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Series 1 Vector Differentiation and Applications
Series Outline
Part 1.1: Fundamentals of Vectors in Analysis
Definition and representation of vectors
Vector operations: addition, scalar multiplication, dot and cross products
Part 1.2: Vector Differentiation
Concept of vector functions
Differentiation of vector functions
Higher-order derivatives of vector functions
Part 1.3: Applications of Vector Differentiation
Velocity and acceleration in vector form
Tangent and normal vectors
Curvature and torsion
Part 1.4: Vector Integration and Applications
Integration of vector functions

Physical applications: displacement, work, and circulation

Introduction

Vectors are fundamental tools in mathematics and physics, providing a way
to represent quantities that have both magnitude and direction. From
describing the motion of particles to analysing forces in engineering, vectors
allow us to capture real-world phenomena in a precise mathematical form. In
this Series, we focus on how vectors can be differentiated and integrated,
and how these operations lead to powerful applications in science and
technology.

The aim of this Series is to equip you with the knowledge and skills to
perform vector differentiation and integration, and to apply these techniques
in solving practical problems involving motion, geometry, and physical
quantities.
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We shall commence this Series by exploring the fundamentals of vectors in
analysis, including their representation and basic operations. Next, we will
move on to vector differentiation, where we will examine how vector
functions can be differentiated and extended to higher-order derivatives.
Following that, we will study applications of vector differentiation, such as
velocity, acceleration, tangent and normal vectors, and curvature. Finally,
we will conclude with vector integration and its applications, including
displacement, work, and circulation, thereby rounding off the Series with a
strong link to physical interpretations.

Series Learning Outcomes
Upon completing this Series, you should be able to:

SLO 1.1 define vectors and explain their representation and basic operations in
analysis,

SLO 1.2 demonstrate how to differentiate vector functions, including higher-
order derivatives,

SLO 1.3 apply vector differentiation to problems involving velocity,
acceleration, tangent and nermal vectors, and curvature,

SLO 1.4 perform vector integration and evaluate its applications in
displacement, work,-and circulation.

1.1 Fundamentals of Vectors in Analysis

Vectors are central to-mathematics and physics because they represent quantities
that have both magnitude(size) and direction. A vector is defined as an ordered
pair or tuple of numbers that indicate position or displacement in space. For
example; in two dimensions, a vector can be written as y, while in three
dimensions it is expressed as z. Vectors are often represented graphically as
arrows, where the length of the arrow corresponds to the magnitude and the
orientation corresponds to the direction.

Fill in the blank: A vector is defined as a quantity that has both and

1.1.1 Representation of vectors

Vectors can be represented in different forms. The most common are:
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Geometric representation: An arrow drawn in space, starting at one point and
ending at another.

Algebraic representation: A tuple of numbers, such as z, that specifies the
components of the vector.

Unit vector representation: A vector expressed in terms of unit vectors along
coordinate axes, such as v=xi+yj+zk.

Vector Representation:
Geometric & Algerbatic Forms

2D Space 3D Space
Y, E
P(3,2) 4 5
(4,3,5)
i 4
X ¢ e "
\".
0 J
Geometric: Arrow from origin Geometric: Arrow from origin
Algabralic:v=(3,2) orv=3i+2j Algabralic:v = (4, 5) or v = 4ij + 5k
A
OER

P e

Source: OER Math & Physics

Geometric and algebraic representation of vectors
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Fill in the blank: A vector expressed as xi+yj+zkis written in vector

form.

1.1.2 Vector operations

Vectors can be manipulated using several operations:

Addition: The sum of two vectors is obtained by adding their corresponding

components.

Scalar multiplication: Multiplying a vector by a scalar changes its magnitude
but not its direction (unless the scalar is negative, which reverses the

direction).

Dot product: The dot product of two vectors is a scalar defined as

Table comparing addition, scalar‘multiplication; dot product, and cross product.

Summary of Vector Operations

Operation Algebraic Formula (for Result
u,v € R3) Type
Addition (uy + vy ug + Vector

v, u3 + v3)

Scalar (cuy, cug, cus) Vector
Multiplication

Dot Product u1v1 + usvs + uzvs Scalar
Cross Product (ugvg — usv2, usvy — Vector

U V3, U Vg — UV1)

Geometric Meaning / Use

Tip-to-Tail: The combined effect of two
displacements.

Scaling: Changes length and/or reverses
direction (¢ << 0).

Projection: Measures how much one vector
goes in the direction of another.u-v =0
means they are orthogonal.

Orthogonality: Produces a vector
perpendicular to the plane of u and v.

Fill in the blank: The dot product of two vectors results in a , while the

cross product results in a
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1.1.3 Applications of vectors in analysis

Vectors are widely applied in analysis and physical sciences. They are used to
describe displacement, velocity, acceleration, and forces. For example, in physics,
the motion of a particle can be described by a position vector, and its rate of
change gives velocity. Similarly, vectors are used in geometry to define lines;
planes, and directions.

Box summarising applications of vectors in describing motion, forces; and
geometric objects.

Applications of Vectors

In Physics

« Kinematics: Representing Displacement, Velocity, and Acceleration. A car

moving north at 60 mph is a vector; without the direction, it’s just speed.

+ Dynamics: Force is a vector (F' = ma). The Net Force is found using vector

addition to see if an object will move or stay in equilibrium.

« Work and Energy: The Dot Product calculates Work (W = F - d), showing

that only the force applied in the direction of movement does work.

« Rotational Motion: The Cross Product defines Torque (t = r x F') and

Angular Momentum, determining how forces cause objects to rotate.

» Electromagnetism: Electric and Magnetic fields are described as Vector

Fields, where every point in space has a magnitude and direction of force.
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In Geometry

» Defining Lines and Planes: In 3D space, lines are defined by a point and a
direction vector; planes are defined by a point and a Normal Vector

(perpendicular to the surface).

« Distance Calculations: Using projections (dot products) to find the shortest

distance between a point and a line or between two skewed lines.

» Area and Volume: The magnitude of a cross product ||u x v|| gives the area of
a parallelogram, while the Scalar Triple Product a - (b x ¢) gives the volume

of a parallelepiped.

« Computer Graphics: Vectors handle everything from 3D modeling to “Ray
Tracing,” calculating how light bounces off surfaces based on the surface

normal vector.

Mathematical Tool Physical Equivalent
Vector Addition Resultant Force / Relative Velocity
Dot Product Work Done / Flux

Cross Product Torque / Magnetic Force (qv x B)
Unit Vector Direction of travel (Heading)

Fill in the blank: In physics, the motion of a particle is described by its
vector.

Pilot questions 1.1

A vector is defined as a quantity that has: A. Magnitude only B. Direction only
C. Magnitude and direction D. None of the above (Linked to SLO 1.1)

A vector expressed as xi+yj+zkis written in: A. Geometric form B. Algebraic
form C. Unit vector form D. None of the above (Linked to SLO 1.1)
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The dot product of two vectors results in: A. A vector B. A scalar C. A matrix
D. None of the above (Linked to SLO 1.1)

The cross product of two vectors results in: A. A scalar B. A vector C. A
number D. None of the above (Linked to SLO 1.1)

In physics, the motion of a particle is described by its: A. Force vector B.
Position vector C. Acceleration vector D. None of the above (Linked to SLO
1.1)

1.2 Vector Differentiation

Vector differentiation is the process of finding the derivative of a vector function,
which is a function whose output is a vector rather than a scalar. A vector function
can be written as r(t)=x(t)i+y(t)j+z(t)k, where x(t),y(t),z(t)are scalar functions
of a variable t. Differentiating such a function involves differentiating each
component separately.

Fill in the blank: A vector function ¢an be written as r(t)=x(t)i+y(t)j+z(t)k,
where are scalar functions of t.

1.2.1 Differentiation of vector functions
The derivative of a vector function r(t)with respect to tis given by:
dr(t)dt=dx(t)dti+dy(t)dtj+dz(t)dtk

This derivative represents the rate of change of the vector function with respect to
the variable. In physical terms, if r(t)represents the position of a particle, then
dr(t)dtrepresents its velocity.
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Particle Motion & Vector
Differtienation

Position, Velocity, and Tangancy

0/0

The velocity vector v(t) is the derivative of the position vector r(t) with

with respect time (t). It is always tangent to the particle's path.

dt
v(t) =d

OER Math & Physics

Differentiation of a vector function representing motion along a curve

Fill in the blank: If r(t)represents the position of a particle, then dr(t)dtrepresents
its

1.2.2 Higher-order derivatives of vector functions

Just as with scalar functions, vector functions can be differentiated multiple times.
The second derivative of the position vector r(t)is:

d2r(t)dt2=d2x(t)dt2i+d2y(t)dt2j+d2z(t)dt2k
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This second derivative represents the acceleration vector of the particle. Higher-
order derivatives can also be defined, though in most physical applications, the
first and second derivatives are the most important.

Box summarising velocity as the first derivative and acceleration as the second
derivative of position vector

Motion Derivatives of a Position Vector

1. Position Vector: r(t)

Represents the location of a particle at time t. In 3D space, it is defined as:
r(t) = z(t)i+y(t)j + z(t)k

2. Velocity Vector: v(t)

The first derivative of position with respect to time. It represents the instantaneous

rate of change of position and is always tangent to the path of motion.

v(t) = j—i =z'(t)i+y )i+ 2k

« Speed: The magnitude of the velocity vector, ||v(t)].
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3. Acceleration Vector: a(t)

The second derivative of position (or the first derivative of velocity). It represents

how the velocity is changing in both magnitude and direction.

dv d2r " - " - "
at) = - =5 =z ()i+y )+ (tk

Key Calculus Rules for Vectors

Since vector differentiation is performed component-wise, many standard rules apply:
« SumRule: L[u(t) + v(t)] = u'(t) + v/(t)
« Product Rule (Scalar): £[f(t)u(t)] = f'(t)u(t) + f(t)u'(?)
« Dot Product Rule: 4 [u(t) - v(t)] = u/(t) - v(2) + u(t) - v/(¢)

« Cross Product Rule: Z[u(t) x v(¢)] = u'(t) x v(t) + u(t) x v'(¢)

Interpreting the Geometry

o If |v(t)||is constant, the acceleration a(t) is always orthogonal (perpendicular) to the

velocity v(t). This is common in uniform circular motion.

« The velocity vector provides the direction of travel, while the acceleration vector points

toward the “inside” of the curve the particle is following.

Fill'in the blank: The second derivative of the position vector represents the
particle’s

Pilot questions 1.2

A vector function can be written as: A. A scalar function of tB. A tuple of
scalar functions of tC. A constant vector D. None of the above (Linked to
SLO 1.2)
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The derivative of a vector function is obtained by: A. Differentiating the
magnitude only B. Differentiating each component separately C.
Differentiating the direction only D. None of the above (Linked to SLO 1.2)

If r(t)represents position, then dr(t)dtrepresents: A. Force B. Velocity C.
Acceleration D. None of the above (Linked to SLO 1.2)

The second derivative of the position vector represents: A. Velocity B.
Acceleration C. Displacement D. None of the above (Linked to'SLO 1.2)

Higher-order derivatives of vector functions are: A. Not possible B. Possible
and useful in physical applications C. Only defined for scalars D. None of
the above (Linked to SLO 1.2)

1.3 Applications of Vector Differentiation

Vector differentiation is not only a mathematical procedure but also a powerful
tool for interpreting physical phenomena. When a vector function represents the
position of a particle, its derivatives provide meaningful quantities such as
velocity, acceleration, and geometric descriptors like tangent vectors, normal
vectors, and curvature. These applications allow us to connect abstract
mathematics with real-world motion and geometry.

Fill in the blank: The derivative of a position vector with respect to time gives the
particle’s

1.3.1 Velocity and acceleration in vector form
If r(t)1s the position vector of a particle, then:

The velocity vector.is v(t)=dr(t)dt, which indicates the rate of change of
position.

The-acceleration vector is a(t)=d2r(t)dt2, which indicates the rate of change
of velocity.

These vectors are essential in mechanics, as they describe how an object moves
and how its motion changes over time.
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Particle Trajecatory & Vector Derivatives
Position, Velocity, and Acceleration

The velocity vector v(t) is tangent to the path.
The acceleration vector a(t) shows how velocity is changing,
pointing towards the curve’s center.

Velocity and acceleration vectors along a trajectory

Fill in the blank: The acceleration vector is the derivative of the
vector.

1.3.2 Tangent and normal vectors

The tangent vector to a curve at a point is given by the velocity vector, as it points
in the direction of motion. The normal vector is perpendicular to the tangent and
points towards the centre of curvature of the path. Together, these vectors describe
the orientation of a particle’s motion along a curve.
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Frenet-Serret Frame: Tangent & Normal Vectors
Analyzing a Curve’s Direction & Curvature.

The unit tangent vector T(t) is tangent to the curve, showing
showing directionThe principal unit normal vector N(t) is perpecult T(t),
pointing to the centr the center of curvature.

,
5

Tangent and normal vectors along a curve

Fill in the blank: The tangent vector to a curve at a point is given by the
vector.

1.3.3 Curvature and torsion

The curvature of a curve measures how sharply it bends at a point. It is defined as
the rate of change of the tangent vector with respect to arc length. The torsion of a
curve measures how much the curve twists out of the plane of curvature. These
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quantities are important in geometry and physics, especially in describing the
motion of particles along complex paths.

Box summarising curvature as bending of a curve and torsion as twisting out of
plane.

Comparison Table

Feature Curvature (k) Torsion (T)

Geometric Meaning  "Bending" "Twisting"

Failure to be Zero if & #0,it'snotaline. If 7 # 0, it's not planar.

Relates to... The Normal vector N The Binormal vector B
Fill in the blank: Curvature measures how sharply a curve at a point.

Pilot questions 1.3

The derivative of the position vector with respect to time gives: A. Force B.
Velocity C. Acceleration D. None of the above (Linked to SLO 1.3)

The acceleration vector is the derivative of the: A. Position vector B. Velocity
vector C. Tangent vector D. None of the above (Linked to SLO 1.3)

The tangent vector to a curve at a point is given by the: A. Position vector B.
Velocity vector C. Acceleration vector D. None of the above (Linked to
SLO 1.3)

Curvature measures: A. How sharply a curve bends B. How fast a particle
moves C. How much a curve twists out of plane D. None of the above
(Linked to SLO 1.3)

Torsion measures: A. Bending of a curve B. Twisting of a curve out of plane C.
Rate of change of velocity D. None of the above (Linked to SLO 1.3)
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1.4 Vector Integration and Applications

Vector integration is the process of integrating vector functions, which are
functions that return vectors as outputs. Just as differentiation of vector functions
gives velocity and acceleration, integration allows us to calculate quantities such as
displacement, work, and circulation. A vector integral is obtained by integrating
each component of the vector function separately.

Fill in the blank: A vector integral is obtained by integrating each of
the vector function separately.

1.4.1 Integration of vector functions
If r(t)=x(t)i+y(t)j+z(t)k, then its integral with respect to tis:
fr(t) dt=/x(t) dti+[y(t) dtj+fz(t) dtk

This integral represents the accumulation of the vector function over time or
another variable.
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Vector Function Integration
Integrating Component-Wise

The integral of a vector function is found by
integrating each component function separately:

a

g = boo r(t) dt = [Z-T(b_)x(t) dt) i+ [% y(t) dtJ k

Fill in the blank: The integral of a vector function is obtained by integrating each
ofits separately.

Integration of a vector function by components

1.4.2 Displacement and work

Displacement: If velocity is given as a vector function v(t), then displacement
1s obtained by integrating velocity:

r(t)=Jv(t) dt
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Work: Work done by a force Falong a path is given by the line integral:
W=CF-dr

This integral calculates the energy transferred when a force acts along a
displacement.

Work as a Line Integral

Force, Displacement, and the Path

X

A

Work:fC F «dr

This integral sums the force component along the direction of motion.

OER

Work as a line integral of force along displacement

Fill in the blank: Work done by a force along a path is given by the
integral of force with displacement.
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1.4.3 Circulation and physical applications

Circulation refers to the line integral of a vector field around a closed curve. It
measures the tendency of the field to circulate around the curve. In fluid dynamics,
circulation describes the rotation of fluid around a closed path. In
electromagnetism, it is used to describe the behaviour of magnetic and electric
fields.

Box summarising displacement, work, and circulation as applications-of vector
integration.

Application Field Type | Path Type Physical Significance
Displacement | Velocity Open or Change in position
Closed '
Work Force Open or Energy transfer
Closed &Y '
. . Velocity Closed : ..
Circulation (Fluid) Loop Measure of rotation/vorticity.
. Across a Volume of fluid passing
Flow/Flux Velogi Surface through a boundary.

Fill in the blank: Circulation is the line integral of a vector field around a
curve.

Pilot questions 1.4

A vector integral is obtained by: A. Differentiating each component B.
Integrating each component separately C. Multiplying each component D.
None of the above (Linked to SLO 1.4)

Displacement is obtained by integrating: A. Position B. Velocity C.
Acceleration D. None of the above (Linked to SLO 1.4)

Work done by a force along a path is given by: A. A dot product B. A line
integral C. A cross product D. None of the above (Linked to SLO 1.4)
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Circulation measures: A. The tendency of a vector field to circulate around a
closed curve B. The magnitude of a vector field C. The divergence of a
vector field D. None of the above (Linked to SLO 1.4)

In fluid dynamics, circulation describes: A. The bending of a curve B. The
rotation of fluid around a closed path C. The displacement of a particle D.
None of the above (Linked to SLO 1.4)

Series Summary

This Series has introduced you to the foundations of vector differentiation
and integration, highlighting their importance in both mathematics and
physical applications. We began by examining the fundamentals of vectors,
including their representation and basic operations, before moving on to the
differentiation of vector functions and their higher-order derivatives. We
then explored how these derivatives translate inte meaningful physical
quantities such as velocity, acceleration, tangent and normal vectors, and
curvature. Finally, we concluded with vector integration, showing how it is
applied to displacement, work, and circulation.

By completing this Series, you should now be able to define vectors and
explain their representation and operations (SLO 1.1), demonstrate how to
differentiate vector functions including higher-order derivatives (SLO 1.2),
apply vector differentiation to problems involving motion and geometry
(SLO 1.3), and perform vector integration with applications in displacement,
work, and circulation (SLO 1.4). These outcomes provide a strong
foundation for the subsequent Series, where we will build on these skills to
study gradient, divergence, and curl.

Glossary of Terms

Acceleration vector: The second derivative of the position vector with respect to
time, representing the rate of change of velocity.

Cross product: An operation between two vectors that produces another vector
perpendicular to both, with magnitude equal to the product of their
magnitudes and the sine of the angle between them.

Curvature: A measure of how sharply a curve bends at a point, defined as the
rate of change of the tangent vector with respect to arc length.

Displacement: The change in position of a particle, obtained by integrating the
velocity vector over time.
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Dot product: An operation between two vectors that produces a scalar equal to
the product of their magnitudes and the cosine of the angle between them.

Magnitude: The length or size of a vector, often represented by the norm of the
vector.

Normal vector: A vector perpendicular to the tangent vector at a point on a
curve, pointing towards the centre of curvature.

Position vector: A vector that specifies the location of a point or particle in
space relative to an origin.

Scalar multiplication: An operation where a vector 1s multiplied by a scalar,
changing its magnitude but not its direction unless the scalar is negative.

Tangent vector: A vector that points in the direction.of motion along a curve,
given by the velocity vector.

Tensor: A mathematical object that generalises scalars, vectors, and matrices,
used to describe relationships between sets of geometric quantities.

Torsion: A measure of how much a curve twists out of the plane of curvature.

Vector: A quantity that has both magnitude and direction, represented
algebraically by components or geometrically by an arrow.

Vector differentiation: The process of finding the derivative of a vector function
by differentiating each.component separately.

Vector integration: The process of integrating a vector function by integrating
each component separately.

Velocity vector: The first derivative of the position vector with respect to time,
representing the rate of change of position.

Concept Check Questions 1
Objective questions

A vector is defined as a quantity that has: A. Magnitude only B. Direction only
C. Magnitude and direction D. None of the above (Linked to SLO 1.1)

The derivative of a vector function is obtained by: A. Differentiating the
magnitude only B. Differentiating each component separately C.
Differentiating the direction only D. None of the above (Linked to SLO 1.2)
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The tangent vector to a curve at a point is given by the: A. Position vector B.
Velocity vector C. Acceleration vector D. None of the above (Linked to
SLO 1.3)

Work done by a force along a path is given by: A. A dot product B. A line
integral C. A cross product D. None of the above (Linked to SLO 1.4)

Short-answer questions
Define a vector and give one example. (Linked to SLO 1.1)
Explain how to differentiate a vector function. (Linked to SLO 1.2)

State the physical meaning of the second derivative of a position vector. (Linked to
SLO 1.2)

Describe the difference between tangent and normalvectors. (Linked to SLO 1.3)
What is circulation in vector integration? (Linked to SLO 1.4)
Long-answer questions

Discuss the representation and operations of vectors in analysis. (Linked to SLO
1.1)

Basic response: Define vectors, explain geometric and algebraic representation,
and describe addition, scalar multiplication, dot product, and cross product.

Value-added response: Provide examples in two and three dimensions, and
explain how these operations are applied in physics and geometry.

Analyse the role of vector differentiation in describing motion. (Linked to SLO
1.2,1.3)

Basic response: Explain velocity and acceleration as derivatives of position.

Value-added response: Extend to tangent and normal vectors, curvature, and
torsion, showing how they describe particle motion along curves.

Evaluate the applications of vector integration in physical sciences. (Linked to
SLO.1.4)

Basic response: Define displacement, work, and circulation as outcomes of
vector integration.

Value-added response: Provide examples from mechanics, fluid dynamics, and
electromagnetism, showing how vector integration links mathematics to
physical phenomena.
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Answers to Concept Check Questions 1
C
B
B
B
A vector is a quantity with magnitude and direction, e.g. displacement vector 4.
Differentiate each component of the vector function separately.
The second derivative of position represents acceleration.

The tangent vector points along the curve, while the normal vector is
perpendicular and points towards the centre of curvature.

Circulation is the line integral of a vector field around a closed curve.

Basic response: Vectors are represented geometrically as arrows and
algebraically as components. Operations include addition, scalar
multiplication, dot product, and cross product. Value-added response: In 2D,
yrepresents displacement; in 3D, zrepresents position. Dot product is used
for projections, cross product for perpendicular vectors in physics.

Basic response: Velocity is the first derivative of position, acceleration is the
second derivative.-Value-added response: Tangent vectors describe direction
of motion, normal vectors describe curvature, and torsion describes twisting
of the path.

Basic response: Displacement is integral of velocity, work is line integral of
force, circulation isline integral of a field around a closed curve. Value-
added response: In mechanics, work is energy transfer; in fluid dynamics,
circulation measures rotation; in electromagnetism, it describes field
behaviour.

Answers to Pilot Questions 1

Part'1.1: 1-C, 2-C, 3-B, 4-B, 5-B Part 1.2: 1-B, 2-B, 3-B, 4-B, 5-B Part 1.3: 1-B, 2-
B, 3-B, 4-A, 5-B Part 1.4: 1-B, 2-B, 3-B, 4-A, 5-B

Series 2 Gradient, Divergence, and Curl

Series Outline
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Part 2.1: Gradient of Scalar Fields
Definition and interpretation of gradient
Properties of gradient
Applications in physical sciences
Part 2.2: Divergence of Vector Fields
Definition and interpretation of divergence
Properties of divergence
Applications in fluid flow and electromagnetism
Part 2.3: Curl of Vector Fields
Definition and interpretation of curl
Properties of curl
Applications in rotation and circulation
Part 2.4: Interrelationships of Gradient, Divergence, and Curl
Vector identities involving gradient, divergence, and curl
Physical significance of these relationships

Examples in applied contexts

Introduction

Vectors can be extended beyond simple quantities to describe how scalar and
vector fields change in space. In mathematics and physics, three important
operators—gradient; divergence, and curl—allow us to capture these changes
precisely. These concepts are fundamental in areas such as fluid dynamics,
electromagnetism, and engineering, where they describe flow, rotation, and
variation of fields. This Series will help you build a strong understanding of these
operators and their applications.

The aim of this Series is to enable you to define, explain, and apply gradient,
divergence, and curl, and to analyse their interrelationships in both mathematical
and physical contexts.

We shall commence this Series by studying the gradient of scalar fields, focusing
on its definition, properties, and applications. Next, we will move on to divergence
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of vector fields, examining how it measures the spreading out of a field and its
relevance in physical sciences. Following that, we will explore curl of vector
fields, which captures the rotational tendency of a field. Finally, we will conclude
with the interrelationships among gradient, divergence, and curl, highlighting
vector identities and their physical significance.

Series Learning Qutcomes
Upon completing this Series, you should be able to:

SLO 2.1 define and explain the gradient of scalar fields, including its properties
and applications,

SLO 2.2 demonstrate how to compute the divergence of vector fields and
interpret its physical meaning,

SLO 2.3 apply the concept of curl to vector fields and analyse its role in
describing rotation and circulation,

SLO 2.4 evaluate the interrelationships among gradient, divergence, and curl
through vector identities and physical examples.

2.1 Gradient of Scalar Fields

The gradient is a vector operator that acts on a scalar field. A scalar field is a
function that assigns a single value to every point in space, such as temperature or
pressure. The gradient of a scalar field points in the direction of the greatest rate of
increase of the field, and its magnitude represents how steeply the field changes.

Fill in the blank: The gradient of a scalar field points in the direction of the greatest
rate of of the field.

2.1.1 Definition and interpretation of gradient
If ¢(Xy,z)is a scalar field, then its gradient is defined as:
b=xi+yj+zk

This vector points in the direction of maximum increase of . For example, if
represents temperature in a room, the gradient indicates the direction in which the
temperature rises most rapidly.

Gradient of a scalar field indicating maximum rate of increase

Fill in the blank: The gradient of a scalar field is defined as ¢p=xi+yj+zk.
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2.1.2 Properties of gradient

The gradient has several important properties:
It is a vector quantity.
It points in the direction of maximum increase of the scalar field.
Its magnitude gives the rate of change in that direction.

If the gradient is zero, the scalar field is constant in that region.

Properties of the gradient Short description: Box summarising the main properties
of the gradient.
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1. Gradient Operratios A

1. Geometric Propertics

Magnitute of Max idrecion increnged tox post rapadal and at level
Field

2. Algebabic: Propertics
3. Algebalric Propertion

Magmmicde = Max Rate of increase of the piect on the oftrevoild to the
level sets

A(af+bg=a AAA f+fVAA g
- Product Rule (||JAA g+ g r’()

A Chain Rule = IAA—_I

A

A=(g=2r0)f=var()

- Directional Derieative aA to in f unit vector ire level e + r’ (°(t)

: Scalar Field Divergence Direction/Rate
Gradient (A f) N Max increase
A, » AAF Vector Field Vector Field Curl x Field
Fill in the blank: If the gradient of a scalar field is zero, the field is in

that region.
2.1.3 Applications in physical sciences
The gradient is widely used in physical sciences:

In heat transfer, the gradient of temperature indicates the direction of heat
flow.

In electrostatics, the gradient of electric potential gives the electric field.

In geography, the gradient of elevation represents the slope of terrain.
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Gradient of temperature field showing heat flow direction

Fill in the blank: In electrostatics, the gradient of electric potential gives the
field.

Pilot questions 2.1

The gradient of a scalar field points in the direction of: A. Minimum decrease
B. Maximum increase C. Constant value D. None of the above (Linked to
SLO 2.1)

The gradient of a scalar field is: A. A scalar B. A vector C. A matrix D. None of
the above (Linked to SLO 2.1)

If the gradient of a scalar field is zero, the field is: A« Increasing B. Decreasing
C. Constant D. None of the above (Linked to SLO 2.1)

In heat transfer, the gradient of temperature indicates: A. Direction of heat flow
B. Magnitude of heat capacity C.Rate of cooling D. None of the above
(Linked to SLO 2.1)

In electrostatics, the gradientof electric potential gives: A. Magnetic field B.
Electric field C. Gravitational field D. None of the above (Linked to SLO
2.1)

2.2 Divergence of Vector Fields

The divergence is a scalar operator that acts on a vector field. A vector field is a
function that assigns a vector to every point in space, such as velocity in fluid flow
or electric field in electromagnetism. The divergence of a vector field measures the
net rate at which the field vectors are spreading out (or converging) from a point.

Fill in the blank: The divergence of a vector field measures the net rate at which
the field vectors from a point.

2.2.1 Definition and interpretation of divergence
If F(x,y,z)=Fxi+Fyj+Fzkis a vector field, then its divergence is defined as:
F=Fxx+Fyy+Fzz

This scalar quantity indicates whether the field is acting like a source (positive
divergence) or a sink (negative divergence). For example, in fluid flow, positive
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divergence means fluid is spreading out from a point, while negative divergence
means fluid is converging towards a point.

Divergence of a vector field in fluid flow

Fill in the blank: Positive divergence indicates a , while negative
divergence indicates a

2.2.2 Properties of divergence
The divergence has several important properties:
It is a scalar quantity.
It measures the net outflow or inflow of a vector field at a point.

If divergence is zero, the field is said to be solenoidal, meaning there is no net
source or sink.

Divergence depends on the spatial variation-of the components of the vector
field.

Properties of divergence Short deseription: Box summarising the main properties
of divergence.

Fill in the blank: A vector field with zero divergence is called
2.2.3 Applications in fluid flow and electromagnetism

In fluid dynamics, divergence of velocity field indicates whether fluid is
compressing or expanding at a point.

In electromagnetism, divergence of the electric field is related to charge
density by Gauss’s law:

E=0
where is charge density and Ois permittivity of free space.

In heat transfer, divergence of heat flux relates to the rate of heat generation or
absorption.

Divergence of electric field lines around charges

Fill in the blank: In electromagnetism, divergence of the electric field is related to
density.
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Pilot questions 2.2

The divergence of a vector field is: A. A vector B. A scalar C. A matrix D.
None of the above (Linked to SLO 2.2)

Positive divergence indicates: A. A sink B. A source C. A constant field D.
None of the above (Linked to SLO 2.2)

A vector field with zero divergence is called: A. Solenoidal B. Rotational C.
Constant D. None of the above (Linked to SLO 2.2)

In fluid dynamics, divergence of velocity field indicates: A. Rotation of fluid B.
Compression or expansion of fluid C. Constant velocity D. None of the
above (Linked to SLO 2.2)

In electromagnetism, divergence of the electric field isrelated to: A. Magnetic
flux B. Charge density C. Current density D. None of the above (Linked to
SLO 2.2)

2.3 Curl of Vector Fields

The curl is a vector operator that acts on.a vector field. It measures the tendency of
the field to rotate arounda point. In physical terms, curl describes the local
rotational motion of a vector field, such as the swirling of fluid or the circulation of
magnetic fields:

Fill in the blank: The curl of a vector field measures the tendency of the field to
around a point.

2.3.1 Definition and interpretation of curl
If F(x,y,z)=Fxi+Fyj+Fzk, then its curl is defined as:
F=Fyzi+Fzxj+Fxyk

This vector points in the axis of rotation and its magnitude indicates the strength of
rotation.

Curl of a vector field showing rotational tendency

Fill in the blank: The curl of a vector field is defined as F, which produces a
quantity.
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2.3.2 Properties of curl
The curl has several important properties:
It is a vector quantity.
It measures the local rotation of a vector field.
If curl is zero, the field is said to be irrotational.
Curl depends on the spatial variation of the components of the vector field.

Properties of curl Short description: Box summarising the main properties of curl.

Fill in the blank: A vector field with zero curl is called
2.3.3 Applications in rotation and circulation

In fluid dynamics, curl of velocity field represents vorticity, which measures
the local spinning motion of fluid.

In electromagnetism, curl of the magnetic field is related to current density by
Ampere’s law:

B=0]
where Jis current density and Ois permeability of free space.

In engineering, curl is used to analyse rotational effects in stress and strain
fields:

Curl of velocity field representing vorticity in fluid flow
Fillin the blank: In fluid dynamics, curl of velocity field represents

Pilot questions 2.3
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The curl of a vector field 1s: A. A scalar B. A vector C. A matrix D. None of the
above (Linked to SLO 2.3)

The curl of a vector field measures: A. Divergence B. Rotation C. Gradient D.
None of the above (Linked to SLO 2.3)

A vector field with zero curl is called: A. Solenoidal B. Irrotational C. Constant
D. None of the above (Linked to SLO 2.3)

In fluid dynamics, curl of velocity field represents: A. Displacement B.
Vorticity C. Acceleration D. None of the above (Linked to SLO 2.3)

In electromagnetism, curl of the magnetic field is related to: A. Charge density
B. Current density C. Electric potential D. None of the above (Linked to
SLO 2.3)

2.4 Interrelationships of Gradient, Divergence, and Curl

The operators gradient, divergence, and curl are not isolated concepts; they are
interconnected through vector identities and physical interpretations.
Understanding these relationships helps us see how scalar and vector fields interact
and how these operators combine to describe complex phenomena in mathematics,
physics, and engineering.

Fill in the blank: Gradient, divergence, and curl are interconnected through
identities and-physical interpretations.

2.4.1 Vector identities involving gradient, divergence, and curl

Several important vector identities highlight the relationships among these
operators:

The divergence of the curl of any vector field is always zero:
‘(F)=0

The curl of the gradient of any scalar field is always zero:
X(¢$)=0

The Laplacian operator, defined as 2, can be expressed as the divergence of the
gradient:

20="(9)

Box summarising divergence of curl, curl of gradient, and Laplacian identity
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Fill in the blank: The divergence of the curl of any vector field is always

2.4.2 Physical significance of these relationships

In fluid dynamics, the identity -(F)=0implies that rotational motion does not
create sources or sinks.

In electromagnetism, the identity X (¢)=0reflects that electric fields derived
from potentials are irrotational.

The Laplacian operator is widely used in heat conduction, wave equations, and
diffusion processes, linking scalar fields to their spatial variations.

Diagram showing physical interpretations of Physical significance of vector
identities

Fill in the blank: In electromagnetism, the identity X(¢d)=0reflects that electric
fields derived from potentials are

2.4.3 Examples in applied contexts

In heat conduction, the Laplacian of temperature field describes how heat
diffuses through a medium.

In wave mechanics, the Laplacian appears in the wave equation, linking
displacement to spatial variation.

In engineering, these identities simplify calculations in stress analysis and fluid
modelling.

Laplacian in applied contexts

Fill in the blank: In heat conduction, the Laplacian of temperature field describes
how heat through a medium.

Pilot questions 2.4

The divergence of the curl of any vector field is: A. Zero B. Constant C. Infinite
D. None of the above (Linked to SLO 2.4)

The curl of the gradient of any scalar field is: A. Zero B. Constant C. Infinite D.
None of the above (Linked to SLO 2.4)
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The Laplacian operator can be expressed as: A. Curl of divergence B.
Divergence of gradient C. Gradient of curl D. None of the above (Linked to
SLO 2.4)

In fluid dynamics, the identity -(F)=0implies: A. Rotational motion creates
sources B. Rotational motion does not create sources or sinks C. Rotational
motion creates sinks only D. None of the above (Linked to SLO 2.4)

Series Summary

This Series has explored the three fundamental vector operators—gradient,
divergence, and curl—showing how they extend our ability to analyse scalar
and vector fields. We began with the gradient of scalar fields, which points in
the direction of maximum increase and has applications in heat transfer,
electrostatics, and geography. We then examined divergence of vector fields,
interpreting it as a measure of sources and sinks, with applications in fluid
dynamics and electromagnetism. Following that, we studied curl of vector
fields, which captures rotational tendencies and 1s central to fluid vorticity and
Ampere’s law. Finally, we considered the interrelationships among these
operators, highlighting vector identities and their physical significance in
contexts such as heat conduction and wave mechanics.

Glossary of Terms

Curl: A vector operator that measures the local rotation of a vector field,
indicating how much the field tends to swirl around a point.

Divergence: A scalar operator that measures the net outflow or inflow of a
vector field at a point, showing whether the field behaves like a source or a
sink.

Gradient: A vector operator that acts on a scalar field, pointing in the direction
of maximum increase and with magnitude equal to the rate of change.

Irrotational field: A vector field with zero curl, meaning it has no local
rotational tendency.

Laplacian: A scalar operator defined as the divergence of the gradient of a
scalar field, used to describe diffusion, heat conduction, and wave
propagation.

Scalar field: A function that assigns a single scalar value to every point in
space, such as temperature or pressure.
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Solenoidal field: A vector field with zero divergence, meaning it has no net
sources or sinks.

Vector field: A function that assigns a vector to every point in space, such as
velocity in fluid flow or electric field in electromagnetism.

Vorticity: A physical quantity in fluid dynamics representing the curl of the
velocity field, describing local spinning motion of the fluid.

Concept Check Questions 2
Objective questions

The gradient of a scalar field is: A. A scalar B. A vector C. A matrix D. None of
the above (Linked to SLO 2.1)

Positive divergence indicates: A. A sink B. A source C. A constant field D.
None of the above (Linked to SLO 2.2)

The curl of a vector field measures: A. Divergence B. Rotation C. Gradient D.
None of the above (Linked to SL.O 2:3)

The Laplacian operator can be expressed as: A. Curl of divergence B.
Divergence of gradient C. Gradient of curl D. None of the above (Linked to
SLO 2.4)

Short-answer questions
Define gradient and give one physical example. (Linked to SLO 2.1)
Explain what divergence of a vector field represents. (Linked to SLO 2.2)
State the physical meaning of curl in fluid dynamics. (Linked to SLO 2.3)
What does it mean when a vector field is solenoidal? (Linked to SLO 2.2)

Write down the identity involving curl of the gradient of a scalar field. (Linked to
SLO 2.4)

Long-answer questions

Discuss the properties and applications of gradient in scalar fields. (Linked to SLO
2.1)

Basic response: Define gradient, explain its properties, and mention
applications in heat transfer and electrostatics.
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Value-added response: Provide detailed examples, such as gradient of
temperature field indicating heat flow, and gradient of potential giving
electric field.

Analyse the role of divergence in fluid dynamics and electromagnetism. (Linked to
SLO 2.2)

Basic response: Explain divergence as a measure of sources and sinks, with
examples in fluid compression and expansion.

Value-added response: Extend to Gauss’s law in electromagnetism, showing
how divergence of electric field relates to charge density.

Evaluate the significance of curl in describing rotation and circulation./(Linked to
SLO 2.3)

Basic response: Define curl and explain its rolein fluid vorticity and Ampere’s
law.

Value-added response: Provide examples of curl in engineering stress analysis
and in describing rotational effects in vector fields.

Examine the interrelationships among gradient, divergence, and curl through
vector identities. (Linked to SLO 2.4)

Basic response: State identities such as divergence of curl equals zero and curl
of gradient equals zero.

Value-added response: Discuss their physical significance in fluid dynamics,
electromagnetism, and heat conduction.

Answers to Concept Check Questions 2
B
B
B
B

Gradient is a vector operator that points in the direction of maximum increase
of a scalar field. Example: gradient of temperature indicates heat flow
direction.

Divergence measures the net outflow or inflow of a vector field at a point.
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Curl in fluid dynamics represents vorticity, describing local spinning motion of
fluid.

A solenoidal field has zero divergence, meaning no net sources or sinks.
The curl of the gradient of a scalar field is always zero: X(¢$)=0.

Basic response: Gradient is a vector pointing in the direction of maximum
increase of a scalar field, used in heat transfer and electrostatics. Value-
added response: Gradient of temperature shows heat flow direction,
gradient of potential gives electric field, gradient of elevation gives slope in

geography.

Basic response: Divergence measures sources and sinks, e.g. fluid expansion or
compression. Value-added response: In electromagnetism, divergence of
electric field relates to charge density via Gauss’s law.

Basic response: Curl measures rotation, applied influid verticity and Ampére’s
law. Value-added response: Curl is also used in engineering to analyse
rotational effects in stress and ‘strain fields.

Basic response: Divergence of curl equals zero, curl of gradient equals zero,
Laplacian is divergence of gradient. Value-added response: These identities
explain why rotational metion does not create sources, why electric fields
from potentials are irrotational, and how Laplacian governs heat conduction
and wave mechanics.

Answers to Pilot Questions 2
Part 2.1 1-B, 2-B, 3-C, 4-A, 5-B
Part 2.2 1-B,2-B, 3-A, 4-B, 5-B
Part 2.3 1-B, 2-B, 3-B,4-B, 5-B
Part 2.4 1-A,2-A, 3-B, 4-B,

3 Line Integrals and Surface Integrals
Series Outline
Part 3.1: Line Integrals of Scalar and Vector Fields
Definition of line integrals

Line integrals of scalar fields
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Line integrals of vector fields
Applications in work and circulation
Part 3.2: Surface Integrals of Scalar and Vector Fields
Definition of surface integrals
Surface integrals of scalar fields
Surface integrals of vector fields
Applications in flux and physical sciences
Part 3.3: Theorems of Vector Calculus
Green’s theorem
Stokes’ theorem
Divergence theorem

Physical significance and applications

Introduction

In this Series we turn to line integrals and surface integrals, which extend the ideas
of vector calculus into powerful tools for analysing scalar and vector fields over
curves and surfaces. Theseintegrals allow us to calculate quantities such as work,
flux, and circulation, and they form the foundation for the great theorems of vector
calculus.

The purpose of this Series is to help you understand how line and surface integrals
are defined, how they are computed, and why they are important in mathematics,
physics, and engineering. We begin with line integrals, exploring both scalar and
vector.cases and their applications in work and circulation. Next, we move to
surface integrals, examining how they measure flux through surfaces and their role
in physical sciences. Finally, we conclude with the major theorems of vector
calculus—Green’s theorem, Stokes’ theorem, and the Divergence theorem—
showing how they unify and simplify the evaluation of integrals in applied
contexts.

Series Learning Outcomes

Upon completing this Series, you should be able to:
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SLO 3.1 define and compute line integrals of scalar and vector fields, and
explain their applications in work and circulation,

SLO 3.2 demonstrate how to evaluate surface integrals of scalar and vector
fields, and interpret their role in measuring flux,

SLO 3.3 apply Green’s theorem, Stokes’ theorem, and the Divergence theorem
to simplify and evaluate integrals,

SLO 3.4 analyse the physical significance of line and surface integrals, and the
major vector calculus theorems in applied contexts.

3.1 Line Integrals of Scalar and Vector Fields

A line integral is an integral taken along a curve or path. It allows us to accumulate
values of a scalar or vector field along that path. Line integrals are widely used in
physics and engineering to calculate quantities such as work done by a force, or
circulation of a vector field around a curve.

Fill in the blank: A line integral is an integral taken along a or path.
3.1.1 Line integrals of scalar fields

If ¢(x,y,2)is a scalar field and Cis'a curve parameterised by r(t), then the line
integral of along Cis:

Cds

where dsis the differential arc length along the curve. This integral represents the
accumulation of scalar values along the path.

Line integral of a scalar field along a curve

Fill in the blank: The line integral of a scalar field along a curve is expressed as
Cds.

3.1.2 Line integrals of vector fields

If F(x,y,z)1s a vector field and Cis a curve parameterised by r(t), then the line
integral of Falong Cis:

CF-dr

This integral measures the work done by the vector field along the curve.
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Work as a Line Integral:
Force, Displacement and the Path

G,
F(r(t) C

Y

$W = [ F - dar

This integral sums the force
component along the direction of motion.

Source: OER Math & Physics

Line integral of a vector field representing work

Fill in the blank:The line integral of a vector field along a curve is expressed as
CF-dr.

3.1.3 Applications in work and circulation

Work: In mechanics, the work done by a force along a path is given by the line
integral of the force vector field.

Circulation: In fluid dynamics, circulation is the line integral of velocity field
around a closed curve, measuring the tendency of fluid to rotate.

Electromagnetism: Line integrals are used to calculate electromotive force
along a circuit.
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Circulation as line integral of velocity field

Fill in the blank: In fluid dynamics, circulation is the line integral of velocity field
around a curve.

Pilot questions 3.1

A line integral is taken along a: A. Point B. Curve C. Surface D. None of the
above (Linked to SLO 3.1)

The line integral of a scalar field along a curve is expressed as: A. C dsB.
CF-drC. C dAD. None of the above (Linked to SLO 3.1)

The line integral of a vector field along a curve is expressed as: A. C dsB.
CF-drC. CF dAD. None of the above (Linked to SLO 3.1)

Work done by a force along a path is given by: A. A dot product B. A line
integral C. A cross product D. None of the above (Linked to SLO 3.1)

Circulation in fluid dynamics is the line mtegral of velocity field around a: A.
Point B. Closed curve C. Surface D. None of the above (Linked to SLO 3.1)

3.2 Surface Integrals of Scalar and Vector Fields

A surface integral is an integral taken over a surface in three-dimensional space.
It allows us to accumulate values of a scalar or vector field across a surface.
Surface integrals are essential in physics and engineering, especially for calculating
flux through surfaces.

Fill in the blank: A surface integral is an integral taken over a in
three-dimensional space.

3.2.1 Surface integrals of scalar fields
If d(x,y,2)i1s a scalar field and Sis a surface, then the surface integral of over Sis:

JIsds

where dSis the differential element of surface area. This integral represents the
accumulation of scalar values across the surface.

Surface integral of a scalar field
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Fill in the blank: The surface integral of a scalar field over a surface is expressed as
Jfsds.

3.2.2 Surface integrals of vector fields

If F(x,y,z)1s a vector field and Sis a surface with unit normal vector n, then the
surface integral of Fover Sis:

JfSFn dS

This integral measures the flux of the vector field through the suirface.
Surface integral of a vector field representing flux

Fill in the blank: The surface integral of a vector field over a surface is expressed
as [[SFn dS.

3.2.3 Applications in flux and physical sciences

Flux in fluid dynamics: Surface integrals measure the amount of fluid passing
through a surface.

Electromagnetism: Surface integrals of electric or magnetic fields calculate
flux, central to Gauss’s law and Faraday’s law.

Heat transfer: Surface integrals of heat flux describe energy transfer across
boundaries.

Electric flux as surface integral of electric field

Fill in the blank: In-electromagnetism, surface integrals of electric field are central
to law.

Pilot questions 3.2

A surface integral is taken over a: A. Point B. Curve C. Surface D. None of the
above (Linked to SLO 3.2)

The surface integral of a scalar field over a surface is expressed as: A. [[S dSB.
C dsC. [fSFn dSD. None of the above (Linked to SLO 3.2)
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The surface integral of a vector field over a surface is expressed as: A. [[S dSB.
JfSFn dSC. CF-drD. None of the above (Linked to SLO 3.2)

The surface integral of a vector field measures: A. Work B. Flux C. Circulation
D. None of the above (Linked to SLO 3.2)

In electromagnetism, surface integrals of electric field are central to: A.
Ampere’s law B. Gauss’s law C. Faraday’s law D. None of the above
(Linked to SLO 3.2)

3.3 Theorems of Vector Calculus

The theorems of vector calculus provide powerful connections between line
integrals, surface integrals, and volume integrals. They allow us to transform
integrals from one domain to another, simplifying calculations and revealing deep
physical insights.

Fill in the blank: The theorems of vector calculus connect line integrals, surface
integrals, and integrals.

3.3.1 Green’s theorem

Green’s theorem relates a line integral around a simple closed curve Cto a double
integral over the region Rbounded by C:

C(P dx+Q dy)=J/RQx-PydA

This theorem is useful in planar regions and has applications in fluid flow and
circulation.

Green’s theorem relating line integral to double integral

Fill.in the blank: Green’s theorem relates a line integral around a closed curve to a
integral over the region it encloses.

3.3.2 Stokes’ theorem

Stokes’ theorem generalises Green’s theorem to three dimensions. It relates a line
integral around a closed curve Cto a surface integral of curl over the surface
Sbounded by C:

CF-dr=/fS(F)-ndS

This theorem is central in electromagnetism and fluid dynamics.
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Stokes’ theorem relating line integral to surface integral of curl Al prompt:

Fill in the blank: Stokes’ theorem relates a line integral around a closed curve to a
integral of curl over the surface it bounds.

3.3.3 Divergence theorem

The Divergence theorem (Gauss’s theorem) relates a surface integral of a vector
field over a closed surface Sto a volume integral of divergence over the region
Venclosed by S:

[[SFn dS=[[fV(F) dV

This theorem is widely used in electromagnetism, fluid dynamics, and heat
transfer.

Divergence theorem relating surface integral to volume integral

Fill in the blank: The Divergence theorem relates a surface integral over a closed
surface to a integralof divergence over the volume it encloses.

3.3.4 Physical significance and applications
Green’s theorem: circulation and area integrals in planar regions.
Stokes’ theorem: circulation and curl in three-dimensional fields.

Divergence theorem: flux and sources in electromagnetism and fluid

dynamics.
Applications of vector calculus theorems
Fill.in the blank: The Divergence theorem is also known as theorem.
Pilot questions 3.3

Green’s theorem relates a line integral around a closed curve to: A. A surface
integral B. A double integral over the region C. A volume integral D. None
of the above (Linked to SLO 3.3)

Stokes’ theorem relates a line integral around a closed curve to: A. A surface
integral of curl B. A volume integral of divergence C. A scalar integral D.
None of the above (Linked to SLO 3.3)
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The Divergence theorem relates a surface integral over a closed surface to: A. A
line integral B. A volume integral of divergence C. A double integral D.
None of the above (Linked to SLO 3.3)

Green’s theorem is primarily applied in: A. Planar regions B. Three-
dimensional fields C. Volume integrals D. None of the above (Linked to
SLO 3.3)

The Divergence theorem is also known as: A. Stokes’ theorem B. Gauss’s
theorem C. Green’s theorem D. None of the above (Linked to SLO 3.3)

Series Summary

This Series has explored line integrals and surface integrals, two fundamental tools in
vector calculus that extend differentiation into integration over curves and surfaces. We
began with line integrals, distinguishing between scalar and vector cases, and saw how
they are applied to compute work, circulation, and electromotive force. Next, we studied
surface integrals, both for scalar and vector fields; and learned how they measure flux
through surfaces in contexts such as fluid dynamics, electromagnetism, and heat transfer.
Finally, we examined the major theorems of vector calculus—Green’s theorem, Stokes’
theorem, and the Divergence theorem—which unify line, surface, and volume integrals,
providing elegant ways to simplify calculations and interpret physical phenomena.

By completing this Series, you should now be able to define and compute line integrals of
scalar and vector fields (SLO3.1), evaluate surface integrals and interpret their role in
flux (SLO 3.2), apply Green’s, Stokes’, and Divergence theorems to transform integrals
(SLO 3.3), and analyse their physical significance in applied contexts such as fluid flow,
electromagnetism, and heat transfer (SLO 3.4). These skills form the backbone of applied
vector calculus and are indispensable in advanced mathematics, physics, and engineering.

Glossary of Terms

Circulation: The line.integral of a velocity field around a closed curve,
measuring the tendency of fluid to rotate.

Flux: The surface integral of a vector field through a surface, representing the
quantity passing through that surface.

Gauss’s theorem: Another name for the Divergence theorem, relating surface
integrals to volume integrals.

Green’s theorem: A theorem that relates a line integral around a closed curve
in a plane to a double integral over the region it encloses.

Line integral: An integral taken along a curve, used to accumulate scalar or
vector field values along a path.
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Scalar field: A function assigning a single scalar value to each point in space.

Stokes’ theorem: A theorem that relates a line integral around a closed curve to
a surface integral of curl over the surface it bounds.

Surface integral: An integral taken over a surface, used to accumulate scalar or
vector field values across a surface.

Vector field: A function assigning a vector to each point in space, such as
velocity or force.

Work: In mechanics, the line integral of a force vector field along a path,
representing energy transfer.

Concept Check Questions 3
Objective questions

A line integral is taken along a: A. Point B. Curve C. Surface D. None of the
above (Linked to SLO 3.1)

The surface integral of a vector ficld over a surface is expressed as: A. [fS dSB.
JfSFn dSC. CF-drD. None of the above (Linked to SLO 3.2)

Green’s theorem relates a line integral around a closed curve to: A. A surface
integral B. A double integral over the region C. A volume integral D. None
of the above (Linked to SLO 3.3)

Stokes’ theorem relates a line integral around a closed curve to: A. A surface
integral of curl B. A volume integral of divergence C. A scalar integral D.
None of the above (Linked to SLO 3.3)

The Divergence theorem is also known as: A. Stokes’ theorem B. Gauss’s
theorem C. Green’s theorem D. None of the above (Linked to SLO 3.3)

Short-answer questions

Define a line integral and give one physical example. (Linked to SLO 3.1)
Explain what a surface integral of a vector field represents. (Linked to SLO 3.2)
State Green’s theorem in words. (Linked to SLO 3.3)

What does Stokes’ theorem generalise? (Linked to SLO 3.3)

Write down the Divergence theorem in mathematical form. (Linked to SLO 3.3)

Long-answer questions
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Discuss the properties and applications of line integrals in scalar and vector fields.
(Linked to SLO 3.1)

Basic response: Define line integrals and explain their use in work and
circulation.

Value-added response: Provide detailed examples in mechanics, fluid
dynamics, and electromagnetism.

Analyse the role of surface integrals in measuring flux in physical sciences.
(Linked to SLO 3.2)

Basic response: Define surface integrals and explain their role in flux:

Value-added response: Extend to applications in Gauss’s law, fluid flow, and
heat transfer.

Evaluate the significance of Green’s, Stokes’, and Divergence theorems in vector
calculus. (Linked to SLO 3.3)

Basic response: State each theorem and explain its mathematical relationship.

Value-added response: Discuss their physical significance in fluid dynamics,
electromagnetism, and wave mechanics.

Answers to Pilot Questions 3
Part 3.1 1-B, 2-A, 3-B, 4-B, 5-B
Part 3.2 1-C, 2-A, 3-B, 4-B, 5-B
Part 3.3 1-B, 2-A, 3-B,;/4-A, 5-B

Series 4 Integral Theorems and Applications
Series Outline
Part 4.1: Green’s Theorem in the Plane
Statement and interpretation
Applications in planar circulation and area integrals
Worked examples
Part 4.2: Stokes’ Theorem in Three Dimensions

Statement and interpretation
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Applications in curl and circulation
Worked examples
Part 4.3: Divergence Theorem (Gauss’s Theorem)
Statement and interpretation
Applications in flux and sources
Worked examples
Part 4.4: Applied Contexts of Integral Theorems
Fluid dynamics
Electromagnetism

Heat transfer and engineering applications

Introduction

In this Series we focus on the integral theorems of vector calculus—Green’s
theorem, Stokes’ theorem, and the Divergence theorem—and their wide-
ranging applications. These theorems unify line, surface, and volume
integrals, providing elegant ways to transform complex integrals into
simpler forms. They are not only mathematically powerful but also
physically meaningful, forming the backbone of applied mathematics in
physics and engineering.

The purpose of this Series is to help you understand the statements, proofs,
and interpretations of these theorems, and to apply them in practical
contexts. We begin with Green’s theorem in the plane, which connects line
integrals around closed curves to double integrals over regions. Next, we
explore Stokes’ theorem in three dimensions, which generalises Green’s
theorem by relating line integrals to surface integrals of curl. We then study
the Divergence theorem (Gauss’s theorem), which links surface integrals
over closed surfaces to volume integrals of divergence. Finally, we examine
applied contexts, showing how these theorems are used in fluid dynamics,
electromagnetism, and heat transfer.

Series Learning Qutcomes

Upon completing this Series, you should be able to:
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SLO 4.1 define and apply Green’s theorem in the plane, and interpret its
significance in circulation and area integrals,

SLO 4.2 demonstrate the use of Stokes’ theorem in three dimensions, and
explain its role in relating curl and circulation,

SLO 4.3 evaluate the Divergence theorem (Gauss’s theorem), and interpret its
applications in flux and sources,

SLO 4.4 analyse the physical significance of integral theorems in‘applied
contexts such as fluid dynamics, electromagnetism, and heat transfer.

4.1 Green’s Theorem in the Plane

Green’s theorem is one of the cornerstone results in vector calculus. It provides a
relationship between a line integral around a closed/curve and a:double integral
over the region enclosed by that curve.

Fill in the blank: Green’s theorem relates a line integral around a closed curve to a
integral over the region it encloses.

4.1.1 Statement of Green’s theorem

If Cis a positively oriented, simple elosed curve in the plane, and Ris the region
bounded by C, then for functions P(x,y)and Q(x,y)with continuous partial
derivatives:

C(P dx+Qdy)=//RQx-PydA

This theorem transforms a line integral into a double integral, simplifying
calculations in many cases.
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Green’s Theorem:
Relating Line & Double Integrals

1. Line Integral (Circulation) 2. Double Integral (Curl Density)
y dr (;?\
7 N \ \ ;7 N
QT ®
F(r() ((i/} (’?
&H—

dr

A CamCISe
©) @
E(rit) R
AA 1
D (P dx+Qdy) a2 R (d0x) = (Pzy) dA

Oc (Pdx+Qdy) = 5z (dQ/ds) - (Pojyy) dA

Green’s Therem relates the line integral of a vector field arund a simple
closed curve C to a double interal field of the curl R it enloses. It shows
that the the total circulation along boundary is equal to of the sum of
infisinmintal rotations within the region. OER

Math &
Physics

Green’s theorem relating line integral to double integral
4.1.2 Interpretation of Green’s theorem

Circulation interpretation: The line integral around the boundary measures
circulation, while the double integral measures curl inside the region.

Area interpretation: In some cases, Green’s theorem can be used to compute
areas of regions using line integrals.

Fill in the blank: Green’s theorem can be used to compute of regions
using line integrals.

4.1.3 Applications in planar circulation and area integrals

R
e LA-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS



Fluid flow: Green’s theorem relates circulation around a boundary to vorticity
inside the region.

Electromagnetism: It connects boundary integrals of fields to area integrals of
curl.

Geometry: Used to compute areas of irregular regions by converting to line

integrals.
Green’s Theorem:
Fluid Flow & Circulation
Relating Bowndary Circuation to Encticity
1. Line Integral (Circulation) 2. Enoled Integral (Curl Density)
+ s {I(;‘: i
'@,’ K\;// 1: &
£\
&) T ) —
@ ©O® o
D) i~ N®),
\f/l /‘/:/\ /\( I_/J HANEY 1
. & R O -
F(rit)
AA 1
(DC Cv edr =R (de/ix)—(Pd—t)) dA

O (Pdx+Qdy) = i (dQ/ds) - (P57) d

Green's Therem relates for fluid flow states th:tal line integrad the toal
closed curve C to the closed interay boundary. Thsit enloses along to
it sum of the sum of the weles th infishmmintal rotations within borations

within region. OER

Math &
Physics /

Application of Green’s theorem in fluid flow
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Fill in the blank: In fluid flow, Green’s theorem relates circulation around a
boundary to inside the region.

4.1.4 Worked example

Example: Use Green’s theorem to evaluate C(x2 dx+y2 dy), where Cis the unit
circle x2+y2=1.

Solution:

Qx-Py=(y2)x-(x2)y=0-0=0
Thus,

C(x2 dx+y2 dy)=//R0 dA=0

Fill in the blank: In the worked example, the line integral around the unit circle
evaluates to

Pilot questions 4.1

Green’s theorem relates a lineintegral around a closed curve to: A. A surface
integral B. A double integral over the region C. A volume integral D. None
of the above (Linked to SLO 4.1)

The formula for Green’s theoremiis: A. C(P dx+Q dy)=//RQx-PydAB.
CF-dr=[fS(F)-ndSC. [fSFn dS=/[fV(F) dVD. None of the above (Linked to
SLO 4.1)

Green’s theorem can be used to compute: A. Length of curves B. Area of
regions C: Volume of solids D. None of the above (Linked to SLO 4.1)

In‘fluid flow, Green’s theorem relates circulation around a boundary to: A.
Divergence inside the region B. Vorticity inside the region C. Gradient
inside the region D. None of the above (Linked to SLO 4.1)

In the worked example, the line integral around the unit circle evaluates to: A. 1
B. 0 C. Infinity D. None of the above (Linked to SLO 4.1)

4.2 Stokes’ Theorem in Three Dimensions
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Stokes’ theorem is a fundamental result in vector calculus that generalises Green’s
theorem to three dimensions. It connects a line integral around a closed curve to a
surface integral of curl over the surface bounded by that curve.

Fill in the blank: Stokes’ theorem relates a line integral around a closed curve to'a
integral of curl over the surface it bounds.

4.2.1 Statement of Stokes’ theorem

If Sis an oriented smooth surface bounded by a simple closed curve C, and Fis a
vector field with continuous partial derivatives, then:

CF-dr=/fS(F)-ndS

This theorem transforms a line integral into a surface integral, making it easier to
evaluate circulation in three-dimensional fields.

R
S L A-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS



Stokes’s Theorem: Relating Surface & Line Integrals
Swirling & Circulation Density

1. Line Integral (Circulation 2. Surface Integral (Flux of Curl Density)

Sy |

'~.
%

AW

[/ ‘tf’;,":‘
817

epCF - dagr IIIS (\A | x| F) - bax,n, dA

%—Vcdagrzl\AAdR<X x ) x{F) - box,n,dA

Stokes' Theerem relates the line integral of a vector field around 4,V uiised of at closed
curve C to flux of field through any surface S that has C as tig:2 ds boundary. It states
thtal circwlation along the boundary curve is thevotfve is equal the total 'swirling' or vouit

‘passingh through the surface. @

Source: OER Math & Physics

Stokes’ theorem relating line integral to surface integral of curl

4.2.2 Interpretation of Stokes’ theorem

Circulation interpretation: The line integral around the boundary curve
measures circulation, while the surface integral measures curl across the
surface.

Generalisation: Stokes’ theorem generalises Green’s theorem from two-
dimensional regions to three-dimensional surfaces.
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Fill in the blank: Stokes’ theorem generalises theorem from two
dimensions to three dimensions.

4.2.3 Applications in curl and circulation

Fluid dynamics: Stokes’ theorem relates circulation around a boundary curve to
vorticity across the surface.

Electromagnetism: It is central to Maxwell’s equations, connecting
electromotive force around a loop to the changing magnetic field through the
surface.

Engineering: Used in stress analysis and modelling rotational effects in vector
fields.
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Stokes’s Theorem: Linking EMF & Magnetic Flux in
Electromigmetisim

1. Electromotiore EMF) - Circulation 2. Magnetic Flux (Surface Integral)

1S (AxB)-n ,dA

d)JE-dr=JAAXB)-n ,dA

Stokes’ Theerem, as applied in Maxwell’s equations (Farday, Law), relates elereitive EMF
erertmetive force &oup ‘C to the total magnetic flux churface 'S that lany thse C’
boundary. This is an fundametal principle explaning sheur a ertergmemetic magnetic
field indusction, wherre a electric field.

_ 7
Math &
Physics

Application of Stokes’ theorem in electromagnetism

Fill in the blank: In electromagnetism, Stokes’ theorem connects electromotive
force around a loop to the changing field through the surface.

4.2.4 Worked example

Example: Evaluate CF-drfor F=(y,-x,0), where Cis the unit circle in the xy-plane.

Solution:

F=0,0,-1-1=(0,0,-2)
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The surface Sis the unit disk in the xy-plane, with normal vector n=(0,0,1).
JfS(F)-n dS=/fS(0,0,-2)-(0,0,1) dS=-2/fSdS
Area of unit disk = .
JfS(F)-n dS=-2m
Thus,
CF-dr=-2m

Fill in the blank: In the worked example, the line integral around the unit circle
evaluates to

Pilot questions 4.2

Stokes’ theorem relates a line integral around a closed curve to: A. A surface
integral of curl B. A volume integral of divergence C./A scalar integral D.
None of the above (Linked to SLO 4.2)

The formula for Stokes’ theorem is: A. CF-dr=//S(F)-n dSB.
C(P dx+Q dy)=J/RQx-PydAC. [fSEn dS=[f/V(F) dVD. None of the above
(Linked to SLO 4.2)

Stokes’ theorem generalises: A. Divergence theorem B. Green’s theorem C.
Gauss’s theorem D. None of the above (Linked to SLO 4.2)

In electromagnetism, Stokes’ theorem connects electromotive force around a
loop to the changing: A. Electric field B. Magnetic field C. Heat field D.
None of the above (Linked to SLO 4.2)

In the worked example, the line integral around the unit circle evaluates to: A. 0
B. C.-2uD. None of the above (Linked to SLO 4.2)

4.3 Divergence Theorem (Gauss’s Theorem)

The Divergence theorem—also known as Gauss’s theorem—is a fundamental
result in vector calculus that connects a surface integral over a closed surface to a
volume integral over the region it encloses.

Fill.in the blank: The Divergence theorem relates a surface integral over a closed
surface to a integral of divergence over the volume it encloses.

4.3.1 Statement of Divergence theorem
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If Vis a solid region in space bounded by a closed surface S, and Fis a vector field
with continuous partial derivatives, then:

[[SFn dS=[[fV(F) dV

This theorem transforms a surface integral into a volume integral, simplifying flux
calculations.

Divergence Theorem: Relating Volume & Surface Integrals
Gauss’s Law for Vector Fields

2. Surface Integral (Total Flux)

S

IS (k F-n),dA

| (AA - F) ,av

MV (AA+F),dv = TS (kF - n) ,dA

The Divergence Theorem relates ton e total ottward flux of the vector field through o. '
closed surftace S to to total the total divergence of the field it volume V it encloses. It
shows that net flow out of the volume is equal the sum of diverence diverences (source.
This is a fundamental concept in fluid dynept in fluid dynamics and eleatgnogrmetisim
(Gauss’s law).

» N
OLR
Math & Physics

Divergence theorem relating surface integral to volume integral

4.3.2 Interpretation of Divergence theorem
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Flux interpretation: The surface integral measures flux through the boundary,
while the volume integral measures divergence inside the region.

Source interpretation: Divergence represents sources or sinks of the field inside
the volume.

Fill in the blank: Divergence represents sources or of the field inside
the volume.

4.3.3 Applications in flux and sources

Fluid dynamics: Relates net outflow of fluid through a boundary to sources
inside the volume.

Electromagnetism: Central to Gauss’s law, connecting electric flux through a
closed surface to charge enclosed.

Heat transfer: Used to model energy flow and sources inside a region.
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Gauss’s Law: Divergence Theorem for Electric Fields

‘ 1. Volume Integral (Charge Density) 2. Surface Integral (Electric Flux)

AF ‘
F=te 4 | | ms (EF-n),dA

Gaus S E +dpa = IV (E - n) ,dV = Q,enclosed)

Gauss’ Law, tws derived from the the Divergnce Theorerem, states that the electric flux
drragric flux through any closed surface is any et electric surface is equal a net charge
net pecustri charge enclosed is divided on, dividsed by free sutace. It relates he relate
pertmibility the stete ton surtane charge density to thes marnibldtc foe spaed.

~ OLR
Source: OER Math & Physics  Math & Physics

Application of Divergence theorem in Gauss’s law

Fill in the blank: In electromagnetism, the Divergence theorem is central to
law.

4.3.4 Worked example

Example: Verify the Divergence theorem for F=(x,y,z)over the unit cube
0=xy,z<1.

Solution:
F=xx+yy+zz=1+1+1=3

Volume integral:
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IIV(F) dV=[fV3 dV=3-(1-1-1)=3

Surface integral: Flux through each face of the cube also sums to 3. Thus, the
Divergence theorem holds.

Fill in the blank: In the worked example, the Divergence theorem evaluates to

Pilot questions 4.3

The Divergence theorem relates a surface integral over a closed surface to: A A
line integral B. A volume integral of divergence C. A double mtegral D.
None of the above (Linked to SLO 4.3)

The formula for Divergence theorem is: A. [fSFn dS=/[[V(F) dVB.
C(P dx+Q dy)=J/RQx-PydAC. CF-dr=[fS(F)-n.dSD. None of the above
(Linked to SLO 4.3)

Divergence represents: A. Sources or sinks-of the field B: Circulation of the
field C. Gradient of the field D. None of the above (Linked to SLO 4.3)

In electromagnetism, the Divergence theorem is central to: A. Ampere’s law B.
Gauss’s law C. Faraday’s law D. None of the above (Linked to SLO 4.3)

In the worked example, the Divergence theorem evaluates to: A. 1 B.2 C. 3 D.
None of the above (Linked to SLO 4.3)

4.4 Applied Contexts of Integral Theorems

The integral theorems of vector calculus—Green’s, Stokes’, and Divergence—are
not just abstract mathematical results. They have profound applications in physics,
engineering; and applied sciences, where they simplify complex problems and
provide physical meaning to integrals.

Fill in the blank: Integral theorems are widely applied in physics, engineering, and
sciences.

4.4.1 Fluid dynamics

Green’s theorem: Used to relate circulation around a boundary to vorticity
inside a region in 2D flows.

Stokes’ theorem: Connects circulation around a curve to curl across a surface,
useful in analysing rotational flow.
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Divergence theorem: Relates net outflow of fluid through a boundary to sources
or sinks inside the volume.

Vector Caltclus Theorems

4 N A ' Y
1. Green's Therem 2. Stokes’ Therem 3. Divergence Therem
(2D Circulation (3D Circulation) (Flux & Sources)

L ITT g ITIII
d)Cvdr:(L\/xv)-de d)CvdrS(Nxv)-ndA vndA=(A/-v)dV

Source: OER Math & Physics

plications of integral theorems in fluid dynamics

4. lec agnetism

bl

re theorem: Applied in planar field problems.

s’ theorem: Central to Maxwell’s equations, relating electromotive force
round a loop to changing magnetic flux.

Divergence theorem: Basis of Gauss’s law, connecting electric flux through a
closed surface to charge enclosed.

=
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Maxwell Equations

Vector Calculs Interpetations & Physical Meaning

Differental Forms Integral Forms (Physical Meaning)
E E E
Gauss's Law (Electric) oy \ I / - : n
; , by
D« E=pe, EiaiF . ﬁﬁ\,; .

Gauss's Law (Magnetic) Ex ~ / l \\'~ ¢E \M
E E'

A B0 E
Electric Flux from Charge No Magnetic Monopoles
(Sources) 1 (No Sources) _

GS=Eeda=—— $S=B———10

Faraday Law (Electromotive Force) Qenclosed/ €,

A X E =—-ddB/t

Qenclosed

C

D X BuyJ + ue,dE/1)

Changing B-field creates Current & Changing E-field
Ampere-Maxxell Law (E-field (EMF) create B-field)
E o dr E o dr = 1Sa
(bc = 2 d)c = e
dE,/t adS,/t oE, A

These four fundamental equations describe how electric (E) and magnetic (B)

fields interact, generatether, and relate bo charges, and currents. They form the
foundation of classical etingtomgemtism.

Applications of integral theorems in electromagnetism

Fill in the blank: In electromagnetism, the Divergence theorem is central to
law.

4.4.3 Heat transfer and engineering applications

Divergence theorem: Used to model energy flow and heat sources inside a
region.

Stokes’ theorem: Applied in stress analysis and rotational effects in engineering
fields.

)
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Green’s theorem: Helps simplify planar heat conduction problems.\

Heat Transfer & the Divergence Theorem

Linking Heat Flux & Heat Sources

1. Volume Integral (Total Sources) 2. Surface Integral (Total Flux)

Aog

tHt

HH

SV (Vog) =X (gem)ds

The Divergence Theorem relates the total heat flux across the closed surface ‘S’ to
total heat sources within wthin the enclosed volume V It shows that thaiv net outwart of
otward from the region is tequal of all heat generated inside if region, minuss any heat
consumed. This is a fundamental principle in heat transfer and therodarsmics.

Source: OER Math & Physics

Applications of integral theorems in heat transfer

Fill in the blank: In heat transfer, the Divergence theorem is used to model
flow and sources inside a region.

Pilot questions 4.4
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Integral theorems are widely applied in: A. Physics B. Engineering C. Applied
sciences D. All of the above (Linked to SLO 4.4)

In fluid dynamics, Stokes’ theorem connects circulation around a curve to: A.
Divergence B. Curl C. Gradient D. None of the above (Linked to SLO 4.4)

In electromagnetism, the Divergence theorem is central to: A. Ampere’s law B.
Gauss’s law C. Faraday’s law D. None of the above (Linked to SLO 4.4)

In heat transfer, the Divergence theorem is used to model: A. Energy flow and
sources B. Circulation C. Gradient D. None of the above (Linked to SLO
4.4)

Stokes’ theorem is central to: A. Maxwell’s equations B. Newton’s/laws C.
Fourier’s law D. None of the above (Linked to SLO 4.4)

Series Summary

This Series has explored the integral theorems of vector calculus—Green’s
theorem, Stokes’ theorem, and the Divergence theorem—and their
applications. We began with Green’s theorem in the plane, which connects
line integrals around closed curves to double integrals over regions, offering
insights into circulation and.area computations. We then studied Stokes’
theorem, which generalises Green’s theorem to three dimensions, relating
line integrals around curves to surface integrals of curl. Next, we examined
the Divergence theorem (Gauss’s theorem), which links surface integrals
over closed surfaces to volume integrals of divergence, providing a powerful
tool for flux-and source analysis. Finally, we applied these theorems in
practical contexts such as fluid dynamics, electromagnetism, and heat
transfer, showing their indispensable role in science and engineering.
By completing this Series, you should now be able to define and apply Green’s
theorem. in planar problems (SLO 4.1), demonstrate Stokes’ theorem in three-
dimensional contexts (SLO 4.2), evaluate the Divergence theorem and interpret its
significance 1n flux and sources (SLO 4.3), and analyse the physical applications of
these theorems in real-world scenarios (SLO 4.4). Together, these integral
theorems unify line, surface, and volume integrals, forming the backbone of
applied vector calculus.

Glossary of Terms

Area integral: A double integral over a region in the plane, often connected to
Green’s theorem.
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Circulation: The line integral of a vector field around a closed curve, measuring
rotational tendency.

Curl: A vector operator that describes the rotation of a vector field, central to
Stokes’ theorem.

Divergence: A scalar operator that measures the net outflow (sources or sinks)
of a vector field, central to the Divergence theorem.

Divergence theorem (Gauss’s theorem): Relates a surface integral of a vector
field over a closed surface to a volume integral of divergence.

Flux: The amount of a vector field passing through a surface, measured by a
surface integral.

Green’s theorem: Relates a line integral around a clesed curve in the plane to a
double integral over the region it encloses.

Line integral: An integral taken along a curve, used to measure work,
circulation, or accumulation along a path.

Stokes’ theorem: Relates a line integral around a closed curve to a surface
integral of curl over the surface it bounds.

Surface integral: An integral taken over a surface, used to measure flux or
accumulation across a surface.

Volume integral: An integral taken over a three-dimensional region, often used
in the Divergence theorem.

Vorticity: A measure of local rotation in a fluid, connected to curl and
circulation.

Concept Check Questions 4
Objective questions

Green’s theorem relates a line integral around a closed curve to: A. A surface
integral B. A double integral over the region C. A volume integral D. None
of the above (Linked to SLO 4.1)

Stokes’ theorem relates a line integral around a closed curve to: A. A surface
integral of curl B. A volume integral of divergence C. A scalar integral D.
None of the above (Linked to SLO 4.2)
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The Divergence theorem relates a surface integral over a closed surface to: A. A
line integral B. A volume integral of divergence C. A double integral D.
None of the above (Linked to SLO 4.3)

In electromagnetism, the Divergence theorem is central to: A. Ampere’s law/B.
Gauss’s law C. Faraday’s law D. None of the above (Linked to SLO 4:3)

Stokes’ theorem is central to: A. Maxwell’s equations B. Newton’s laws C.
Fourier’s law D. None of the above (Linked to SLO 4.2, 4.4)

Short-answer questions

State Green’s theorem in words. (Linked to SLO 4.1)

Explain how Stokes’ theorem generalises Green’s theorem. (Linked to SLO 4.2)
What does divergence represent physically? (Linked to SLO 4.3)

Give one application of the Divergence theorem in electromagnetism. (Linked to
SLO 4.3)

How are integral theorems applied in fluid dynamics? (Linked to SLO 4.4)
Long-answer questions

Discuss the statement, interpretation, and applications of Green’s theorem in planar
problems. (Linked to SLO 4.1)

Basic response: State Green’s theorem and explain its use in circulation and
area integrals.

Value-added response: Provide detailed examples in fluid flow and geometry.

Analyse the role of Stokes’ theorem in three-dimensional vector fields. (Linked to
SLO 4.2)

Basic response: State Stokes’ theorem and explain its connection between line
integrals and curl.

Value-added response: Extend to applications in electromagnetism and
engineering.

Evaluate the significance of the Divergence theorem in flux and sources. (Linked
to SLO 4.3)

Basic response: State the Divergence theorem and explain its meaning.

Value-added response: Discuss its role in Gauss’s law, fluid dynamics, and heat
transfer.
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Examine the applied contexts of integral theorems in physics and engineering.
(Linked to SLO 4.4)

Basic response: Mention fluid dynamics, electromagnetism, and heat transfer.

Value-added response: Provide detailed case studies showing how each theorem
simplifies real-world problems.

Answers to Pilot Questions 4

Part 4.1 (Green’s Theorem in the Plane) 1-B, 2-A, 3-B, 4-B, 5-B

Part 4.2 (Stokes’ Theorem in Three Dimensions) 1-A, 2-A, 3-B, 4-B, 5-C
Part 4.3 (Divergence Theorem / Gauss’s Theorem) 1-B, 2-A, 3-A, 4-B, 5-C
Part 4.4 (Applied Contexts of Integral Theorems) 1-D, 2-B, 3-B, 4-A, 5-A

Series S Vector Fields and Differential Operators
Series Outline
Part 5.1: Gradient of a Scalar Field
Definition and properties
Physical interpretation (e.g., temperature gradient)
Worked examples
Part 5.2: Divergence of a Vector Field
Definition and properties
Physical interpretation (sources and sinks)
Worked examples
Part 5.3: Curl of a Vector Field
Definition and properties
Physical interpretation (rotation and vorticity)
Worked examples
Part 5.4: Applications of Gradient, Divergence, and Curl
Fluid dynamics

Electromagnetism
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Engineering and applied sciences

Introduction

In this Series we turn our attention to the differential operators of vector calculus—
gradient, divergence, and curl—and their role in analysing vector fields. These
operators provide the local, pointwise information that complements the global
relationships expressed by the integral theorems studied in Series 4.

The purpose of this Series is to help you understand how to compute and interpret
these operators, and to see how they describe physical phenomena such as flow,
rotation, and sources. We begin with the gradient of a scalar field, which points in
the direction of greatest increase and measures the rate of change. Next, we study
the divergence of a vector field, which quantifies sources and sinks, indicating how
much a field spreads out from a point. We then examine the curl of a vector field,
which measures rotation and vorticity. Finally, we explore applications of these
operators in fluid dynamics, electromagnetism, and engineeting, showing how they
underpin the integral theorems and provide‘insight into real-world systems.

Series Learning Outcomes
Upon completing this Series, you should be able to:

SLO 5.1 define and compute the gradient of a scalar field, and interpret its
physical meaningin terms of direction and rate of change.

SLO 5.2 evaluate the divergence of a vector field, and explain its significance in
identifying sources and sinks.

SLO 5.3 determine the curl of a vector field, and interpret its role in measuring
rotation and vorticity.

SLO 5.4 analyse the applications of gradient, divergence, and curl in fluid
dynamics, electromagnetism, and engineering contexts.

5.1 Gradient of a Scalar Field

The gradient is a fundamental operator in vector calculus. It acts on a scalar field to
produce a vector field that points in the direction of the greatest rate of increase of
the scalar function.

Fill in the blank: The gradient of a scalar field points in the direction of greatest
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5.1.1 Definition of Gradient
For a scalar field ¢p(x,y,z), the gradient is defined as:
b=z

This vector points in the direction of maximum increase of , and its magnitude
gives the rate of increase.

Gradient of the Scalar Field: Direction
Vector Calrculs Interpretation

1. Scalar Field (Topographic Map) 2. Gradient Vector Field (Steepest Slope)

B Af points uhivill ~—— Af points uhlwill

Gradient Af = (af/x, Af 2/v)

The gradient Af of of a scalar field f is vector field is in the direction in the
greatest rale rate of increase of f, and its mangnituttere is maxmeun rate is

perenbteur rate contour lines of of scalar field. This concept is fundamental
in optimization. in optimization, fluid flow, and entomognentism.

Source: OER Math & Physics

Gradient pointing in direction of maximum increase
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5.1.2 Properties of Gradient
Points in the direction of steepest ascent.
Magnitude equals the rate of change in that direction.
Perpendicular to level surfaces (contours) of the scalar field.

Fill in the blank: The gradient is always perpendicular to surfaces of
the scalar field.

5.1.3 Physical interpretation

Temperature field: Gradient points toward the direction of greatest temperature
increase.

Potential field: Gradient represents the force in conservativefields (e.g.,
gravitational or electric potential).

Topography: Gradient indicates slope direction and steepness on a terrain map.
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Temperature Gradient: Direction of Heat Flow
Flow in Physics
Vector Calrculs & Interpretations

1. Scalar Field (Temperaphic Map) 2. Gradient Vector Field (Heat Flow Direction)

B T points uhivill B T points uhiwill

q=-kAAAT

The gradient Af of the scalar temperature field f/ is vector field that drectis the greatest rate of
greplesature increase increase. Heat contier's law (with Fourier's sign). (with ourier's law

heat conduction.

Source: OER Math & Physics

Gradient applied to a temperature field

Fill in the blank: In a temperature field, the gradient points toward the direction of
greatest increase.

5.1.4 Worked example
Example: Find the gradient of ¢(x,y,z)=x2+y2+7z2.
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Solution:
O=x(x2+y2+22),y(x2+y2+z2),z(x2+y2+22)
=(2x,2y,27)

Thus, the gradient points radially outward from the origin, with magnitude
proportional to the distance from the origin.

Fill in the blank: In the worked example, the gradient of ¢ (x,y,z)=x24y2+72is

Pilot questions 5.1

The gradient of a scalar field points in the direction of: A. Minimum value B.
Maximum increase C. Zero change D. None of the above (Linked to SLO
5.1)

The formula for the gradient of ¢(x,y,z)is: A. ¢=zB. FC.FD. None of the
above (Linked to SLO 5.1)

The gradient is always perpendicular.to: A. Level surfaces B. Tangent lines C.
Divergence D. None of the above (Linked to SLO 5.1)

In a temperature field, the gradient points toward the direction of greatest: A.
Pressure increase B. Temperature increase C. Density increase D. None of
the above (Linked to SLO 5.1)

For ¢(x,y,z)=x2+y2+z2, the gradient is: A. zB. 2zC. z2D. None of the above
(Linked to SLO 5.1)

5.2 Divergence of a Vector Field

The divergence is a differential operator that acts on a vector field to produce a
scalar field. It measures the net rate at which the vector field “spreads out” from a
point, indicating sources or sinks.

Fill in the blank: Divergence measures the net rate at which a vector field
from a point.

5.2.1 Definition of Divergence

For a vector field F=(Fx,Fy,Fz), the divergence is defined as:
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F=Fxx+Fyy+Fzz

This scalar quantity represents the density of sources or sinks at a given point.

Divergence of the Vector Field: Sources & Sinks

1. Source (Positive Divergence) 2. Sink (Negative Divergence)
| | |

A*F>0 A*F<0

A « F = lim AV—0 ((D%F-ndS)%‘%

The divergence of the vector field F

nns extent The extent this ont thb extent which vectors "spretors “spread out” a point.
Positive divergence (a souce) indicats a net outward floe, h flow, while net inverid flow,
negative net inverid flow. If divergence is zero, fieldl field is solenonidal. This
concept is ze fundamental in fluid dynamics and evectroremetism (Gauss's Law).

gERr

Source: OER Math & Physics

Divergence representing sources in a vector field

5.2.2 Properties of Divergence

Positive divergence indicates a source (field spreading outward).

3
e LA-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS



Negative divergence indicates a sink (field converging inward).

Zero divergence indicates a solenoidal field (no net outflow or inflow).
Fill in the blank: A vector field with zero divergence is called a field:
5.2.3 Physical interpretation

Fluid dynamics: Divergence measures the net outflow of fluid from a point.

Electromagnetism: Divergence of the electric field relates to charge density
(Gauss’s law).

Heat transfer: Divergence of heat flux indicates sources or sinks of energy.
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Fluid Dynamics: Divergence - Sources & Sinks
Vector Field Interperation

1. Source (Fluid Flow Outward) 2. Sink (Fluid Flow Inward)

7/

SO-v>0 SO-v<0

A
A-v=limAA+0( 28v+n_dS)
Vo \av

The divergence of a fluid velocity field $v indicates the extenbf which fluid is flowing out of
(source) or into a reginra region. Positive divergence (v > 0) signifias a net outward flow, like a source
creeating fluid. Negative divergem Sv > 0) signifias a the net inward flow a sink consuming fluid. If
divergence is zero, the flow is imcporesstible.

OER

Math & Physics

v Divergence applied to fluid flow

lank: In fluid dynamics, divergence measures the net of
om a point.

Worked example
Example: Find the divergence of F=(x,y,z).

Solution:
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F=x(x)+y(y)+z(z)=1+1+1=3

Thus, the divergence is constant and equal to 3 everywhere, indicating a uniform
source density.

Fill in the blank: In the worked example, the divergence of F=(x,y,z)is

Pilot questions 5.2

Divergence measures the net rate at which a vector field: A. Rotates B. Spreads
out C. Remains constant D. None of the above (Linked to-SLO 5.2)

The formula for divergence of F=(Fx,Fy,Fz)is: A. F=Fxx+Fyy+FzzB. FC. D.
None of the above (Linked to SLO 5.2)

Positive divergence indicates: A. A sink B. A source C. Zero.flow D. None of
the above (Linked to SLO 5.2)

In fluid dynamics, divergence measures the net: A. Rotation of fluid B. Outflow
of fluid C. Gradient of fluid D: None of the above (Linked to SLO 5.2)

For F=(x,y,z), the divergence 1s:'A. 1 B. 2 C. 3 D. None of the above (Linked
to SLO 5.2)

5.3 Curl of a Vector Field

The curl is a differential operator that acts on a vector field to produce another
vector field. It measures the tendency of the field to rotate around a point,
capturing local rotational effects.

Fill in the blank: Curl measures the tendency of a vector field to
around a point.

5.3.1 Definition of Curl
Fora vector field F=(Fx,Fy,Fz), the curl is defined as:
F=Fzy-Fyz Fxz-Fzx Fyx-Fxy

This vector represents the axis and magnitude of rotation at each point in the field
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Curl of the Vector Field: Rotation & Vorticity

Vector Calrcrus Interperation

1. Positive Curl (Counter-Cloclvise Rotation) 2. Negative Curl (Clockwise Rotation)

AXb.F>0 AXbF<0

@ R\
The curl of a vector field AA F indicates the extent the extent f which vectors or "rotate” or 'swirl

a point. Positive curl ora point. Positive signifiive rovotrex), while neattive curl indicasiss clowsise
nere | indicaes clon antzl-vottatiex (an ant--vex (an the curl /' This concept is fluid is fidamiantal in
dynamics (fluid (fuif (vorticity) and eleatomgernietism (Ampere's Law).

irrrrational. @
&

Math & Physics

Curl representing rotation in a vector field

5.3.2 Properties of Curl
Curl is a vector quantity.
Direction of curl indicates the axis of rotation.
Magnitude of curl indicates the strength of rotation.
A field with zero curl is called irrotational.

Fill in the blank: A vector field with zero curl is called an field.
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5.3.3 Physical interpretation

Fluid dynamics: Curl measures vorticity, indicating local spinning motion of
fluid.

Electromagnetism: Curl of the electric field relates to changing magnetic fields
(Faraday’s law).

Engineering: Curl is used in stress and strain analysis to model rotational
effects.

Fluid Dynamics: Vorticity & Circulation
Vector Field Interpretation

1. Positive Curl (Counter-Clockye Vortex) 2. Negative Curl (Clockosive Vortex)

XA X kool >0 AA X kool <0

The curl of a fluid velocity field Av quantifies the extent of whie which fluid
parttse or ‘swirl' around a point. Positive curl signifive couritdaxioe (a vortex).

while negstive ie indats clodicise clowise (a anti-votox). This concept at in fluid
fundaramics, repressing the local angurtlar velocity of fluid. It's also closely
relatted to circulation in hydroydamics. Math & Phys
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Curl applied to fluid vorticity

Fill in the blank: In fluid dynamics, curl measures , indicating local
spinning motion of fluid.

5.3.4 Worked example

Example: Find the curl of F=(-y,x,0).

Solution:
F=0y-xz,(-y)z-0x,xx-(-y)y
=(0-0,0-0,1-(-1))=(0,0,2)

Thus, the curl 1s 2, pointing along the z-axis, indicating rotation around the vertical
axis.

Fill in the blank: In the worked example, the curl of F=(-y,x,0)is
Pilot questions 5.3

Curl measures the tendency of a vector field to: A. Spread out B. Rotate C.
Remain constant D. None of the above (Linked to SLO 5.3)

The formula for curl of F=(Fx,Fy,Fz)is: A. FB. C. FD. None of the above
(Linked to SLO 5.3)

A vector field with zero curl 1s called: A. Solenoidal B. Irrotational C.
Divergent D. None of the above (Linked to SLO 5.3)

In fluid dynamics, curl measures: A. Gradient B. Vorticity C. Divergence D.
None of the above (Linked to SLO 5.3)

For F=(-y,x,0), the curl is: A. 1B. 2C. 0D. None of the above (Linked to SLO
5:3)

5.4 Applications of Gradient, Divergence, and Curl

The three differential operators—gradient, divergence, and curl—are the backbone
of vector calculus applications in physics and engineering. They describe local
behaviours of fields and connect directly to physical laws.

Fill in the blank: Gradient, divergence, and curl are the backbone of
calculus applications in physics and engineering.

5.4.1 Fluid dynamics
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Gradient: Describes pressure or velocity changes in fluid flow.
Divergence: Measures net outflow of fluid, indicating sources or sinks.

Curl: Represents vorticity, showing rotational behaviour of fluid particles.

Fluid Dynamics: Gradient, Divergence & Curl
Vector Calcruls Interpretations of Fluid Flow \

1. Gradient (Steepest Ascent) 2. Divergence (Sources & Sinks) 3. Curl (Rotation & Vorticiity

Lb\//—» N
T v o/

Source Sink Negative Curl

q =-kAT A*v>0 A*v<0 Axv0 AxvO0

These vector calculcs operators describe fundamental fluid behaviors:
Gradient shows the dirextium change, Divergarge gidce indicta expansion

(sources) or sinks) of flow. olow) and Curl quantifies for tinis. They are
essential like heat transfer, heat transfer, contiuince, and turbulence in
fluid dynamics.

Source: OER Math & Physics

\ Applications of differential operators in fluid dynamics

5. lectromagnetism
Gradient: Electric potential gradient gives the electric field.

Divergence: Divergence of electric field relates to charge density (Gauss’s law).

~gaa
| e LA-NET | ONLINE LEARNING VIDEO PLATFORM FOR POST-SECONDARY & HIGHER INSTITUTION STUDENTS



Curl: Curl of electric and magnetic fields connects to Maxwell’s equations
(Faraday’s and Ampere’s laws).

Fluid Dynamics: Gradient, Divergence & Curl

Maxwell's Equations Vector Calculus Interpetations

1. Gradient (Potential & Field) 2. Divergence (Sources & Sinks) 2. Curl (Rotation sive Vortcity)

< /@\\‘ o
I |7

Source A+pV N <« E=pAg, X/ —Farday's Law

\

N || KISl

Electric Fields (E) Curl Ampere-Maxkel Law

A
. . E
Gradient (No Magnetic Potential) N+E=0>0 N X B=pu,ee glElrt
These vector calculus operators describe fundamental iivergraisim behviors: Gradient relaatial to field; g
Gradient Gradent relates shows fields fields orignatiige from sources) Curl, (charges from sclurges) c. These ort h
These an. These are essential fro auneativaricul's equations and droydamics.

fluid dynamics. Math & Physics

Applications of differential operators in electromagnetism

Fill in the blank: In electromagnetism, the gradient of electric potential gives the
field.

5.4.3 Engineering and applied sciences

Gradient: Used in stress analysis and optimisation problems.
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Divergence: Applied in heat transfer to model energy flow and sources.

Curl: Used in mechanical engineering to analyse rotational stresses.

Engineering Physics: Gradient, Divergence & Curl
Heat Calrculis Vector Calrciuls

Heat Transfer 2. Gradient (Direction of Change) 3. Curl

Mechanical Stress 3. Curl

a

A-o~t+f Vxo=-0

These vector calcultc operators are fundaanering physics. Gradient describes direcribes direcritter

of maxximum change (e.at flow path). ( flux airess flux aois fius net forces, (net forcel), shear J

stegss.

Source: OER Math & Physics
Applications of differential operators in engineering

Fill'in the blank: In heat transfer, divergence is used to model flow
and sources inside a region.

Pilot questions 5.4
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Gradient, divergence, and curl are the backbone of: A. Algebra B. Vector
calculus C. Geometry D. None of the above (Linked to SLO 5.4)

In fluid dynamics, curl represents: A. Divergence B. Vorticity C. Gradient D.
None of the above (Linked to SLO 5.4)

In electromagnetism, the gradient of electric potential gives the: A. Magnetic
field B. Electric field C. Heat field D. None of the above (Linked to SLO
5.4)

Divergence of the electric field relates to: A. Charge density B. Current density
C. Temperature D. None of the above (Linked to SLO 5:4)

In heat transfer, divergence is used to model: A. Energy flow and sources B.
Circulation C. Gradient D. None of the above (Linked to SLO-5.4)

Series Summary

This Series has focused on the differential operators of vector calculus—
gradient, divergence, and curl-—and their applications. We began with the
gradient of a scalar field, which points 1n the direction of greatest increase
and measures the rate of change. Next, we studied the divergence of a vector
field, which quantifies sourees and sinks, indicating how much a field
spreads out from a point. We then examined the curl of a vector field, which
measures rotation and vorticity, capturing local spinning behaviour. Finally,
we explored how these operators are applied in fluid dynamics,
electromagnetism, and engineering, showing their indispensable role in
modelling flows, fields, and stresses.

By completing this Series, you should now be able to compute and interpret
the gradient (SLO 5:1), evaluate divergence and explain its physical
meaning (SLO 5.2), determine curl and connect it to rotation and vorticity
(SLO5.3), and analyse how these operators apply in real-world contexts
(SLO 5.4). Together, gradient, divergence, and curl provide the local tools
that underpin the global integral theorems studied previously, forming a
complete framework for vector calculus in applied sciences.

Glossary of Terms — Series 5

Gradient: A vector operator acting on a scalar field, pointing in the direction of
greatest increase and measuring the rate of change.

Level surface (contour): A surface where a scalar field has a constant value; the
gradient is always perpendicular to it.
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Divergence: A scalar operator acting on a vector field, measuring the net
outflow (sources or sinks) from a point.

Source: A point where a vector field spreads outward, indicated by positive
divergence.

Sink: A point where a vector field converges inward, indicated by negative
divergence.

Solenoidal field: A vector field with zero divergence, meaning no net outflow
or inflow.

Curl: A vector operator acting on a vector field, measuring local rotation or
vorticity.

Irrotational field: A vector field with zero curl, meaning no local rotation.

Vorticity: A measure of local spinning motion in fluid dynamics, represented by
curl.

Flux: The amount of a vector field passing through a surface, often linked to
divergence.

Potential field: A scalar field whose gradient represents a force, such as
gravitational or electric potential

Concept Check Questions 5
Objective questions
The gradient of a scalar field points in the direction of: A. Minimum value B.
Maximum increase C. Zero change D. None of the above (Linked to SLO
5.1)
Divergence measures the net rate at which a vector field: A. Rotates B. Spreads
out C. Remains constant D. None of the above (Linked to SLO 5.2)
Curl measures the tendency of a vector field to: A. Spread out B. Rotate C. Stay
uniform D. None of the above (Linked to SLO 5.3)
In electromagnetism; the gradient of electric potential gives the: A. Magnetic
field B. Electric field C. Heat field D. None of the above (Linked to SLO
54)
In fluid dynamics, curl represents: A. Divergence B. Vorticity C. Gradient D.
None of the above (Linked to SLO 5.4)
Short-answer questions
Define the gradient of a scalar field and explain its physical meaning. (Linked to
SLO 5.1)
What does divergence represent physically in a vector field? (Linked to SLO 5.2)
Explain the difference between a solenoidal field and an irrotational field. (Linked
to SLO 5.2,5.3)
Give one application of curl in fluid dynamics. (Linked to SLO 5.3)
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How are gradient, divergence, and curl applied in electromagnetism? (Linked to
SLO 5.4)
Long-answer questions
Discuss the definition, properties, and applications of the gradient of a scalar field:
(Linked to SLO 5.1)
Basic response: Define gradient and explain its direction and magnitude.
Value-added response: Provide examples in temperature fields and potential
fields.
Analyse the role of divergence in vector fields. (Linked to SLO 5.2)
Basic response: Define divergence and explain sources and sinks.
Value-added response: Extend to applications in fluid dynamics and
electromagnetism.
Evaluate the significance of curl in measuring rotation and vorticity:(Linked to
SLO 5.3)
Basic response: Define curl and explain its meaning.
Value-added response: Discuss its role in fluid dynamicsand Maxwell’s
equations.
Examine the applied contexts of gradient, divergence, and curl in physics and
engineering. (Linked to SLO 5.4)
Basic response: Mention fluid dynamics, electromagnetism, and heat transfer.
Value-added response

Answers to Pilot Questions 5

Part 5.1 (Gradient of a Scalar Field) 1-B, 2-A, 3-A, 4-B, 5-B

Part 5.2 (Divergence of a Vector Field) 1-B, 2-A, 3-B, 4-B, 5-C

Part 5.3 (Curl of a Vector Field) 1-B, 2-C, 3-B, 4-B, 5-B

Part 5.4 (Applications of Gradient, Divergence, and Curl) 1-B, 2-B, 3-B, 4-
A, 5-A
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