where rows of one matrix are combined with columns of
another, defined only when the number of columns in the first equals the number of rows in the
second.

Scalar multiplication: Multiplying every entry in a matrix by a constant number.
Square matrix: A matrix with the same number of rows and columns.

Substitution method: A technique for solving systems of equations by solving one equation for
a variable and substituting it into another.

System of linear equations: A set of two or more linear equations involving the same variables,
solved to find values that satisfy all equations simultaneously.

Zero matrix: A matrix in which all entries are zero.
Concept Check Questions [Series 4]
Objective Questions

1. Which of the following best describes a square matrix?
a) A matrix with more rows than columns
b) A matrix with more columns:than rows
c¢) A matrix with the same number of rows and columns
d) A matrix with all entries equal to zero
(Linked to SLO 4.3)

2. The determinant of a 2x2 matrix (\begin{bmatrix} a & b\ ¢ & d \end {bmatrix}) is:
a) (ab + cd)
b) (ad - be)
¢) (ac - bd)
d)(a+d)
(Linked to SLO 4.5)

3. A matrix hasan inverse if and only if:
a) Its determinant is zero
b) Its determinant is non-zero
c) It is rectangular
d) It has a row of zeros
(Linked to'SLO 4.6)

4. In the Leontief model, total output is calculated using:
a) (X =A"{-1}D)
b) (X = (I- AY{-1}D)
¢) (X =AD)
d)(X=(A-DD)
(Linked to SLO 4.7)

5. In demand-supply analysis, equilibrium prices are found by solving:
a) (AX =B)
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b) (AB = X)
) (X=A+B)
d)(X=A-B)
(Linked to SLO 4.8)

Short-Answer Questions

Define a linear equation. (Linked to SLO 4.1)

State one method of solving systems of linear equations. (Linked to SLO 4.2)

Name two types of matrices. (Linked to SLO 4.3)

Write the formula for the inverse of a 2x2 matrix. (Linked to SLO 4.6)

Explain the role of the Leontief inverse in input-output analysis. (Linked to'SLO 4.7)

ukwnN e

Long-Answer Questions

1. Analyse the economic relevance of systems of linear equations, giving examples from
market equilibrium and budget constraints. (Linked to SLO 4.1, SLO 4.2)

e Basicresponse: Describe systems of linear equations and explain how they are used to
find equilibrium in supply and demand or to represent budget constraints.
¢ Value-added response: Extend by showing how systems of equations can represent
multiple markets simultaneously, and discuss why matrix methods are preferred for
larger systems.
2. [Evaluate the importance of determinants and inverses in solving economic problems.
(Linked to SLO 4.5, SLO 4.6)

e Basic response: Define determinants and inverses, and explain how they are used to
solve systems of equations.
e Value-added response: Apply these concepts to input-output analysis, showing how the
Leontief inverse helps calculate total output in an economy.
3. Apply matrix algebra to design a simple input-output model for a two-sector economy.
(Linked to SLO 4.7, SLO 4.8)

e Basicresponse: Qutline the input-output matrix and show how it represents flows
between two sectors.

e Value-added response: Solve for total output using the Leontief model, interpret the
results, and discuss implications for resource allocation and policy planning.

Answers to Concept Check Questions [Series 4]

Objective Questions

c) A matrix with the same number of rows and columns
b) (ad - bc)

b) Its determinant is non-zero

b) (X = (I - A)*{-1}D)

a) (AX =B)

vokowoNgE
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Short-Answer Questions

1. Alinear equation is an equation in which variables appear to the power of one, often
representing straight-line relationships.

One method is the elimination method.

Examples include square matrix and identity matrix.

(ArM-1} = \frac{1}{ad - bc} \begin{bmatrix} d & -b \ -c & a \end{bmatrix}).

The Leontief inverse ((I - A)*{-1}) is used to calculate the total output required to meet both
intermediate and final demand.
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Long-Answer Questions

1. Basic response: Systems of linear equations are used to represent relationships-such as
supply and demand or budget constraints, and solving them gives equilibrium values.
Value-added response: They can also represent multiple markets simultaneously, and
matrix methods provide efficient solutions for larger systems.

2. Basic response: Determinants and inverses are tools for solving systems of equations,
ensuring unique solutions when the determinant is non-zero.
Value-added response: In economics, they are applied in input-output analysis, where
the Leontief inverse helps calculate total output across industries.

3. Basic response: A two-sector input-output model uses a matrix to represent flows of
goods between sectors.
Value-added response: By applying the Leontief model, total output can be calculated,
showing how sectors depend on each other and guiding policy decisions on resource
allocation.

Answers to Pilot Questions [Series 4]

Part 4.1: Fundamentals of Linear Algebra

1. Alinear equationis an equation in which variables appear to the power of one.

2. A system of linear equations is a set of two or more linear equations involving the same
variables.

3. One method is the elimination method.

4./ Thesolutionis(x=3,y=3).

5. One economic application is market equilibrium analysis.

6. Systems with three or more variables are often solved more efficiently using matrix methods.

Part 4.2: Introduction to Matrices

1. A matrix is a rectangular arrangement of numbers in rows and columns.

Two types are square matrix and zero matrix.

3. Matrix multiplication is defined when the number of columns in the first matrix equals the
number of rows in the second.

4. The product is (\begin{bmatrix} 4 & 6 \ 10 & 12 \end{bmatrix}).

5. One economic application is input-output analysis.
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Part 4.3: Determinants and Inverses of Matrices

1. Adeterminant is a scalar value associated with a square matrix.

If two rows of a matrix are identical, the determinant is zero.

3. Theinverse of a 2x2 matrix is (AM-1} = \frac{1}ad - bc} \begin{bmatrix} d & -b\ -c & a
\end{bmatrix}).

4. A matrix has an inverse only if its determinant is non-zero.

5. One economic application is solving systems of equations in input-output analysis.
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Part 4.4: Applications of Matrix Algebra in Economics

1. Input-output analysis shows how the output of one industry is used asinput in'another.

The formulais (X = (I - A)*M-1}D).

3. Matrices are used to represent and solve systems of demand and supply equations across
multiple markets.

4. One example is government budget allocation across sectors.

5. The Leontief inverse represents the matrix used to calculate total output required to meet both
intermediate and final demand.

N

References and Attributions [Series 4]

This section compiles references, attributions, and illustration notes for Series 4: Linear and
Matrix Algebra in Economics. It should be placed at the end of the Series during final
compilation.

Figures

o Figure 4.1: Graphical-solution of a system of linear equations Al-generated suggestion:
“Generate a diagram showing two straight lines intersecting at a point to represent
solution of a system of linear equations.” Suggested OER search string: “system of linear
equations graphical solution OER mathematics.”

o Figure 4.2: Graphical representation of a system of three linear equations Al-generated
suggestion: “Generate a 3D diagram showing three planes intersecting at a point to
represent solution of three linear equations.” Suggested OER search string: “system of
three linear equations graphical solution OER mathematics.”

o Figure 4.3: Examples of different types of matrices Al-generated suggestion: “Generate a
diagram showing examples of square, rectangular, identity, and zero matrices.”
Suggested OER search string: “types of matrices examples OER mathematics.”

o Figure 4.4: Determinant of a 2x2 matrix Al-generated suggestion: “Generate a diagram
showing calculation of determinant for a 2x2 matrix.” Suggested OER search string:
“determinant of 2x2 matrix OER mathematics.”

o Figure 4.5: Inverse of a 2x2 matrix Al-generated suggestion: “Generate a diagram
showing calculation of inverse of a 2x2 matrix.” Suggested OER search string: “inverse
of 2x2 matrix OER mathematics.”
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Tables

Boxes

Figure 4.6: Input-output relationships between two sectors Al-generated suggestion:
“Generate a diagram showing two industries with arrows indicating flows of outputs as
inputs between them.” Suggested OER search string: “input-output analysis diagram
OER economics.”

Figure 4.7: Policy applications of matrix algebra Al-generated suggestion: “Generate a
diagram showing a government budget allocation matrix across healthcare, education,
and transport.” Suggested OER search string: “matrix applications government budget
allocation OER economics.”

Table 4.1: Methods of solving systems of linear equations Al-generated suggestion:
“Create a table summarising methods of solving systems of linear equations with
examples.” Suggested OER search string: “methods of solving systems of linear
equations OER mathematics.”

Table 4.2: Basic matrix operations with examples Al-generated suggestion: “Create a
table summarising basic matrix operations with worked examples.” Suggested OER
search string: “matrix operations addition multiplication OER mathematics.”

Table 4.3: Applications of determinants and inverses in.economics Al-generated
suggestion: “Create a table showing applications of determinants and inverses in
economics.” Suggested OER search string: “applications of determinants and inverses
OER economics.”

Table 4.4: Applications of matrices in demand-supply analysis Al-generated suggestion:
“Create a table showing applications of matrices in demand-supply analysis.” Suggested
OER search string: “matrix applications demand supply equilibrium OER economics.”

Box 4.1: Economic applications of linear systems Al-generated suggestion: “Create a text
box summarising economic applications of linear systems.” Suggested OER search
string; “‘economic applications of linear systems OER economics.”

Box 4.2: Economic uses of matrices Al-generated suggestion: “Create a text box
summarising-economic uses of matrices.” Suggested OER search string: “economic
applications of matrices OER economics.”

Box 4.3: Properties of determinants Al-generated suggestion: “Create a text box
summarising properties of determinants.” Suggested OER search string: “properties of
determinants OER mathematics.”

Box 4.4: Key features of the Leontief model Al-generated suggestion: “Create a text box
summarising key features of the Leontief model.” Suggested OER search string:
“Leontief model input-output analysis OER economics.”

General References
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e Chiang, A. C., & Wainwright, K. (2005). Fundamental Methods of Mathematical
Economics (4th ed.). New York: McGraw-Hill.

o Stewart, J. (2016). Calculus: Early Transcendentals (8th ed.). Boston: Cengage Learning.

e OpenStax. (2016). Calculus Volume 1-3. Rice University. Retrieved from
https://openstax.org/subjects/math

e Khan Academy. (n.d.). Linear algebra and matrix applications in economics. Retrieved
from https://www.khanacademy.org

Course code: ECO 104
Course title: Introductory Mathematics 11

Course credit load: 2 Units

Series 1: Derivatives of Trigonometric Functions and Expansions
Series 2: Sequences and Series in Economic Applications

Series 3: Partial and Total Derivatives with Optimisation

Series 4: Linear and Matrix Algebra in Economics

Series 5: Mathematical Relationships and Graphical Analysis of Economic
Concepts

Suggested Outline
Part 5.1: Mathematical relationships in economics

o Definition and types of mathematical relationships (linear, non-linear, functional forms)
o Direct and inverse relationships between economic variables
o Economic examples (price—quantity, income—consumption, production functions)

Part 5.2: Graphical representation of economic concepts

o Cartesian plane and plotting economic functions
e QGraphical analysis of demand and supply curves
o Shifts versus movements along curves
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Part 5.3: Advanced graphical analysis

o Elasticity and slope interpretation
o Indifference curves and budget lines
e Isoquants and isocost lines in production theory

Part 5.4: Applications of mathematical and graphical analysis

e Market equilibrium analysis using graphs
o Comparative statics and policy evaluation
e Dynamic graphical illustrations (growth trends, cycles)

Introduction

Mathematical relationships and graphical analysis are essential tools in economics, as they allow
us to represent abstract concepts in clear and visual ways. While equations describe the precise
link between variables, graphs provide intuitive illustrations that make economic reasoning more
accessible. This Series will help you connect mathematical expressions with their graphical
counterparts, enabling you to interpret and analyse economic concepts more effectively.

The aim of this Series is to equip you with the ability to describe, represent, and interpret
economic relationships both mathematically and graphically, and to apply these skills in
analysing equilibrium, elasticity, consumer behaviour, and production decisions.

We shall commence this Series by examining different types of mathematical relationships and
their relevance to economics. Next, we will focus on graphical representation, learning how to
plot and interpret demand and supply_ curves. Following that, we will explore advanced graphical
tools such as elasticity, indifference curves, and isoquants. Finally, we will conclude with
applications of mathematical and graphical analysis in market equilibrium, comparative statics,
and dynamic economic illustrations.

Series Learning Outcomes

Upon completing this Series, you should be able to:

SLO 5.1 define different types of mathematical relationships such as linear, non-linear, direct,
and inverse, and explain their relevance to economics,

SLO 5.2 illustrate economic concepts such as demand and supply using graphical representation
on the Cartesian plane,

SLO 5.3 distinguish between movements along a curve and shifts of a curve in graphical
analysis,

SLO 5.4 interpret elasticity and slope in graphical terms, linking them to consumer and
producer behaviour,

SLO 5.5 analyse indifference curves and budget lines to explain consumer choice,

SLO 5.6 apply isoquants and isocost lines to production theory and resource allocation,

SLO 5.7 demonstrate how mathematical and graphical tools can be used to determine market
equilibrium,

SLO 5.8 evaluate comparative statics and policy changes using graphical analysis, and

SLO 5.9 represent dynamic economic concepts such as growth trends and cycles through
appropriate graphical illustrations.

5.1 Mathematical Relationships in Economics

5.1.1 Definition and types of mathematical relationships
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A mathematical relationship expresses how one variable changes in response to another. In
economics, these relationships are often written as functions, equations, or inequalities, and they
help us describe consumer behaviour, production processes, and market interactions.

Types of relationships include:

e Linear relationship: A straight-line relationship where change in one variable leads to a
proportional change in another. Example: (Q = a + bP), where (Q) is quantity and (P) is
price.

e Non-linear relationship: A curved relationship where changes are not proportional.
Example: (Q = aP”2).

e Direct relationship: Both variables move in the same direction. Example: income and
consumption.

e Inverse relationship: Variables move in opposite directions. Example: price and
demand.

e Functional relationships: Expressed as (Y = f(X)), meaning (Y) depends on (X).

Fill in the blank: When two variables move in opposite directions, they have an
relationship.

[
LINEAR VS NON-LINEAR RELATIONSHIPS IN ECONOMICS: A CARTESIAN VIEW !
|4 45%2?2‘:\( u 4\51?1%9 Ay

> YA
LINEAR SUPPLY : NON-LINEAR SUPPLY
LINEAR RELATIONSHIPS (Example: S,) | (Example: S,)
o LINEAR DEMAND (Example: D,) : ) E
: i - Fixed slope (m) N AY/AXis
« Fixed slopes (m) ( AX) S BY. o constant constant Increasingly
« Marginal Rate of Substitution (MRS) = AX steep (higher cost
changes = of production)
« Increasingly flat (low price elasticity) f' i (S,I:;J%i%g?ﬁﬁisty)
s ' Slope changes
NON-LINEAR RELATIONSHIPS s e
o NON-LINEAR DEMAND (Example: D,) (marginal utility_)- -------
= Slope changes i i NON-LINEAR DEMAND
« Increasingly flat (low price) }{;’ﬁgi‘p%\ée Lf;g;?;?tlﬂ)gly flat (Example: D,)
= Increasingly elasticity) P Y. > X
»
00) X (e.g, QUANTITY DEMANDED) /
=== LINEAR NON-LINEAR
(Straight Line, Constant A) (Curved Line, Variable A) . 855

Diagram showing linear and non-linear curves on a Cartesian plane.
Figure 5.1: Linear and non-linear relationships

5.1.2 Direct and inverse relationships between economic variables
Economic variables often exhibit predictable patterns:

e Direct relationship: As income increases, consumption also increases.
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o Inverse relationship: As price rises, demand falls.

Worked Example: If the demand function is (Q = 100 - 2P), then as price (P) increases, quantity
demanded (Q) decreases. This illustrates an inverse relationship.

Fill in the blank: The demand function (Q = 100 - 2P) shows an relationship
between price and quantity demanded.

[
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DIRECT AND INVERSE RELATIONSHIPS IN ECONOMICS
RELATIONSHIP KEY GRAPHS /

TYPE DEFINITION WORKED EXAMPLES VISUALS
Example 1: Supply and Price 4 Supply
One variable (Law of Supply); & | axt, Ay Cure
DIRECT : PPY. : s
RELATIONSHIp | increases as the other | Example 2: Consumption and g /

\ (Positive) increases, creating | Income (Keynesian Cross); & AXTAYT | L)
6@] RS an upward slope. | Example 3: Total Utility and e 5 ﬁﬁfﬂ
/ Quantity. L Quantity (Q) | |

: Example 1: Demand and Price 4 ) D
One variable . _ Demand
INVERSE increases as the (Law of De‘mand), _ g Gurve
RELATIONSHIP | other decreases, Example 2'_0990”“”"‘3/ Cost kel
(Negative) decreases, creating a | @nd Choice; o axt,av
downward slope. Example 3: Interest Rates and >
Investment. Quantity (Q)
L —>AXT, AY _'AXT, AY»L ‘.z‘_
@ ~> AN OPEN EDUCATIONAL RESOURCE (OER) FOR ECONOMICS < ] @]
J

Table 5.1: Examples of direct and inverse relationships in economics
Relationship | Example | Economic interpretation
Direct | Income and consumption | Higher income leads to higher consumption
Inverse | Price. and demand | Higher price reduces demand

5.1.3 Linear and non-linear functions in economics
Economists use both linear and non-linear functions to model behaviour:

e Linear functions are simple and easy to interpret. They are often used for demand and

supply functions.
o Non-linear functions capture more complex relationships, such as diminishing returns in

production or utility.

Worked Example:

e Linear demand: (Q =50 - P).
e Non-linear utility: (U = \sqrt{X}), showing diminishing marginal utility.

-
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Fill in

the blank: A utility function that shows diminishing marginal utility is often

in shape.
[
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marginal
‘ I utility

@ 0 Q=10 Q,=20 Q=30 ”
Quantity Consumed (Q)

Key Feature: Non-linear (often concave). lllustrates

the Principle of Diminishing Marginal Utility, where

additional utility from each extra unit decreases.
General Form (e.g.): U = ¢ */Q or U = dQ — eQ?

L

Key Feature: Constant slope. Represents the
inverse relationship between price and quantity
demanded.

General Form: Q = a — bP

OER Economics @@@@

o)
/
Diagram showing a straight-line demand function and a curved utility function.
Figure 5.2: Linear demand and non-linear utility functions
5.1.4 Economic examples of mathematical relationships

Mathematical relationships are used to model key economic concepts:

Price—quantity relationship: Demand and supply functions show how price affects
quantity.

Income—consumption relationship: Consumption functions show how income affects
spending.

Production functions: Show how inputs such as labour and capital affect output.

Cost functions: Relate output levels to total, average, and marginal costs.

Worked Example: A simple production function might be (Q = 5L), meaning each unit of labour
produces 5 units of output. This is a linear relationship.

Fill in
called
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the blank: A production function that shows output as a function of labour and capital is
a function.
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f—_‘l KEY ECONOMIC RELATIONSHIPS AND EXAMPLES
AL') THE DEMAND FUNCTION < ")) THE CONSUMPTION FUNCTION
Q,=f(P) C = f(Y,)
Relationship: Inverse, Negative Slope Relationship: Direct, Positive Slope
i - > INCOME L
Example: As the PRICE OF COFFEE (P) increases, the Example: As DISPOSABLE INCOME (V) increases, a
QUANTITY DEMANDED (Q,) of coffee decreases. | household's total CONSUMPTION SPENDING (C) increases.
(E)) THE PRODUCTION FUNCTION «<— (C) THE COST FUNCTION
| Q= f(L, K) TC = f(Q)
| Relationship: Generally Direct, but Diminishing Returns Relationship: Direct, U-shaped Marginal Cost
[ g o Total cost ” oo
‘ LABOR-‘* i I E[ j Fixed cost E; U
| -rh ﬁ MI H Variable cost  § :
CAPITAL Marginal Product Marginal
‘ Example: A factory increases LABOUR (L) and CAPITAL (K) Example: A firm's TOTAL COST (TC) of producing widgets
| inputs to produce more TOTAL OUTPUT (Q). increases as the TOTAL OUTPUT (Q) of widgets increases.
\ m _ ' () (D

Box 5.1: Key economic relationships
Relationship | Function form | Example
Price—quantity | Demand function | (Q = 100 - 2P)
Income—consumption | Consumption function | (C = a + bY)
Production | Production function | (Q = f(L, K))

Cost | Cost function | (C = f(Q))

5.1.5 Importance of mathematical relationships in economics
Mathematical relationships are notjust abstract tools; they have practical importance:

They allow economists to predict outcomes when variables change.

They help.in policy analysis, showing how taxes or subsidies affect demand and supply.
They provide a foundation for graphical analysis, making concepts easier to visualise.
They are essential for modelling dynamic behaviour, such as growth and cycles.

Worked Example: A subsidy that lowers production costs shifts the supply function, increasing
output at every price level.

Fill in the blank: Mathematical relationships help economists to the effects of policy
changes.

Pilot questions 5.1 (Expanded)

1. Define a mathematical relationship in economics.
2. Distinguish between linear and non-linear functions with examples.
3. Give one example each of a direct and an inverse relationship.

)
She-o) LA-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS



4. Explain how a consumption function represents the relationship between income and
spending.

5. Write a simple production function involving labour and capital.

6. Why are mathematical relationships important in economic analysis?

5.2 Graphical Representation of Economic Concepts

5.2.1 Cartesian plane and plotting economic functions

The Cartesian plane is a two-dimensional grid defined by the horizontal axis (x-axis) and
vertical axis (y-axis). In economics, it is used to plot functions that represent relationships
between variables such as price and quantity. Each point on the plane corresponds to a pair of’
values ((x, y)).

For example, the demand function (Q = 100 - 2P) can be plotted by assighing values to price (P)
and calculating the corresponding quantity demanded (Q). The resulting points can then be
joined to form the demand curve.

Fill in the blank: The horizontal axis in the Cartesian plane is called the axis.

[

ECONOMICS FUNDAMENTALS:

ol I THE DOWNWARD-SLOPING DEMAND CURVE ON A CARTESIAN PLANE

YA High Price ($10) - Low Quantity (10 Units)\ 5 %‘) “°“°”"“
High P, Low Q e
————— ®
Dlﬂ 1\ —— AP (Decrease in Price) ——>{  THE LAW OF DEMAND
= ] :
ac | 4r] ¢ Mid Price ($5) > Mid As Price (P) ¥,
—— i Quantity (20 Units) Quantity Demanded (Q) 1.
g, ;:’ ______ i- ______ Mid P, Mid Q &The Demand Curve slﬁ down.
x <. y (QOER
a. o | : e cconomics
S ! i Low Price ($2) -> High Quantity (35 Units)
N l ! Low P, High Q
o’ ] 1
] I
}— AQ (Increase in Quantity) ->' DEMA;(D CURVE (D)

0.0 & QUANTITY DEMANDED (Q) ¢y —

(e.g., Units) —

=@
]

Diagram showing a Cartesian plane with labelled axes and a plotted demand curve.
Figure 5.2: Demand curve on a Cartesian plane

5.2.2 Graphical analysis of demand and supply curves
Demand and supply curves are fundamental tools in economics:

e Demand curve: Shows the inverse relationship between price and quantity demanded. It
slopes downward.

e Supply curve: Shows the direct relationship between price and quantity supplied. It
slopes upward.
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The intersection of demand and supply curves represents market equilibrium, where quantity
demanded equals quantity supplied.

Worked Example: Demand (Q d = 100 - 2P), Supply (Q s =20 + 3P). Plotting both curves
shows equilibrium at the point where they intersect.

Fill in the blank: The point where demand and supply curves intersect is called

MARKET EQUILIBRIUM: DEMAND AND SUPPLY INTERSECTION

Price (P) A

L
per unit ($) S Low quantity Supply Curve (S)
demanded | 3 S=g(P)
= High quantity @a
HEm» Demand = Supply supplied . aa®
Eauilibri Surpluses
O ice (1) 320 | (< EQUILIBRIUM POINT (E)
Producer :
Surpltees . High quantity
: demanded
Low quantity - Low quantity Demand Curve (D)
m AP supplied I 4Q> demanded D =f(P)
@ : » Quantity (Q)
=2 100 units & of units

OER Equilibrium Quantity (Q¥)
]

Diagram showing demand and supply curves intersecting at equilibrium.
Figure 5:3: Market equilibrium on a demand-supply graph

5.2.3 Shifts versus movements along curves
It is important to distinguish between movements along a curve and shifts of a curve:

e Movement along a curve: Occurs when the variable on the axis changes. For example, a
change in price causes movement along the demand curve.

o ' Shift of a curve: Occurs when other factors change, such as income, tastes, or
technology. This results in the entire curve moving to a new position.

Worked Example: If consumer income increases, the demand curve shifts outward, indicating
higher demand at every price level.
Fill in the blank: A change in consumer income causes a of the demand curve.
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- OPEN EDUCATIONAL RESOURCE (OER) N\
g
-5 MOVEMENT ALONG VS SHIFT OF DEMAND AND SUPPLY CURVES i
va\ MOVEMENT ALONG A CURVE > SHIFT OF |
A CHANGE IN PRICE (P) of the good itself, A CHANGE IN A NON-PRICE DETERMINANT @ @ K
CAUSE with other factors constant (ceteris paribus). 0 VS  Adeterminant other than the good's own %
All other determinants are unchanged price changes (e.g., income, taste, costs). income preference cost
. P D, Dy
— P AQ Sﬁ:r?g"e? gﬁ?lt?\gded Shift right/increase /==, | The entire
= X/ B curve does not move. (toD)  m=p A= 1 E?II:rt\lg;Jenssmp
VISUALIZATION £ i — -’
a. A /‘; Movement upldown. « @ (shlft I)eftjdecfease
. toD o
Quantity Q) ¥ Economics Q g 2 Economics
EXAMPLES O Example 1 (D): PRICE OF BIKES | ©®_, Example 1(D): CONSUMER INCOME 1 (for bikes)
(Demand & Supply) % Consumers buy more bikes along — T Consumers now demand more bikes at
the existing Demand Curve (AQg). &b ©&® all price points. Entire Curve shifts.
< Example 2 (S): PRICE OF WHEAT . Example 2 (S): NEW WHEAT SEED TECHNOLOGY
EXAMPLES '
(Supply) w Farmers produce more wheat along — | Production is more efficient. More wheat can
the existing Supply Curve (AQ). 7 ! be supplied at all prices. Entire Curve shifts.
. J

/

Table 5.2: Distinction bétween movements and shifts
Type | Cause | Effect
Movement along curve | Change in price.| Change in quantity demanded or supplied
Shift of curve | Change in income, technology, or preferences | Entire curve moves outward or
inward

5.2.4 Economic interpretation of graphs
Graphs are not just visual aids; they provide meaningful insights:

e They show equilibrium conditions clearly.
o They illustrate the impact of policy changes (e.g., taxes shifting supply curves).
e They help.compare static and dynamic changes in markets.

Worked Example: A tax on producers shifts the supply curve upward, leading to a new

equilibrium with higher price and lower quantity.
Fill in the blank: A tax on producers causes the supply curve to
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VISUALIZING ECONOMIC
CONCEPTS

lllustrates fundamental
relationships like the
“Law of Demand” or
“Diminishing Returns”
(concave shapes).

ANALYZING ECONOMIC
CHANGE

Show how non-price
determinants (e.g.,
technology, tastes,
income) cause shifts

[
(533 EcoNOMICS

FINDING MARKET
EQUILIBRIUM

Qs

EQUILIBRIUM
' POINT

Dd

>
>

Qs
Find the single unique solution
where Supply (Qs) and Demand (Qd)
meet, determining P* and Q*.

Find the single unique solution

TR

- USES OF GRAPHICAL ANALYSIS IN ECONOMICS

COMPARING ECONOMIC
RELATIONSHIPS

Linear i
Relationship, R':f:ti:sl:::i‘p
® Linear \
Relationship Differences

Visually compare distinct cases, like
“LINEAR VS NON-LINEAR CURVES," as seen
in basic demand ard complex utility models.

e EVALUATING ECONOMIC POLICY
A S1

Show how in-
interventions
(taxes, subsidies,
ceilings) impact

in curves, changing

where “Supply (Qs) and Demand)
equilibrium (AP, AQ).

meet, determining P* and Q*. Essential
for model building.

ceiLing market behavior and
create new, often
4 inefficient, states.

o

B
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Box 5.2: Uses of graphical analysis in economics
Application | Explanation
Equilibrium analysis | Shows where demand equals supply
Policy evaluation'| Hlustrates effects of taxes or subsidies
Comparative statics)| Compares old and new equilibrium positions

Pilot questions 5.2

What is the Cartesian plane used for in economics?

State the difference between demand and supply curves.

What does the intersection of demand and supply curves represent?
Distinguish between a movement along a curve and a shift of a curve.
How does a tax'on producers affect the supply curve?

NhAWDN =

5.3 Advanced Graphical Analysis

5.3.1 Elasticity and slope interpretation

Elasticity is a central concept in economics because it measures the responsiveness of one
variable to changes in another. Graphically, elasticity is closely related to the slope of demand
and supply curves, but it is not identical.

o Slope: Measures the absolute change in one variable relative to another. For example, in
the demand function (Q = 100 - 2P), the slope is (-2), meaning that for every unit increase
in price, quantity demanded falls by 2 units.
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o Elasticity: Adjusts slope by considering proportional changes. It is calculated as:
[ E d=\frac{dQ}{dP} \cdot \frac{P} {Q} ]

This formula shows that elasticity varies along the curve, even if the slope is constant.

Worked Example: For (Q = 100 - 2P), at (P = 20), (Q = 60). Elasticity is (-2 \cdot \frac{20} {60}
=-0.67). This means demand is inelastic at this point.
Fill in the blank: A flatter demand curve indicates elasticity.
[
ECONOMICS FUNDAMENTALS: COMPARING ELASTIC VS INELASTIC DEMAND CURVES (Figure 5.4)
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Diagram showing two demand curves, one steep (inelastic) and one flat (elastic).
Figure 5.4: Elastic vs inelastic demand curves
5.3.2 Indifference curves and budget lines
Indifference curves and budget lines are graphical tools used to analyse consumer choice.

o Indifference curves: Represent combinations of two goods that yield the same level of
satisfaction. They slope downward and are convex to the origin, reflecting diminishing
marginal rate of substitution (MRS).

e Budget lines: Show all combinations of goods a consumer can afford given income and
prices. The slope is the ratio of prices, (-P_x/P_y).

Consumer equilibrium occurs where the budget line is tangent to an indifference curve. At this
point, the consumer maximises utility subject to their budget constraint.

Worked Example: If income is 100, price of good X is 10, and price of good Y is 20, the budget
line is (10X + 20Y = 100). The equilibrium occurs where this line touches the highest attainable
indifference curve.

Fill in the blank: The consumer’s equilibrium occurs where the budget line is to an
indifference curve.
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Figure 5.5: Consumer equilibrium with indifference curve and budget line
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highest possible indifference curve (IC,) is tangent to the budget line.
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Diagram showing indifference curves and a budget line tangent at equilibrium.
Figure 5.5: Consumer equilibrium with indifference curve and budget line
5.3.3 Isoquants and isocost lines in production theory
Isoquants and isocost lines are the production-side equivalents of indifference curves and budget
lines.

e Isoquants: Show combinations of inputs (labour and capital) that produce the same level
of output. They slope downward and are convex, reflecting diminishing marginal rate of
technical substitution (MRTS).

o Isocost lines: Show all combinations of inputs that can be purchased for a given cost. The
slope is the ratio of input prices, (-w/r), where (w) is the wage rate and (r) is the rental
rate of capital.

Producer equilibrium occurs where an isoquant is tangent to an isocost line. This represents the
least-cost combination of inputs to produce a given output.

Worked Example: If total cost is 100, wage rate is 10, and rental rate of capital is 20, the isocost
line is (10L + 20K = 100). Tangency with an isoquant gives the optimal input mix.

Fill in the blank: Producer equilibrium occurs where an isoquant is to an isocost
line.

)
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[
Figure 5.6: Producer equilibrium with isoquant and isocost line
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Diagram showing isoquants . and an.isocost line tangent at equilibrium.
Figure 5.6: Producer equilibrium with isoquant and isocost line
5.3.4 Applications of advanced graphical tools
Advanced graphical analysis provides deeper insights into economic behaviour:

o Consumer choice: Indifference curves and budget lines explain how consumers allocate
income between goods.
e Production decisions: Isoquants and isocost lines show efficient input combinations for

firms.

» Policy analysis: Elasticity graphs illustrate the impact of taxes, subsidies, and price
controls.

o Comparative staties: Graphs show how equilibrium shifts when external conditions
change.

Worked Example: A subsidy on good X rotates the budget line outward, allowing the consumer
to reach a higher indifference curve and achieve greater utility.
Fill in the blank: A subsidy on a good rotates the budget line
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'Box 5.3: Uses of Advanced Graphical Analysis
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Box 5.3: Uses of advanced graphical analysis
Application | Tool | Insight
Consumer choice | Indifference curves and budget lines | Optimal consumption bundle
Production | Isoquants and isocost lines.| Cost-minimising input combination
Policy | Elasticity graphs.| Effects of taxes and subsidies
Comparative statics | Demand-supply graphs | Shifts in equilibrium positions

Pilot questions 5.3

What does ¢lasticity measure in economics, and how is it calculated?

Explain the difference between slope and elasticity using a demand function example.
Definean indifference curve and explain its shape.

What condition represents consumer equilibrium in graphical analysis?

Distinguish between isoquants and isocost lines in production theory.

Explain producer equilibrium using the tangency condition.

How does a subsidy affect the budget line in consumer analysis?

Give one example of how elasticity graphs can be used in policy evaluation.

30 el I

5.4 Applications of Mathematical and Graphical Analysis in Economics

5.4.1 Market equilibrium analysis using graphs

Market equilibrium occurs where demand and supply curves intersect, representing the price and
quantity at which the market clears. Graphical analysis makes this concept intuitive:

e Equilibrium price: The price at which quantity demanded equals quantity supplied.
e Equilibrium quantity: The quantity exchanged at equilibrium price.

)
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o Disequilibrium: If price is above equilibrium, there is excess supply; if below, excess
demand.

Worked Example: Demand (Q_d = 100 - 2P), Supply (Q s =20 + 3P). Setting (Q_d=Q _s):
[ 100 - 2P =20 + 3P \quad \Rightarrow \quad P = 16, \quad Q = 68 ]

Thus, equilibrium occurs at price 16 and quantity 68.

Fill in the blank: When price is above equilibrium, there is excess

[
MULTIPLE CONCEPTS ILLUSTRATED
X System of Linear Equations Z Supply-Demand X Market Equilibrium and Disequilibrium
S E
e '

Two Lines
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-

One Solution

SHORTAGE

B Q

/

Diagram showing demand and supply curves intersecting at equilibrium, with surplus and
shortage areas highlighted.
Figure 5.7: Market equilibrium and disequilibrium
5.4.2 Comparative statics and policy evaluation
Comparative statics examines how equilibrium changes when external conditions shift. Graphs
are used to show the before-and-after positions of demand and supply curves.

o ' Tax policy: A tax shifts the supply curve upward, leading to higher prices and lower
quantities.

o Subsidy policy: A subsidy shifts the supply curve downward, lowering prices and
increasing quantities.

e Income changes: Higher income shifts the demand curve outward, raising equilibrium
price and quantity.

Worked Example: A tax of 4 units shifts the supply curve from (Q s =20 +3P) to (Q s =20+
3(P - 4)). Graphically, equilibrium moves to a higher price and lower quantity.
Fill in the blank: A subsidy shifts the supply curve

[
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Policy Graphical effect Equilibrium outcome

Tax Supply curve shifts upward Higher price, lower quantity

Subsidy Supply curve shifts downward |[Lower price, higher quantity

Income increase |[Demand curve shifts outward |Higher price, higher quantity

/

Table 5.3: Comparative statics in policy analysis
Policy | Graphical effect | Equilibrium outcome
Tax | Supply curve shifts upward | Higher price, lower quantity
Subsidy | Supply curve shifts downward | Lower price, higher quantity
Income increase | Demand curve shifts outward | Higher price, higher quantity
5.4.3 Dynamic graphical illustrations
Graphs can also be used to represent dynamic economic concepts over time:

e Growth trends: Upward-sloping time series graphs show increases in GDP, income, or
output.

o Business cycles: Graphs illustrate expansions, peaks, recessions, and recoveries.

o Stability analysis: Graphical tools show whether markets return to equilibrium after
shocks.

Worked Example: A time series graph of GDP shows steady growth interrupted by cyclical
downturns. Economists use these graphs to identify long-term trends and short-term fluctuations.
Fill in the blank: A-graph showing expansions and recessions over time represents the
cycle.
[Insert Figure here]
Diagram showing GDP growth trend with cyclical fluctuations.
Figure 5.8: Growth trends and business cycles
5.4.4 Integrating mathematical and graphical tools
Mathematical equations and graphical analysis complement each other:

o Equations provide precise numerical solutions.

o Graphs provide intuitive visual insights.

o Together, they allow economists to analyse equilibrium, policy impacts, and dynamic
behaviour.

Worked Example: Solving (Q_d =100 - 2P) and (Q_s =20 + 3P) gives equilibrium numerically,
while plotting both functions shows equilibrium visually.
Fill in the blank: Mathematical equations give precise solutions, while graphs provide

insights.
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[Insert Box here]

Box 5.4: Integration of mathematical and graphical tools

Tool | Role | Example

Equation | Precise calculation | Solving equilibrium algebraically

Graph | Visual interpretation | Showing equilibrium point on curves

Combined | Comprehensive analysis | Policy evaluation with numbers and diagrams

Pilot questions 5.4

Define market equilibrium and explain how it is shown graphically.

What happens when price is above equilibrium?

How does a tax affect the supply curve and equilibrium?

Explain the role of comparative statics in policy evaluation.

What does a business cycle graph represent?

Why is it useful to combine mathematical and graphical tools in econoemic analysis?

S e

Series Summary

This Series has focused on mathematical relationships and graphical analysis as essential tools
for understanding economic concepts. We began by exploring different types of mathematical
relationships, including linear, non-linear, direct, and inverse, and examined how they apply to
demand, consumption, and production functions. We then moved to graphical representation,
learning how to plot demand and supply curves on the Cartesian plane, and distinguishing
between movements along curves and shifts of curves. Building on this, we studied advanced
graphical tools such as elasticity, indifference curves, budget lines, isoquants, and isocost lines,
which provide deeper insights into consumer choice and production decisions. Finally, we
applied these mathematical and graphical methods to analyse market equilibrium, evaluate policy
changes through comparative statics, and represent dynamic concepts such as growth trends and
business cycles.

By completing this Series, you should now be able to define and interpret mathematical
relationships, represent economic concepts graphically, and apply advanced tools to analyse
consumer and producer behaviour: In line with the Series Learning Outcomes, you are equipped
to evaluate equilibrium conditions, assess policy impacts, and illustrate dynamic economic
processes using both equations and graphs. This strengthens your ability to combine
mathematical precision with visual clarity in economic reasoning.

Glossary of Terms

Budget line: A straight line showing all combinations of goods a consumer can afford given
income and prices.

Business cycle: Graphical representation of expansions, peaks, recessions, and recoveries in
economic activity over time.

Comparative statics: Analysis of how equilibrium changes when external conditions shift, often
shown graphically.

Consumer equilibrium: The point where a budget line is tangent to an indifference curve,
maximising utility.

Direct relationship: A relationship where two variables move in the same direction.

Elasticity: A measure of responsiveness of one variable to changes in another, often linked to
demand or supply curves.
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Indifference curve: A curve showing combinations of goods that give equal satisfaction to a
consumer.
Inverse relationship: A relationship where two variables move in opposite directions.
Isoquant: A curve showing combinations of inputs that produce the same level of output.
Isocost line: A straight line showing all combinations of inputs that can be purchased for a given
cost.
Linear function: A function represented by a straight line, showing proportional change
between variables.
Market equilibrium: The point where demand and supply curves intersect, determining
equilibrium price and quantity.
Non-linear function: A function represented by a curve, showing non-proportional change
between variables.
Slope: The rate of change of one variable relative to another, represented by the steepness of a
curve.
Concept Check Questions [Series 5]
Objective Questions
1. Which of the following best describes a direct relationship?
a) Variables move in opposite directions
b) Variables move in the same direction
¢) Variables remain constant
d) Variables are unrelated
(Linked to SLO 5.1)
2. The intersection of demand and supply curves represents:
a) Disequilibrium
b) Market equilibrium
c) Comparative statics
d) Consumer equilibrium
(Linked to SLO 5.7)
3. An indifference curve is:
a) Upward sloping
b) Downward sloping and convex to the origin
c) A straight line
d) Parallel to the budget line
(Linked to SLO 5.5)
4. ~Isoquants are used to analyse:
a) Consumer choice
b) Producer input combinations
¢) Market equilibrium
d) Comparative statics
(Linked to SLO 5.6)
5./ A subsidy shifts the supply curve:
a) Upward
b) Downward
c) Leftward
d) Rightward
(Linked to SLO 5.8)
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Short-Answer Questions

1. Define a mathematical relationship in economics. (Linked to SLO 5.1)

State the difference between a movement along a curve and a shift of a curve. (Linked to

SLO 5.3)

What does elasticity measure? (Linked to SLO 5.4)

Explain the condition for consumer equilibrium. (Linked to SLO 5.5)

5. Write the equation of a budget line given income of 100, price of good X = 10, and price
of good Y =20. (Linked to SLO 5.5)

B w

Long-Answer Questions
1. Analyse the importance of graphical representation in economics, using demand and
supply curves as examples. (Linked to SLO 5.2, SLO 5.7)
o Basic response: Explain how demand and supply curves are plotted and how
equilibrium is shown graphically.
e Value-added response: Extend by discussinghow shifts in curves illustrate
policy impacts and comparative statics.
2. Evaluate the role of indifference curves and budget lines in consumer choice. (Linked to
SLO 5.5)
o Basic response: Define indifference curves and budget lines, and explain
consumer equilibrium.
e Value-added response: Apply the analysis to show how changes in income or
subsidies affect consumer choices.
3. Apply isoquants and isocost lines to production theory. (Linked to SLO 5.6)
o Basic response: Define isoquants and isocost lines, and explain producer
equilibrium.
e Value-added response: lllustrate how firms adjust input combinations when
costs or technology change.
4. Demonstrate how mathematical and graphical tools can be integrated to analyse market
equilibrium and policy changes. (Linked to SLO 5.7, SLO 5.8, SLO 5.9)
o Basic response: Show how equations and graphs both represent equilibrium.
e Value-added response: Discuss dynamic illustrations such as growth trends and
business cycles, linking them to policy evaluation.

Answers to Concept Check Questions [Series 5]
Objective Questions

b) Variables move in the same direction

b) Market equilibrium

b) Downward sloping and convex to the origin
b) Producer input combinations

b) Downward

Ve ©

Short-Answer Questions
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1. A mathematical relationship shows how one economic variable changes in response to
another.

2. A movement along a curve is caused by a change in the variable on the axis (e.g., price),
while a shift occurs when other factors change (e.g., income, technology).

3. Elasticity measures the responsiveness of one variable to changes in another, often
expressed as a percentage change.

4. Consumer equilibrium occurs where the budget line is tangent to an indifference curve.

5. The budget line is (10X + 20Y = 100).

Long-Answer Questions
1. Basic response: Demand and supply curves show equilibrium graphically.
Value-added response: Shifts in curves illustrate policy impacts-and comparative statics.
2. Basic response: Indifference curves and budget lines explain consumer equilibrium.
Value-added response: Income changes or subsidies shift the budget line, altering
consumer choices.
3. Basic response: Isoquants and isocost lines show producer equilibrium.
Value-added response: Firms adjust input combinations when costs or technology
change.
4. Basic response: Equations and graphs both represent equilibrium.
Value-added response: Dynamic graphs illustrate growth trends and cycles, supporting
policy evaluation.
Answers to Pilot Questions [Series 5]
Part 5.1: Mathematical Relationships in Economics
1. A mathematical relationship shows how one economic variable changes in response to
another.
2. Linear functions are straight-line relationships with proportional changes, while non-
linear functions are curved and show non-proportional changes.
Direct relationship: income and consumption. Inverse relationship: price and demand.
A consumption function expresses spending as a function of income, e.g., C=a+bY.
A simple production function: Q=f(L,K), where L is labour and K is capital.
Mathematical relationships are important because they allow economists to predict
outcomes, analyse policies, and model dynamic behaviour.
Part 5.2: Graphical Representation of Economic Concepts
1. The Cartesian plane is used to plot economic functions such as demand and supply.
2. -Demand curves slope downward (inverse relationship), while supply curves slope upward
(direct relationship).
3." The intersection of demand and supply curves represents market equilibrium.
4. A movement along a curve is caused by a change in the variable on the axis (e.g., price),
while a shift occurs when other factors change (e.g., income, technology).
5. A tax on producers shifts the supply curve upward.
Part 5.3: Advanced Graphical Analysis
1. Elasticity measures the responsiveness of one variable to changes in another.
2. Slope is the absolute rate of change, while elasticity adjusts slope by considering
proportional changes.
3. An indifference curve shows combinations of goods that yield equal satisfaction, and it is
downward sloping and convex to the origin.
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4. Consumer equilibrium occurs where the budget line is tangent to an indifference curve.
5. Isoquants show combinations of inputs that produce the same output, while isocost lines
show combinations of inputs that can be purchased for a given cost.
6. Producer equilibrium occurs where an isoquant is tangent to an isocost line.
A subsidy rotates the budget line outward, allowing higher utility.
8. Elasticity graphs can be used to evaluate the impact of taxes or subsidies on demand
responsiveness.
Part 5.4: Applications of Mathematical and Graphical Analysis in Economics
1. Market equilibrium is the point where demand and supply curves intersect; showing
equilibrium price and quantity.
2. When price is above equilibrium, there is excess supply.
A tax shifts the supply curve upward, leading to higher prices and lower quantities.
4. Comparative statics analyse how equilibrium changes when external conditions shift,
such as policy changes.
5. A business cycle graph represents expansions, peaks, recessions, and recoveries in
economic activity.
6. Combining mathematical and graphical tools is useful because equations provide precise
solutions, while graphs give intuitive visual insights.

~
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